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Abstract. In this paper, new problems concerned with boundary control for cooperative
Dirichlet or Neumann parabolic systems with conjugation conditions in the presence of con-
centrated heat capacity are considered. Such systems with observation under conjugation
conditions are described. First, the existence and uniqueness of the state process for 2 x 2
systems is proved,then the set of equations and inequalities that characterizes the boundary

control is obtained. The case of n X n cooperative systems is also established.

1. INTRODUCTION

The optimal control problem is one of the important topics in applied math-
ematics and in several areas related to it, such as biology, economics, ecology,
engineering, finance, management, medicine and many others [5, 6, 8, 16].
Various optimal control problems of systems governed by finite order elliptic,
parabolic and hyperbolic operators with finite number of variables have been
introduced by Lions [7].

Serag et al. have been extended to non-cooperative systems [10, 11] or
cooperative systems [2, 3, 4, 9], [12]-[15].

New optimal control problems have been introduced by Sergienko and Deineka
[17]-[19] for distributed parameter systems with conjugation conditions and by
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a quadratic cost functional. The considered systems in these problems are in
the scalar case( system of one equation).

In this paper we discuss the optimal control of boundary type for cooperative
parabolic systems under conjugation conditions. Our paper is organized as
follows: In section two, we first prove the existence and uniqueness of the
state for 2 x 2 Dirichlet cooperative system under conjugation conditions,
then we study the optimal boundary control of this system. Section three
is devoted to discuss the boundary control for 2 x 2 Neumann cooperative
parabolic system under conjugation conditions. Finally, in section four, we
generalize the discussion to n X n cooperative systems.

2. BOUNDARY CONTROL FOR 2 X 2 COOPERATIVE PARABOLIC SYSTEMS
WITH DIRICHLET AND CONJUGATION CONDITIONS

In this section, we consider the following 2x 2 cooperative Dirichlet parabolic
system:

(B ][TODm ([ G0 ] [0 ] g,

ot 21 V- (7V) + n22 Go(z,t oz,

(2.1)

[ gﬁ:g; } - [ g;gg; ] ,G1o(x), Goo(x) € L*(Q) in Q, (2.2)
Gi(z,t) | [0

[ G;(:U,t) ] N |: 0 ] on Ir, (2.3)

is specified in the domain Q7, where €2 is a domain that consists of two open,
non-intersecting and bounded, continuous, strictly Lipschitz domains §2; and
9 of R™ such that

Q= (Ql U"yUQg),(Ql ﬂQQ) =¢ and 0= (Ql UQQ).

Furthermore, letT’ = (9Q; U 9€2)\~y be the boundary of the domain Q, 9
be the boundary of a domain Q, £k = 1,2, Qpr = Q x (0,7) be a complicated
cylinder and 'y = T x (0,7),p; € L?>(Q) be given function, 7 = 7(z) be a
positive function having discontinuity along ~.

On ~7, the conjugation conditions are

n
oG ; ,
ZJZ:1 TW; cos(v, ;) 0201
= [ &, ] on r (2.4)

LNy te. ot
”2231 TBTJ? cos(v, x;)
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Gi] | |0
[ Gs) | = | 0 on ~r, (2.5)
where ¢ € L2(), v = 001 N 00 # ¢, v = v x (0,T) and v is an ort of a
normal to v and such normal is directed into the domain 5. In addition,

and

ot ={o1+ =0
- ={0}- =90
V5 = (092 N~y
vr = (0921 Ny

(z,t) under (z,t) € v,
(x,t) under (z,t) € v,
)
)

x (0,7),
x (0,7T).

Definition 2.1. System (2.1) is called cooperative if

nij >0, Vi#j, (2.6)
otherwise is called non-cooperative system [7].

