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Abstract. In this paper, we prove some coupled fixed point results within the framework of
partial metric spaces and give some consequences of the main result. We do this by focusing
on partial metric spaces. In addition, we provide some illustrations to back up the conclusion
we reached. The results that were obtained in this paper extend and generalize a number of

results that were previously published in the relevant literature.

1. INTRODUCTION

For any partially ordered set X, Bhashkar and Lakshmikantham introduced
in 2006 the concept of a “coupled fixed point” of the mapping F': X x X — X.
Coupled fixed point theorems in metric spaces have been proven by a number
of authors, including Ciric and Lakshmikantham [6], Sabetghadam et al. [15]
and Olaleru et al. [14] (see also: [10], [13]).
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A wide variety of generalizations of metric spaces have been proposed and
implemented in the literature. These overarching rules are established by uti-
lizing alternative contractive conditions or by imposing an additional condition
on the surrounding spaces. A partial metric space, which was first introduced
by Matthews in 1992 [11, 12], is one example of such a generalization. Model
building in the theory of computation relies heavily on partial metric spaces
(for examples, see [7], [14], and others). To put it another way, the distance
between two points in the self might not be zero in partial metric spaces. By
introducing the concept of partial metric space, Matthews was able to prove
the Banach fixed point theorem ([3]) in the partial metric setting.

As an extension of previous work by Sabetghadam et al. [15] and Aydi [1]
in the context of partial metric spaces, the goal of this paper is to prove some
coupled fixed point results under contractive type condition.

2. PRELIMINARIES

In the following section, we define some terms and introduce some funda-
mental ideas regarding partial metric spaces.

Definition 2.1. ([1]) An element (x,y) € X x X is said to be a coupled fixed
point of the mapping F': X x X — X if F(z,y) =z and F(y,z) = y.

Example 2.2. Let X = [0,+00) and F': X xX — X defined by F(z,y) = xTJ“y

for all z,y € X. One can easily see that F' has a unique coupled fixed point
(0,0).

Example 2.3. Let X = [0,400) and F': X x X — X be defined by F(z,y) =
XU for all #,y € X. Then we see that F has two coupled fixed point (0,0)
and (1, 1), that is, the coupled fixed point is not unique.

Definition 2.4. ([12]) Let X be a nonempty set and p: X x X — RT be a
self-mapping of X such that for all x,y, 2z € X the followings are satisfied:

(P1) = =y < p(z,z) = p(z,y) = p(y,y),
(P2) p(z,x) < p(z,y),

(P3) p(z,y) = p(y,z),

(P4) p(z,y) < plx,2) +p(z,y) — p(z, 2).

Then p is called a partial metric on X and the pair (X, p) is called a partial
metric space (in short PMS).

Remark 2.5. It is clear that if p(z,y) = 0, then from (P1), (P2) and (P3),
x =vy. But if x =y, p(z,y) may not be 0.
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If p is a partial metric on X, then the function p*: X x X — R given by
p’(z,y) = 2p(z,y) — p(z,z) — p(y,y), (2.1)

is a metric on X.
Example 2.6. ([2]) Let X = R*, where RT = [0,+00) and p: X x X — R*

be given by p(z,y) = max{z,y} for all z,y € RT. Then (RT,p) is a partial
metric space.

Example 2.7. ([2]) Let I denote the set of all intervals [a,b] for any real
numbers a < b. Let p: I x I — [0,00) be a function such that

p([a, b], [c, d]) = max{b,d} — min{a, c}.

Then (I, p) is a partial metric space.

Example 2.8. ([5]) Let X = R and p: X x X — R™ be given by p(z,y) =
emax{zy} for all z,y € R. Then (X, p) is a partial metric space.

Various applications of this space has been extensively investigated by many
authors (see, Kiinzi [9] and Valero [16] for details).