Definition 2.2. ([19, Friedrich inequality]) For any bounded Lipschitz domain
Q, there is a constant m(€2) > 0, which depends only on €, such that

/|G\2d:v§m(9)/ VG da. 2.7)
Q Q

First,we prove the existence and uniqueness for system (2.1)-(2.5), then we
prove the existence of boundary control for this system and we find the set of
equations and inequalities that characterizes this boundary control.

2.1. Existence and uniqueness of the state. Now we define the space

V={G(z,t)=(G1,G2) |o,€ (H'(%)),i=1,2, Vt € [0,T],[G] = 0,G |r,= 0}.
Analogously, we can define the spaces
L2(0,T; L2(Q)) = L3(Qr)
and
Vo = {G(z) = (G1.G2) |o,€ (H' (%)), @ =1, 2,[G] =0,G |r,= 0},

then we have a chain in the form

(L*(0,T5V))? € (L*(0,T; L*(2))) C (L*(0,T; V")),
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We introduce the Hilbert space

o) = {66 e .V G e (0.2,

(L?(0,T;V"))? is the dual space of (L?(0,7;V))?, that being supplied with

the norm:
dG
IGO0 = ( [ lc@la [ ||dt||%//dt)-
10,77 10,7

We can then introduce the Sobolev space (W (0,T))? by Cartesian product:

)

(W(0,7))* = Ly (W(0,T));
with norm defined by

2
Gl w2 = > _NGillwom-
=1

(W(0,T))? may be verified to be a Hilbert space and its dual is denoted by
(W(0,T))?.

The considered spaces in this paper are assumed to be real. Now, let us
define on (L?(0;T,V))2, a bilinear form

a(G,0) : (W(0,7))% x (W(0,T))> = R
by for all 6 = (61, 60:) € (Vp)?,

a(t,G;0) = a(G,0) = /(T(m)Vleel +17VGoVo,) dr
Q

- / (m1G101 + m2G201 + n21G102 + n22Gaba)dx.
Q
(2.8)
This bilinear form is continuous, since

|a(G,0)] < ar[|G]16]- (2.9)

Lemma 2.3. The bilinear form (2.8) is coercive on (L?(0;T,V))?, that is,
there exists a positive constants K and « such that:
a(G,G) + K||G|[t2 ()2 = @llGlfpaayyr ¥ G = (G1,Ga2) € (W(0,T))*.
(2.10)
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Proof. Since,

_ T 2 2\ 1
(6.6) = g /Q(|VG1| + VG |?)d

()
2(ma2 + n21)

M1 2
— G1Gadx — / G1l° dx
/Q e (m2 + n21) Q| 1

122 2
- Gso|” dz
(m2 + m21) /Q G2l

/(\VGQ\Q +IVGy[?)dz
Q

and
G720y = /Q |G|? dz and HG”%J&(Q)
= [ IV da. Gl
:/(\G|2+]VG|2)dx,
Q
we get

a(@, G) + max(- L) 2 a2, 0
(7712+7721) ) )

W)
2(ma + n21)
()
2(m2 + n21)

/(|VG1|2 VG )dz
Q

/(\VG2\2+|VG2|2)da:—/Gngd:c.
Q Q

By Cauchy Schwartz inequality and from Friedrichs inequality, we deduce

, 17
a(G, G) + max(L D G2, G
(7712+7721) () (

()
= 2(ma + n21)

T(l') 2 -1 2 . 2 x% 2 w%
s [ (VG4 (@) NGy (6 ) [ el .

/Q (IVG1 2 + (m(©) G ?)da
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This inequality is equivalent to

11,7 1
a(G,G) + max(UML2) Ly iR, o]
(ma2+mn21) 2 ©) )

7(2)

. B , )
> g min(L, (@) G i ) + Gl

1 1
+ (EHGl”B(Q) - EHG2HL2(Q)>2-

Therefore,

a(G, G) + K|GIF 202 = alGiin ) + Gotn o)
> aHG”?Hé(Q))Q’ VG e (Hé(Q))Z’

where
1
K—max< (11, m22) ’>’ o 7(z) |
(ma2 +m21) 2 2(ma + n21)
which proves the coerciveness condition. ]

The model of our systems A(t) in this case is given by

AG(z,t) = A(G1,G2)
= (=V - (1VG1) — mi1G1 — m2Ga, =V - (TVG2) — 121G1 — 122G2).