Note also that each partial metric p on X generates a Ty topology 7, on X,
whose base is a family of open p-balls {B,(x,¢) : ¢ € X,e > 0} where

Bp(z,e) ={y € X : p(z,y) < p(z,z) +c}
for all x € X and € > 0.
Similarly, closed p-ball is defined as
Bplz,e] ={y € X : p(z,y) < p(z,2) + ¢}
for all x € X and € > 0.

Definition 2.9. ([11]) Let (X, p) be a partial metric space. Then
(1) a sequence {a,} in (X, p) is said to be convergent to a point a € X if
and only if p(a,a) = lim, o p(an, a);
(2) a sequence {ay} is called a Cauchy sequence if limy, p—so0 P(@m, Gn)
exists and is finite;
(3) (X,p) is said to be complete if every Cauchy sequence {a,} in X
converges to a point a € X with respect to 7,. Furthermore,

m}ggwp(am, anp) = Jgngop(an, a) =p(a,a);

(4) a mapping g: X — X is said to be continuous at ag € X if for every
g > 0, there exists a > 0 such that g(Bp(ao, a)) C B, (g(ao),s).

Lemma 2.10. ([1, 11, 12]) Let (X, p) be a partial metric space. Then
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(a) a sequence {a,} in (X,p) is a Cauchy sequence if and only if it is a
Cauchy sequence in the metric space (X, p®),

(b) a partial metric space (X, p) is complete if and only if the metric space
(X, p®) is complete, furthermore, lim,_,o p*(an,a) = 0 if and only if

p(a,a) = lim p(an,a) = lm pan,an). (2.2)
n—00 n,M—00

Lemma 2.11. ([8]) Let (X,p) be a partial metric space.

(i) If for all a,b € X, p(a,b) =0, then a = b;
(ii) If a # b, then p(a,b) > 0.

Sabetghadam et al. [15] obtained the following.

Theorem 2.12. Let (X,d) be a complete cone metric space. Suppose that the
mapping F: X x X — X satisfies the following contractive condition for all
z,Y,u,v € X

A(F (2, y), F(u,v)) < kd(z, u) + 1d(y, v), (2.3)
where k,l are nonnegative constants with k+1 < 1. Then F has a unique
coupled fixed point.

Recently, Aydi [1] obtained the following results in a partial metric space.

Theorem 2.13. ([1]) Let (X,p) be a complete partial metric space. Suppose
that the mapping F: X x X — X satisfies one of the following contractive
conditions (Y1), (Y2), (T3):

(Y1) for all z,y,u,v € X and nonnegative constants k,l with k+1 <1,
p(F(z,y), F(u,v)) < kp(z,u) +Ip(y, v), (2.4)
(Y2) for all z,y,u,v € X and nonnegative constants k,l with k+1 <1,
p(F(x,y), F(u,v)) < kp(F(z,y), ) + Ip(F(u, v),w), (2.5)
(Y3) for all z,y,u,v € X and nonnegative constants k,l with k+ 2l < 1,
p(F(x,y), F(u,v)) < kp(F(z,y),u) + Ip(F(u,v), ). (2.6)

Then F has a unique coupled fixed point.

3. MAIN RESULTS

Within the context of partial metric spaces, we will demonstrate some spe-
cific coupled fixed point theorems that are unique to this section.
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Theorem 3.1. Let (X,p) be a complete partial metric space. Suppose that
the mapping F: X x X — X satisfies the following contractive condition for
all z,y,u,v € X,
p(F(z,y), F(u,v)) < arp(z,u) + azp(y, v) + asp(F(z, y), x)
+ a4p(F(’U,,’0),U) =+ a5p(F(x,y),u)
+ agp(F(u,v), x), (3.1)

where a1, as, .. .,ag are nonnegative constants with a1 +as+as+as+as+2ag <
1. Then F has a unique coupled fized point.

Proof. Choose xg,yp € X and set z1 = F(xo,y0) and y1 = F(yo,x0). Re-
peating this process, set x,11 = F(Zpn,yn) and yp11 = F(ypn, Tp). Then, from
equation (3.1) and using (P3), (P4), we have
P(Tny Tnt1) = P(F(Tn-1,Yn—1), F(Tn, Yyn))
< a1p(Tn—1,2n) + a20(Yn—1,Yn) + a3p(F(Tn-1,Yn-1), Tn-1)
+ asp(F(Tn, Yn), Tn) + asp(F(Tn—1,Yn—1), Tn)
+ asp(F(Tn, Yn), Tn—1)
= a1p(Tn—1,Tn) + a2p(Yn—1,Yn) + a3p(Tn; Tn-1)
+ asp(Tnt1, Tn) + as5p(Tn, Tn) + asp(Tnt1, Tn-1)
< a1p(Tn—1,Tn) + a2p(Yn—1,Yn) + asp(Tn, Tn—1)
+ asp(Tn+1, Tn) + a5p(Tn, Tni1)
+ ap(Tn, Tpt1) + asp(Tn, Tn-1). (3.2)

Similarly, we have

PWns Ynt1) = P(F(Yn—1,Tn—1), F (Yn, Tn))

< a1p(Yn—1,Yn) + a2p(Tn—1,Tn) + a3p(F (Yn—1,Tn-1); Yn—1)
+ G4P(F(yna :Un), yn) + a5p(F(yn71, :L'nfl)v yn)
+ a6p(F(yna :Un), ynfl)

= a1p(Yn—1,Yn) + a2p(Tn—1,n) + a3p(Yn, Yn—1)
+ asp(Ynt1,Yn) + asp(Yn, Yn) + a6p(Yni1, Yn—1)

< a1p(Yn—1,Yn) + a2p(Tn—1, Tn) + a3p(Yn, Yn—1)
+ asp(Yn+1, Yn) + a5p(Yn, Yn+1)
+ a6p(Yn, Yn+1) + a6P(Yn, Yn—1)- (3.3)

Therefore, by setting
Dn :p(xmxn—l—l) +p(yn7yn+1)7 <34)
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we have

Dy, = p(@n, Tn+1) + P(Yn, Yn+1)

< a1p(Tn—1,Tn) + a2p(Yn—1, Yn) + a3p(Tn, Tn_1)
+ a4p(Tng1, Tn) + asp(Tn, Tng1)
+ aep(Tn, Tnt1) + agp(Tn, Tn-1)
+ a1p(Yn—1,Yn) + a2p(Tn—1, Tn) + a3p(Yn; Yn—1)
+ asp(Yn+1,Yn) + a5P(Yns Ynt1)
+ asp(Yns Yn+1) + a6P(Yn, Yn—1)

= (a1 + a2 + a3 + ag)p(xpn—1,xn) + (a1 + a2 + a3 + as)P(Yn—1, Yn)
+ (a4 + as + ag)p(Tpn, Tny1) + (ag + a5 + a6)P(Yn, Yn+1)

= (a1 + a2+ ag + ag)Dp—1 + (ag + as + ag) Dy,

Hence, we have

(1 —a4—as —as)Dy < (a1 + a2 + a3 + ag)Dp—1

or
D, < (a1 + a2 + asz + a6>Dn_1
1—a4 — a5 — ag
= uDp_q. (3.5)

Since by hypothesis a1 + as + ag + a4 + a5 + 2a¢ < 1, p = (w) < 1.

l—a4—as—ag
Consequently, for each n € N, we obtain

Dy < piDpq < p?Dyyg < -+ < " Dy (3.6)

If Dy = 0, then p(zo,z1) + p(yo,y1) = 0. Hence, from Remark 2.5, we get
xo = x1 = F(x0,y0) and yo = y1 = F(yo, zo), means that (zg,yo) is a coupled
fixed point of F. Now, we assume that Dg > 0. For each n > m, where
n,m € N, we have, by using condition (P4)
p(@n,xm) < p(Tn, Tn-1) + p(Tn—1,Tn—2) + + P(Tm+1, Tm)
—P(l“n—h xn—l) - P(CCn—Qa xn—?) — P($m+1, xm-‘,—l)
< p(@n, Tpo1) F(@n-1,Tn-2) + -+ D(Tmi1,Tm).  (3.7)