Let & — fn(6) be a linear defined on (L%(0,T;V))? by

fm(0) = / p1(z, )01 (x)dz +/ p2(x,t)02(x)dx.
Q Q
Then it is continuous, since

[fm(O)] < 310l 2 ) + 11020l 712 02))) < esllOll e (2.11)

where, c3 is a constant.

Based on (2.9), (2.10), (2.11) and Lax- Milgram Lemma [1], we can get the
following theorem.

Theorem 2.4. For a given p = (p1,p2) € (L*(Qr))?, the boundary-value

problems (2.1)-(2.5) has a unique solution G(x,t) € (W(0,T))2.
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2.2. Formulation of the control problem. Let U = (L?(T'r))? be a control
Hilbert space. For every control u = {uj,us} € U, determine a system state
G = G(z,t;u) = {G1(u),G2(u)} as a generalized solution to the boundary-
value problem specified by the equations (2.1), boundary condition:

Gz, t;u) | | w
[ Gzt ) } = |:’LL2 on I'p, (2.12)
initial condition (2.2) and the conjugation conditions (2.4), (2.5).

According to the Lax- Milgramm Lemma [1], a unique state, namely, a
function G(x,t;u) € (W(0,T))? corresponds to every control u € U, minimizes
the energy functional

d(w) = a(w,w) — 2fm(w), Yw(z)e (Vo)? (2.13)
on (W(0,T))? and it is the unique solution in (W (0,7))? to the variational
boundary value problem which stated that:

Find an element G(u) € (L%(0,T;V))? that meets the equation
oG oG
—wdx + / c—wdy + a(G,w) = fim(u,w) (2.14)
o Ot L Ot

and

/Gl(w,O;u)wl(az)dm—l—/Gg(x,O;u)wg(:c)d:r
Q Q

+/chl(x,O;u)wl(x)d’y—i—/CQGg(x,O; w)wa(x)dry
7 7 (2.15)
:/Gl,o(:c)wl(a:)da:—i—/Gg,o(x)wg(:c)dx
Q Q

+/ClGl,o(ib)wl(.’L')d"}/—F/Gg,o(:B)IUg(I')d’}/,

where the bilinear form a(t; G,w) has the form of expression (2.8) and the
linear functional is

Fonl) = fon (11, 0) = /Q pr (e, tyun (2)de: + /Q oo, tyun(z)da

(2.16)
+/U1w1dr+/UQw2dF.
r r
Specify the observation as
Z(u) ={Z1(u), Za(u)} = C1G(u
(u) ={Z1(u), Z2(u)} = C1G(u) (2.17)

= {G1(u), G2(u)} ,C1 € L((W(0,T7))% (L*(v7))?)-

Bring a value of the cost functional
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J(u) = ||G1(u) = 21gll72¢,p) + 1G2(w) = 229/ 720y + (Nuyw)z2mpy2, (2.18)

in this case, z, is a known element of the space (L%(yr))? and N €£(U;U) is
a hermitian positive definite operator such that

(Nu, w)(r2rg))2 > Mullf2yyz M >0, Vuel. (2.19)
The control problem then is to find:
u = {uy,uz} € Upg,
{ J(u) = inf J(v), Vo€ U, (2.20)
where Uyq is closed convex subset of (L2(T'r))2.
Definition 2.5. If an element u € U,y meets condition (2.20), it is called an

optimal control [7].