Similarly, we have
PWnsUm) < PWnsYn—-1) + P(UYn—1,Yn—2) + -+ + D(Ym+1,Ym)

_p(ynfh ynfl) - p(yana ynf2) - = p(ym+1a ym+1)
< PWny Yn—1) + PUn—1,Yn—2) + - + D(Ym+1, Ym)- (3.8)
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Thus,
p(xn, xm) +p(yna ym) S Dn—l + Dn—2 +---+ Dm
< (WM TP+ ™Dy
,um
< ——Dq. 3.9
= 12 0 (3.9)

By definition of metric p®, we have p*(z,y) < 2p(z,y), therefore for any n > m

ps($m$m)+ps(ymym) < 2p($naxm)+2p(yn7ym)
2 m
< £ _p,, (3.10)
L—p

which implies that {z,} and {y,} are Cauchy sequences in (X,p®) because
0 < u <1, where p = a1 + as + ag + a4 + as + 2ag. Since the partial metric
space (X, p) is complete, by Lemma 2.10, the metric space (X, p®) is complete,
so there exist u/,v’ € X such that

lim p°(x,,u') = li_>m p°(yn,v’) = 0. (3.11)
n—oo

n—o0

Again, from Lemma 2.10, we obtain

p(u/,u') = lim p(x,,u') = lim p(z,,z,) (3.12)
and
p(v',v") = lim p(yn,v') = Hm p(yn, ya)- (3.13)

But, from condition (P2) and equation (3.6), we have

and since 0 < p < 1, hence letting n — oo, we get limy, o0 p(2p, zy) = 0. It
follows that

p(u/,u') = lim p(x,,u') = lim p(z,,z,) = 0. (3.15)
n—oo

n—oo

Similarly, we obtain

p(v',v") = lim p(y,,v) = lim p(yn,yn) = 0. (3.16)
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Therefore, using equation (3.1) and by (P3), (P4), we have

+p(Tnt1,u") = p(Tnt1, Tns),
+ p(wni1,u)
F(u',v"), F(2n, yn)) + p(2ni1,u')
F(@n, yn), F(u',0") + plzni1, )
19(@n, u') + azp(yn, v') + azp(F(2n, yn), n)
+ agp(F (', 0"),u") + asp(F(xpn, yn), u')
+ agp(F(u',0), ) + plans1,u)
= a1p(xn, u') + agp(Yn, V') + azp(Tni1, Tn)
+ asp(F (', 0), u') + asp(wn1,u)
+ agp(F(u',v"), 2n) + p(Tnt1, ). (3.17)

Letting n — oo in equation (3.17) and using equations (3.15), (3.16), we obtain

< (ag + ag)p(F(u',v"),u)
< (a1 + ag + az + ag + as + 2a6)p(F(u',v'), u')
<p(F(u,v"), ),

p(F(u',v"),u)

which is a contradiction. Hence, we have

so F(u/',v") = .

Similarly, we can prove that F(v',u') = ¢/. This shows that (u/,v') is a
coupled fixed point of F.

Now, we will prove the uniqueness. If (u1,v1) is another coupled fixed point
of F, that is, F'(u1,v1) = u; and F(v1,u1) = vy such that (u/,v") # (u1,v1),
then

p(u uy) = p(F(u',v"), Fuy,v))
< arp(u’,ur) + agp(v', v1) + agp(F(u',v"), u')
+ agp(F (u1,v1), u1) + asp(F (', v'), u1)
+ agp(F(u1,v1),u’)
= ar1p(v',u1) + agp(v’,v1) + azp(u’, u')
+ agp(ur, ur) + asp(u’, ur) + agp(us, ). (3.18)
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Similarly, we have
p(v',v1) = p(F (', u), F(vi,u1))
< arp(v',v1) + asp(u’, u1) + asp(F (v, ), ')
+ asp(F(v1,u1),v1) + asp(F(v',u'),v1)
+ aep(F (v, u1),0')
= a1p(v',v1) + agp(u’, ur) + azp(v',v')
+ agp(vi,v1) + asp(v’, v1) + agp(vi, v'). (3.19)