Rewrite the cost functional (2.18) as
J(u) =m(u, u) = 2h(u) + |21 = G1(0))[|Z2(,,) + 1229 = G2(0)[[Z2(5p> (2.21)

where the bilinear form 7(u,v) and linear functional h(v) are expressed as
m(u,v) =(G1(u) — G1(0), Gy (v) — G1(0)) 22(vs) (2.22)
+ (GQ('LL) - GQ(O), GQ(’U) - GQ(O))L2(7T) + (NU, U)(LQ(FT)P '

and
h(v) = (214 — G1(0), G1(v) = G1(0)) L2y
+ (Zgg — G2(0),Ga(v) — GQ(O))LQ(,YT).

The form m(u, v) is a continuous bilinear form and from (2.19), it is coercive
on U, that is,

(2.23)

7(0,0) > M[o] 222, (2.24)

also h(v) a continuous linear form on (L2(yr))?. On the basis of the theory of
Lions [7], the validity of the following statement is proved.

Theorem 2.6. Let a system state be determined as a solution to equivalent
problems (2.13)-(2.15). Then, there exists a unique element w of a convex set
i Uyg that is closed in U, and relation

J(u) = inf J(v),

veEU q

takes place for u, where the cost functional is specified by expression (2.18).
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Proof. A control u = {uy,us} € L?((I'r))? is optimal if and only if the follow-
ing inequality is true:
(G1(u) = 214, G1(v) — G1(w)) L2(yp)
+ (Ga(u) — 229, G2(v) — G2(w)) L2(y,) (2.25)
+ (Nu,v — )22 >0, Yo € Uyg.
As for the control u € U, the adjoint state
p(u) = {p1(u), p2(w)} € (L*(0,T3V"))* = (L*(0, T3 V))?
is specified by the relations

_ Op1(u) _V- (TV) _ _
ot mi n21 pi(u) |_| 0|, O
[ —87’(?)775“) +[ —112 -V (1V) —7722] [pz(u) ] { 0 ™M
(2.26)
pi(z,Tiu) | |0 . =
[Pz(ﬂf,T; u) ] - [ 0 ] in £, (2.27)
pi(z,t;u) | [ O
[pg(x,t;u) ] - [ 0 ] on I'r, (2.28)
i 7o) 150@) cos(v, ;) .
ij=1 Oj B cla”é—i) + G1(v) — 214
n, c Op2(u) +G2(v) ~ on yr
> 77%2;(?) cos(v, ;) ot g
ij=1
(2.29)
and
U 0
{ [ {g;EUH } = [ 0 ] on r. (2.30)

Problem (2.26)-(2.30) has the unique generalized solution p(u) = {p1(u), p2(u)}
as the unique one to the following equality system:

-/ a%(:)wdzp B /Wcapa(tu)wd7 + a(p(u), w) = — /W(G(u) — zg)wdy (2.31)

and

/p(m,T, w)wdx —i—/cp(a:,T, w)wdy = 0. (2.32)
Q v
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Choose the difference G(v) —G(u) instead of w in equality (2.31), and integrate
from 0 to T', we obtain,

T
—/0 (G(u) = 29, G(v) = G(W)) (£2(y))2lt

= —{(p(u), G(v) — G(u) 120y + (cp(u), G(v) — G(u))L2(y2 o

T

+ /0 (p(u)%(G(v)*G(U)))(LQ(Q)P‘” (2.33)
T 0

+ [ el 560 = G gt

T
+ /0 a(p(w), G(v) — G(w)dt,

we get from (2.32), (2.14) and (2.15), the following

T T
- / (G(ur) — 29 G(v) — Clu)) 120,20t = / (p(u), (v — w))gaqyedt.
0 0
(2.34)

Therefore, the necessary and sufficient condition for the optimality of the
control v may be written as follows:

(—pl(u)—l-Nul,Ul—ul)L2(pT)—|—(—p2(u)—|—NUQ,UQ—UQ)L2(FT) >0, YveUy.

(2.35)
Thus, the optimal control u € U,q is specified by relations (2.14), (2.15),
(2.31), (2.32) and (2.35). O

3. BOUNDARY CONTROL FOR 2 X 2 NEUMANN PARABOLIC SYSTEMS

In this section we discuss the boundary control for the following 2 x 2
cooperative parabolic system with non-homogenous Neumann conditions and
with observation under conjugation conditions.

Assume that equations (2.1) and (2.2) are specified in the domain Q7. Con-
jugation conditions (2.4) and (2.5) are specified, in their turn on 7 and on
I'r, the boundary conditions are

[ 0t ] = {gg ] on I'r, (3.1)

vy

where (g1, 92) € (L*(T'7))? are given functions.
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Let us define

.07 = {6: 6 e wo.mvi 5 e ro.rvt
where

Vi = {G(:L“,t) = (GlaGQ) |Qi€ (Hl(Qz))v 1 =1,2 Vte [O’T]v [G] = 0}

and

Vo = {G(x) = (Gl’GZ) |Q¢E (Hl(ﬂz))7 i =1,2, [G] = 0}

We introduce again the bilinear form (2.8) which is coercive on (V)2, since

(L*(0,7,V))* € (L*(0, T, V1))*.
Then by Lax- Milgram Lemma [1], there exists a unique solution G' € (W1(0,T))?
for system (2.1), (2.2), (2.4), (2.5) and (3.1) according the equation

(o) -+ alt:G.0) = £,(6), ¥ 6= (61.60) < (Vo)

where

10 = [ p@h@ys+ [ pae)a(e)ds
+ /F o1 ()01 (2)dT" + /F g5(2)05 ()l

is a continuous linear form defined on (W7(0,7))%. For every control u =
{uy,u2} € (L?(I'1))?, determine a system state G =G (z,t;u) = {G1(u), Go(u)}
as a generalized solution to the initial boundary- value problems specified by
the equations (2.1), initial condition (2.2), the conjugation conditions (2.4),
(2.5) and the boundary conditions:

8gi(u) _ | nntw T 9
9Gs(w) | = | o+ us on I'p, (3.2)
Ovag

it is easy to state the equivalence of problems (2.13) and (2.14).

For a given z, = (214, 224) represent the observation by expression like (2.17)
and the value of the cost functional is again given by (2.18). Then, using the
theory of Lions [7], there exists a unique optimal control u € U,q for (2.20)
and we deduce:

Theorem 3.1. If the cost functional is given by (2.18), then there exists a
unique boundary control u € Uyg such that:
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J(u) = inf J(v).

vEUq

Moreover, it is characterized by the following equations and inequalities

_ O (w) —V - (7V) — _
ot M1 721 pi(u) | _[ 0], ~
[—61”(?;“) —I{ —M2 =V (7V) =22 ] [pz(u) ] [ 0|
(3.3)
pi(z,Tiu) | | O . =
[pg(ac,T; ) ] = [ 0 ] in Q, (3.4)
(W) o6y T
7,]2:1 o (v 72) | —ec apégu) + Gi(v) — 214
n - c Op2(u) + G (7)) _ on vy,
> TL‘?(U) cos(v, ;) ot 2 29
ig=1 %
(3.5)
[p1(w)] | _
{ [ pow)] | = [0] o7 (3.6)
and
0G1(u) 0
[ 62‘5@) = [ 0 ] on I'r, (3.7)
Ova

(=p1(u) + Nui,vr —ui) g2y + (=p2(u) + Nug,v2 —u2) 2@y >0 (3.8)
for all v € Uy, together with (2.1), (2.2), (3.2).