Now from (3.18) and (3.19) and using equations (3.15), (3.16) and condition
(P3) in equation (3.17), we get

p(u', 1) + p(v/,v1) < arp(u’, ur) + agp(v’,v1) + agp(u’, o)
+ asp(u1,ur) + asp(u’, ur) + agp(u1, u')
+ a1p(v’,v1) + agp(u’, uy) 4 azp(v’, ')
+ agp(vi,v1) + asp(v’, v1) + agp(v, v')
= (a1 + as + as + ag)p(u’, uq)
+ (a1 + az + a5 + ag)p(v', v1)
= (a1 + ag + as + ag) (p(v', u1) + p(v',v1))
< (a1 + az + a3z + a4 + as + 2ag) (p(v', uy) + p(v', v1))
< p( ur) + p(v',v1),

which is a contradiction. Hence, we obtain p(u/,u1) + p(v',v1) = 0, and so

u' = uy and v' = v1. Thus the coupled fixed point of the mapping F' is unique.
This completes the proof. O

Theorem 3.2. Let (X,p) be a complete partial metric space. Suppose that

the mapping F: X x X — X satisfies the following contractive condition for
all x,y,u,v € X,

p(F(,0), Flu,0) < Slpla,u) 4+ ply,0)] + 5 [pla, P2 1)
+ p(u, F(u,v)) + p(y, F(y, ) + p(v, F(v, u))]
+7A((z,y), (u,v)), (3:20)
where «, 8,7 are nonnegative constants with o + 28 +~v < 1 and

g P Fwy)  pv,F(o,w)
A(ay). (w)) = min{ T s T ey 62

Then F has a unique coupled fixed point.
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Proof. Let xo,yo € X and set 1 = F(zo,y0) and y1 = F(yo,x0). Repeating

this process, set 41 = F(pn, ypn) and yp+1 = F(yn, xn). Then, from equation
(3.20), (3.21) and using (P3), (P4), we have

P(Tn, Tnt1) = P(F(2n—1,Yn-1), F(Tn,Yn))

< %[p(xn—h -%'n) + p(yn—h yn)}
4 D1, P, 0-1)
+ 0(@n, F (20, yn)) + P(Un—1, F(Yn—1,7n-1))
+ p(yna F(yna xn))] + ’YA((xn—h yn—l)v (xm yn))
= %[p(l’n_h Tn) + P(Yn—1,Yn)] + g[p(l’n—la Tn)
+ p(Tn, Tnt1) + P(Yn—1,Yn) + P(Yns Ynt1)]
+7A((‘Tn—17yn—1)7 (xnyyn))a (3'22)

where

p(xnvF(xnayn))
1 +p<mn—17F($n—17yn—1)),

A((*'Bn—hyn—l), (xn,yn)) = min{

P(Yn, F(Yn, Tn)) }
1+ p(ynfla F(ynfla xnfl))

1 + p(xn—l) xn) 1 + p(yn—h yn)

o If A((zp—-1,Yn-1), (Tn,yn)) = %, then from equation (3.22), we

obtain

P, 2ns1) < S[plan1,2) Pyt 90)) + 2 [plan1,20)

+ p($na :En+1) + p(ynfla yn) + p(yna yn+1)]
’Y( p(xn, $n+1) )
1 +p(xn717xn)

< X pncs. ) + o 10)] + o plar. )

+ p(Zn, Tng1) + P(Yn—1,Yn) + P(Yns Ynt1)]
+ '7p(xmxn+1)' (3'24)
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Similarly, we have

p(ymynJrl) :p(F(ynfbl’nfl)aF(ymxn))