4. BOUNDARY CONTROL FOR n X n. SYSTEMS DESCRIBED BY COOPERATIVE
PARABOLIC EQUATION UNDER CONJUGATION CONDITIONS

4.1. The n xn Dirichlet systems under conjugation conditions. In this
section,we generalize the discussion which has been introduced in section two
to the following n x n cooperative parabolic Dirichlet systems

Gy Gi(z,t) p1(z,t)
Gy Ga(z,t) p2(z,t)

2 + A(t) : = : in Qr, (4.1)

o | -
Gn Gn (:1:7 t) Pn (xa t)
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G1(z,0) G1o()
Ga(z,0) Gao(2)
) = . , Gio(r) € L*(Q) in Q,
Grn(x,0) Gno(z)
Gl(x,t 0
Gg(w,t) 0
. = on FT,
Gn(z,t) 0
under conjugation conditions:
rg6a] || 0
a h - on ’YTa
0G
I T‘gﬁ;’b- ] g |
_ iG] - o
(G2 0
= on 7r.
Gl ] o]

981

(4.3)

(4.4)

(4.5)

To study our problem, we introduce By Cartesian product the following

chain of Sobolev spaces:

(L*(0,T5 V)" € (L*(0, T5 L*(2))" € (L*(0, T5 V'))™
On (L*(0,T;V))", we define the bilinear form by:

a(G, ) :Z/S)T(x)vaiveidx—Z/Qmjajaidx
=1

i#j
— Z /m]Glezdx
Q

i=j=1
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Lemma 4.1. The bilinear form (4.6) is coercive on (L*(0;T,V))", that is,
there exists a positive constants k and o such that

(G, G) + MG iz 2 all Gy gy ¥ G = Gy € (WO, (4.7)

)

Proof. Since

oG, G) = /|VG|d;v— /Gde
2217&] T]Zj +lel ZZ Z

i#j

D i Mii / 2

B Gif? da,
Z;‘;&j(nz’j +0i) Jo

we get

Z 1 77”77711
G, G) + max ! G;
( ) (Zl?ﬁj(nm + 77]1 Z || ||L2(Q

VG;|”dx — /Gde
22275‘7 nl]+7]jl Z/‘ ’ Z

i#j

By Cauchy Schwartz inequality and from Friedrichs inequality, we deduce

?: Niiy Nid
a(G,G) —l—max(zz%é 275 +n)'))‘|Gi|’%2(Q)
i#j\"lig 7t

() . 12 m 11212V d
> S ) L 1VGi + (m(@) 16

Y NGillzo Gl 20

i#]

This inequality is equivalent to

>y (miismii) 1 2
a(G, G) + max(==——""=, 2)||G;
(6.6) -+ max( LI DG
7(z)

>
230 (nij + mji)

min(L, (m(€2))™)[1Gill31 )

1 1
3 (=Gl — —=1G; 2
i#(\/i“ 22(0) \/§H illz2)
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therefore,

a(G, G) + K|Gllf 2@y = @Y Giga o
=1
2 QHGH?H(}(Q))M VG e (Hy()",

where

— max Doy (s i) 1 oy 7(z) o B
h= <Z§;j(mj +nji)’ 2)’ 257 (i + o) (1, (1(2)) 7).

U
Now, let ® — L(®) be a linear form defined on (L?(0,T;V))" by

L@ =% /Q pil, D)pi(a) d, ¥ = (65)1y € (Vo)™
=1

Then by Lax-Milgram Lemma, there exists a unique solution G € (W (0,7T))"
such that:
oG n n
2 @) +at:6,9) = @), Vo= (o)l € (W) (48)

Then, we have proved the following theorem

Theorem 4.2. For a given f = (fi); € (L*(Qr))", there exists a unique
solution G = (G;)'_; € (W(0,T))" for cooperative Dirichlet system (4.1)-(4.3)
with conjugation conditions (4.4), (4.5).

4.2. Formulation of the control problem. The space (L?(I'r))" being the
space of controls.

For each control u = (w;); € (L*(T'r))", let us define the state G =
(Gi)-y = G(z,t;u) of the system as a generalized solution to the boundary-
value problem specified by the equations (4.1), boundary condition:

Gi(z,t;u) Uy

Gao(x,t;u U

2(' ) = ,2 on I'p, (4.9)
Gn(xata;u) Un

initial condition (4.2) and the conjugation conditions (4.4), (4.5).