Q

< *[p(yn—lv yn) +p($n—17xn)]
g[p(yn—hF(yn—hl'n—l))
(yn7F<ynaxn)) +p($n—17F($n—17yn—1))

p
p(l’n, F(.%'n, yn))] + ’YA(@/n—la 1'n_1), (ym .%'n))

o+t

= 5 PYn-1,yn) +p(2n—1,20)] + g[p(yn—l, Yn)

+ p(yrw yn-l—l) + p(:cn—lv xn) + p(xn7 xn—i—l)]
+7A((yn—17xn—1)7(ynwrn))) (325)
where

1 +p(yn—1aF(yn—1awn—1))’

A((Yn-15Tn-1)s (Yn, Tn)) = min{

p(l‘naF(l‘nayn)) }
1 +p(l'n717F(l'n717ynfl))

_ min{ p(ynyyn-i-l) ’ p(xnvxn-i-l) }
1 +p(yn—17yn) 1 +p($n—1axn)
(3.26)

o If A((yn—1,Zn-1), (Yn,Tn)) = %, then from equation (3.25), we

obtain

P(Yny Yng1) < %[p(yn_ljyn) + p(Tp—1,2n)] + g[p(yn_hyn)

+ P(yn, yn—i-l) + P(xn—h xn)

P(Yn, Yn+1) >

Folanen )l (T RS
< X Do) + Dt 20)] + 5 D1, )

+ p(yna ynJrl) + p(xnfl, xn) + p($n, anrl)]
+ YD(Yns Ynt1)- (3.27)

Hence, by setting

H, = p(xm wn—f—l) + p(ynv yn+1)7 (3'28)
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we have
Hy, = p(zn, Tpi1) + (Yns Ynt1)

< %[p(xn—lv xn) +p(yn—1a yn)] + g[p('rn—lv xn)

+ p(xm $n+1) + p(yn—la yn) + p(ym yn-f—l)]
«
+ ’Yp(xm xn—i—l) + 5 Lp(yn—l ) yn) + p($n—1a SUn)]

1.0 + P v) + Pl 3)

+ p(@n, Tnt1)] + YP(Yns Yn+1)
= (a+ B)p(zn—1,2n) + (@ + B)P(Yn—1,Yn)
+ (B4 V)p(@n, Tnt1) + (B +7)p(Yns Yn+1)
= (a+ B)[p(zn-1,2n) + P(Yn—1, Yn)]
+ (B + NP @n, Tng1) + P(Yns Ynt1)]
= (a+ B)Hp—1+ (B +7)Hn.

Hence, we have

(1=8—=9)Hn < (a+ B)Hn1

or

= 0H,_1, (3.29)

where § = <lf;§€w) < 1, since by hypothesis oo + 28 + v < 1.

e Similarly, if we consider A((zp—1,Yn—1), (Tn,Yn)) = % and

A((Yn—1,Tn-1)s (Yn,xn)) = %, then we get the same result as in

equation (3.29). Thus, we have

Hn S 5anla (330)
where 0 < § = <lfgfv> < 1.
Consequently, for each n € N, we obtain
H, <6H, 1 <6*°H, 5 <--- < 5"H,. (3.31)

If Hy = 0, then p(zo,z1) + p(yo,y1) = 0. Hence, from Remark 2.5, we get
xg = w1 = F(x0,y0) and yo = y1 = F(yo, z0), means that (zo,yo) is a coupled
fixed point of F'. Now, we assume that Hy > 0. Rest of the proof follows from
Theorem 3.1. This completes the proof. O
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From Theorem 3.1, we obtain the following results.

Corollary 3.3. ([1, Theorem 2.1]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F: X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

p(F(z,y), F(u,v)) < kp(x,u) + Ip(y, v),
where k,l are nonnegative constants with k+1 < 1. Then F has a unique

coupled fixed point.

Proof. Follows from Theorem 3.1, by taking a1 = k, ag = [ and a3 = a4 =
as = ag = 0. O

Corollary 3.4. ([1, Theorem 2.4]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F: X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

p(F(z,y), F(u,v)) < kp(F(z,y), ) + Ip(F(u,v), u),
where k,l are nonnegative constants with k+1 < 1. Then F has a unique

coupled fixed point.

Proof. Follows from Theorem 3.1, by taking a3 = k, a4 = [ and a; = as =
as = ag = 0. O

Corollary 3.5. ([1, Theorem 2.5]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F': X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

p(F(z,y), F(u,v)) < kp(F(z,y),u) + Ip(F(u, v), ),

where k,l are nonnegative constants with k 4+ 2l < 1. Then F has a unique
coupled fixed point.

Proof. Follows from Theorem 3.1, by taking a5 = k, ag = [ and a; = as =
az = a4 = 0. O
It is worth noting that when the constants in Corollary 3.3 are equal, we

have the following result.

Corollary 3.6. ([1, Corollary 2.2]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F': X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

P(F(,y), Fu,v) < *[p(a, ) + ply, ),

where 0 < k < 1 is a constant. Then F' has a unique coupled fixed point.
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When the constants in Corollary 3.4 and Corollary 3.5 are equal, we get the
following results.

Corollary 3.7. ([1, Corollary 2.6]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F: X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

k

p(F(:L‘,y),F(U,U)) < 5[?7(F($7y)7$) +p(F(u,v),u)},

where 0 < k <1 s a constant. Then F' has a unique coupled fixed point.

Corollary 3.8. ([1, Corollary 2.7]) Let (X,p) be a complete partial metric
space. Suppose that the mapping F: X x X — X satisfies the following con-
tractive condition for all x,y,u,v € X,

p(F(z,y), F(u,v)) < g[p(F(:v,y),U) +p(F(u, ), 2)],

where 0 < k < 2/3 is a constant. Then F has a unique coupled fized point.

Proof. The condition 0 < k < 2/3 follows from the hypothesis on k and [ given
in Corollary 3.5. O

Remark 3.9. Theorem 3.1 and Theorem 3.2 extend the results of Sabet-
ghadam et al. [15] from cone metric space to the setting of partial metric
space.

Remark 3.10. Theorem 3.1 and Theorem 3.2 also generalize the results of
Aydi [1].

Now, we give some examples in support of the results.

Example 3.11. Let X = [0,4+00) endowed with the usual partial metric p
defined by p: X x X — [0, +00) with p(z,y) = max{z,y}. The partial metric
space (X, p) is complete because (X, p®) is complete. Indeed, for any x,y € X,

p*(z,y) = 2p(z,y) — p(z,z) — p(y,y)
= 2max{z,y} — (z +y)
= |z —yl. (3.32)

Thus, (X, p®) is the Euclidean metric space which is complete. Consider the
mapping F': X xX — X defined by F(z,y) = :%y. Now, for any z,y,u,v € X,
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we have
1
p(F(,y), Fu,v)) = cmax{z +y,u + v}

< é[max{x, u} + max{y, v}]

1

= g[p(x,u) —i—p(y,?})], (333)

which is the contractive condition of Corollary 3.6 for k = 1/3. Therefore, by
Corollary 3.6, F' has a unique coupled fixed point, which is (0,0). Note that
if the mapping F': X x X — X is given by F(z,y) = z—gy, then F satisfies
contractive condition of Corollary 3.6 for k = 1, that is,

P(F(a,y), Fu,0)) = g max{z +y,u+ v}

< %[max{x, u} + max{y, v}]

1

= 5lp(z,u) +p(y, v)]. (3.34)

In this case (0,0) and (1, 1) are both coupled fixed points of F', and hence, the
coupled fixed point of F' is not unique. This shows that the condition k£ < 1
in Corollary 3.6, and hence k£ + [ < 1 in Corollary 3.3 cannot be omitted in
the statement of the aforesaid results.