Specify the observation as

Z(u) = (Zi(u)izy =C1G(u) = (Gi(w)izy ,Cr € £((W(0,T))"; (L*(vr))™).
(4.10)
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Bring a value of the cost functional

= Z ||GZ(U) — ZigH%Q(’yT) + (NU,’LL)(LQ(FT))n, (411)
in this case, Z; = (zi4)"; is a known element of the space (L*(yr))" and
N €£(U;U) is a Hermitian positive definite operator such that:

(Nu,u)p2rpyn = Mlulfzgpyyp, M >0, Vuel. (4.12)
The control problem then is to find:
u = (u1, u2,...un) € Uug,
{ J(u) =inf J(v), Vv & Uy, (4.13)

where U, is closed convex subset of (L?(T'r))".

Definition 4.3. If an element u € U,y meets condition (4.13), it is called an
optimal control [7].

Rewrite the cost functional (4.11) as

J(v) =r(v,v) = 2f(v) + Z 2ig — HL2 (yr)? (4.14)

where the bilinear form 7(u,v) and linear functional f(v) are expressed as

1 0), Gz(?)> _Gi(0)>L2(7T) —i—Z(NUi, Ui)(LQ(FT)) (4.15)
i=1 i=1

El
£
S

I
f2

2

|
)

n

F@) = (219 — Gi(0), Gi(v) — Gi(0)) 12(yy)- (4.16)

i=1
The form 7(u,v) is a continuous bilinear form and from (4.12), it is coercive
on U, that is,
7(0,0) = Mllol2(0py e (417)

also f(v) a continuous linear form on (L?(y7))™. On the basis of the theory of
Lions [7], there exists a unique optimal control of problem (4.13). Moreover
it is characterized by

Theorem 4.4. Let us suppose that (4.7) holds and the cost functional is given
by (4.11). Then the boundary control u is characterized by
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p1(u) p1(v) U
p2(u) p2(u) '
_% : + A1) : = . in Qr,
Pn(u) Pn(u) 0
[ p1(u)(2; T, u) 0
w)(z; T, u 0

pl@Tw) | |0 (4.18)
| pa(u) (@ T, ) 0

[ p1(u) ] 0

U 0

p2( ) e on FT,

L Pn(u) ] 0
([%)] [ %+ aw-a )

i - 9p2

u —e5t +G -
I _T%BHT(;)_ | | —Cnag% +Gn(v) — Zng
[ [p1(u)] ] [0 ]
[pa2(u)] 0
_ on (4.20)
0
oty | L0

and

n_ .7
Z/O /F(—pi(u) + Nug)(vi — ) dTdE >0, ¥ v = (v)y € Ungs  (4.21)
i—1

where A*(t) is the transpose of A(t) such that
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=V (V) = —7)21 e —Tnl
A4(1) — —??12 -V (TY) — 122 _7'7n2 |
—Mn —M2n e =V (TV) — Nnn

(4.22)

and p(u) = (pi(u)) is the adjoint state. Therefore, the necessary and suf-
ficient condition for the optimality of the control v may be written as (4.21),
together with (4.1), (4.2) and (4.9).

4.3. The n x n Neumann systems under conjugation conditions. We
study the n X n cooperative Neumann parabolic system of the form

0G1 g

0

ocs g;

8’?‘4 = . on I'p, (4.23)
0Gy, '

vy In

with (4.1), (4.2) and conjugation conditions (4.4), (4.5), we introduce again
the bilinear form (2.8) which is coercive on (W7(0,7))", since

(L*(0,T,V))" € (L*(0, T, V1))",
then based on (2.10) and Lax- Milgram Lemma there exists a unique solution
G = (Gi)l~y € (W1(0,T))™ for system (4.1), (4.2), (4.23) and conjugation
conditions (4.4), (4. )such that
oG
(g 0) +a(t;G,0) = he(6), VO =(0:)izy € (V2)", (4.24)

where

:;/ﬂpi(ﬂc,t)&(:v)dx—i—;/ng(x,t)ﬁi(x)dn (4.25)

is a continuous linear form defined on (V7). Let us multiply both sides of
first equation of (4.1) by 8 € (V)™ and integrating over Qp, we get

oG

ti i(a:)dacdt—l—/Q (—=V - (nVG;)0;(x)dxdt — Z/ ni;G;0;dxdt
T

:Z/ pi(z,t)0;dxdt.
i=1 79

ar 0
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Using Green’s formula we obtain

7(t;G,0) — Zn:/ 0Gi Z/ pi(z, t)0;dxdt.
—1 Qr

From (4.24), we get

Z/ pi(z, )0 )dmdt+2/ gi(a:,t)Gi(x)dth—Z/
Qr i=1 /T i=1 7T
= Z/ pi(x,t)0;dxdt.
i=1 79T

Hence we obtain the Neumann conditions

26,
T(?I/A

=g; on I'p,

so we can formulate the corresponding the control problem:

(L?(T'p))™ is the space of controls. The state G(u) € (W1(0,T))" of the
system is given by the solution of

G1(u) G1(u) p1
5 | Ga(u) Ga(u) p2 .
% : + A(t) : = : mn Qr,
Gn(u) G (u) Pn
[ Gy(u)(z;t,u) Gio(x)
Go(u)(w;t,u) Gap(z) )
: - : n £, (4-26)
| Gn(u)(z;t,u) Gho(x)
B e
v 1 1
2%2 _ g2 + ug on Ty
i gf: Gn + Un

under conjugation conditions (4.4), (4.5).

For a given z4 € (L%(yr))™, the cost functional is again given by (4.11), then
there exists a unique optimal control u = (u;)f; € Uyq for problem (4.13).
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Moreover it is characterized by the following equations and inequalities

p1(u) p1(uw) 0
pa(u) pa(u) 0ol
o P A OO I I R B O
pn(u) pn(u) 0
[ p1(u)(; T, ) 0
pa(u)(z; T, u) 0 -
: = - in §),
| pn(u)(z; T, u) 0 (4.27)
B 8p1(u) 7
Ova
0
Op2(u) 0
A = . on FT,
: 0
Opn (u)
\ L Ovy i
T T e+ Gh(v) — 2y ]
[ ] Op2
9p2(u —cp %2 + Ga(v) — 2
T gi%)_ _ 27t 2(v) — 224 on . (4.28)
[ o n u) | :
P L e Galv) — g
)]
] ||
= on . (4.29)
0
| [pn(w)] | b -

Therefore, the necessary condition for the optimality of the control u is

n_o.7
Z/o /F(—pi(u) + Nu;)(v; —w;) dUdt >0, Vo= (v;)ie; € Uga.  (4.30)
i=1
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Thus, the optimal control u = (u;)]; € Uyq is specified by relations (2.14),
(2.15), (2.31), (2.32) and (4.30), where p(u) = (pi(u))?_, is the adjoint state.

Remark 4.5. If the constraints are absent, that is, when U,q = U, then the
equality

—p1(uw) + Nug — p2(u) + Nug = 0
is obtained from inequality (3.8).

The control

2
;ui - %, (z,t) € Qp (4.31)
is found from the latter equality.

CONCLUSIONS

In this paper, we focused on boundary control problems for cooperative
parabolic systems under conjugation conditions.Under some conditions on the
coefficients, we proved the existence and uniqueness of the state for 2 x 2
Dirichlet cooperative elliptic system under conjugation conditions. Then we
demonstrated the existence and uniqueness of the optimal control of boundary
type for this system. We gave the set of equations and inequalities that char-
acterizes this control.Also, we studied the problem with Neumann condition.
Finally, we generalized the discussion to n X n cooperative parabolic systems
under conjugation conditions.
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