Example 3.12. Let X = [0,+00) endowed with the usual partial metric p
defined by p: X x X — [0, +00) with p(z,y) = max{z,y}. The partial metric
space (X, p) is complete because (X, p®) is complete. Indeed, for any z,y € X,

p*(z,y) = 2p(z,y) — p(z,z) — p(y,y)
=2max{z,y} — (x +y)
= [z —yl.

Thus, (X, p®) is the Euclidean metric space which is complete. Consider the

mapping F': X x X — X defined by F(z,y) = 2:”123?’.

(1) Let «a, 3,7 be nonnegative real numbers satisfying «, 8,7 > 0 with
a+ 284+~ < 1, and denote by L and R, respectively, the left-hand and
right-hand side of contractive condition (3.20). It is easy to check that all the
conditions of Theorem 3.2 are satisfied for «, 8,y > 0 with a«+25++v < 1 and
that (0,0) is a unique coupled fixed point of F.

Consider the example

20+ 3y _ «

L<

\)



944 R. Jain, G. S. Saluja and H. G. Hyun

For example, if (z,y) = (1,2), (u,v) = (2,3) for all (z,y), (u,v) € X x X and
assume that z <y, u <v, z <wu and y < v, then

L =p(F(z,y), F(u,v)) :p(2x+3y 2u—|—3v> :p( : 13)

15 ' 15 15715

{8 13} 13
=maxy-—, = = T=;

1515 15

R = %[p(:r, u) + p(y,v)] + g[p(l’, F(z,y)) + p(u, F(u,v))

+p(y, F(y,2)) + p(v, F(v,u))] + 7A((z,y), (u,v)).
Suppose a = 1—15, 8= %, v =0, then a, 8,y > 0 with a + 258 +v < 1, we
get R = %. This implies that L < R and the given contractive condition is
satisfied.

(2) Now, we discuss the inequality (3.1) of Theorem 3.1. Let ay,...,as be
nonnegative real numbers satisfying a1, as, as, a4, a5, ag > 0 with a1 +as+as+
a4 + as + 2ag < 1. It is easy to check that all the conditions of Theorem 3.1
are satisfied for a1, a9, as, as,as,a¢ > 0 with a1 + as + az + ag4 + as + 2a¢ < 1
and that (0,0) is a unique coupled fixed point of F'.

If we take (z,y) = (1,2), (u,v) = (2,3) for all (z,y), (u,v) € X x X and
assume that z < y, u < v, r < w and y < v, then from L.H.S. of inequality
(3.1), we have

LHS. = p(F(r,), Fu,v)) = p

{8 13} 13
=maxqy-——, - (= =
15715 15

2x + 3y 2u+3v)_ (E E)
15 15 ) PUs s

and
R.H.S. = 2a; + 3as + a3 + 2a4 + 2a5 + 3ag.

Thus, we have

% < 2a1 + 3as + az + 2a4 + 2as5 + 3ag.
The above inequality is satisfied for (i) a1 = az = a4 = 1—15, a3 = a5 = % and
%, a4 = % and a; = 0 and (iii) a1 = ag =
ag = %, as = as = % and a4 = 0 etc. with a1 + a2 + a3z + a4 + a5 + 2a¢ < 1.
Thus all the conditions of Theorem 3.1 are satisfied for a1, as, as, as, as, ag > 0
with a1 4+ ag + a3+ aq + a5 + 2a¢ < 1. This implies that L.H.S. < R.H.S. and
that (0,0) is a unique coupled fixed point of F'.

a6:O,(ii)a1:a2:a3:a6:
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4. CONCLUSION

In this paper, we establish a number of unique coupled fixed point theorems
within the context of complete partial metric spaces, and we provide a number
of corollaries to these main results. In addition, we provide some illustrations
to illustrate the findings. In this paper, we obtain results that generalize and
extend several results from the previous literature. In particular, our findings
generalize and expand upon the related findings of Sabetghadam et al. [15]
and Aydi [1].

1]
2]
3]
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