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Abstract. In this paper, we shall give an example of a strong b-metric space which is not

a b—metric space. Besides some fixed point result is proved in such spaces.

1. INTRODUCTION

There are a number of generalizations of metric spaces and Banach contrac-
tion principle. In this sequel, Bakhtin [4] and Czerwik [9] introduced b—metric
spaces as a generalization of metric spaces. They proved the contraction map-
ping principle in b—metric space that generalized the famous Banach contrac-
tion principle in such spaces. Since then, several papers have dealt with fixed
point theory or the variational principle for single-valued and multi-valued op-
erators in b—metric space (see e.g., [2,7,8,11-13]) and the references therein.

In [10] Doan define strong b—metric space which is clearly a b—metric space,
but he did not give an example of a strong b—metric which is not a b—metric,
the purpose of this paper is to give an example, besides proving some fixed
point theorems in strong b—metric space, also we shall generalize a theorem
given by Agrawal and it all [14]. For more studies see [1,5,6,15-20,22,23|.

First, we recall some definitions from metric and b-metric spaces [9)].
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Definition 1.1. ([9]) Let X be a nonempty set and the mapping d : X x X —
R* (R* stands for non-negative reals) satisfies the following conditions,

(1) d(z,y) =0 if and only if x = y for all z,y € X,

(2) d(z,y) =d(y,z) for all z,y € X,

(3) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.

Then d is called a metric on X and (X, d) is called a metric space.

Definition 1.2. ([9]) Let X be a nonempty set and the mapping d : X x X —
R satisfies the following conditions,

(1) d(z,y) =0 if and only if x = y for all z,y € X,

(2) d(z,y) = d(y,z) for all z,y € X,

(3) there exists a real number s > 1 such that for all z,y,z € X,
d(z,y) < sld(z, z) + d(z,y)].

Then d is called a b-metric on X and (X,d) is called a b-metric space with
coefficient s.

Definition 1.3. ([10]) A strong b-metric on a nonempty set X is a function
d: X x X — Rtsuch that for all z,y,z € X :
(1) d(z,y) =0 if and only if x =y,
(2) d(z,y) = d(y,z),
(3) there exists a real number s > 1 such that
d(x,y) < d(z, 2) + sd(z ).

Then d is called a strong b—metric on X and (X, d) is called a strong b—metric
space with coefficient s.

Every metric space is a strong b-metric space with coefficient s = 1 and every
strong b—metric space with coefficient s is a b—metric space with coefficient s
but the converse of these facts need not be true.

Example 1.4. Let X = {1,2,3}, defined: X x X — R by

0, if z=uy,
d(z,y) =d(y,z) =q 5 if z=1y=2,
1, if xe€{l1,2} and y € {3}.

ot

Then (X,d) is a b-metric space with coefficient s =
strong b—metric space with coefficient s = 4, but (X, d
as

> 1 and (X,d) is a
is not a metric space

NN

d(1,2) =5 > 2 =d(1,3) + d(3,2).
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Example 1.5. Let X = {O, 1, %, %, ...... } define d: X x X — R by:
07 =Y,
z if is 0 and
)5, if one is
d(z,y) = { the other is %,
d(%,%)zn—i—m, n % m.

Then (X, d) is a b-metric space with constant 2 , which is not a strong b-metric
space.

Definition 1.6. ( [10]) Let {z,,} be a sequence in a strong b—metric space
(X, d).

(1) A sequence {z,} is called convergent if and only if there is z € X such
that lim d(z,x,) =0.
n—oo
(2) {zn} is a Cauchy sequence if and only if lim d(xy,z,) = 0.
n,Mm—00
(3) A strong b—metric space is said to be complete if and only if each
Cauchy sequence in this space is convergent.

Regarding the properties of a strong b—metric space, we recall that if the
limit of a convergent sequence exists, then it is unique. Also, each convergent
sequence is a Cauchy sequence.

2. FIXED POINT THEOREMS

Since the strong b—metric space is a b—metric, then we have the following
theorem which is an analog to Banach contraction principle in strong b—metric
space.

Theorem 2.1. Let (X,d) be a complete strong b—metric space with coefficient
s>1and f: X — X be a mapping satisfying the following condition:

d(fz, fy) < Md(z,y) forall z,y€X, (2.1)
where \ € [O, %) Then f has a unique fixed point u € X.
Theorem 2.2. Let (X,d) be a complete strong b-metric space with coefficient
s>1and f: X — X be a mapping satisfying the following condition:
d(fz, fy) < Ald(z, fz) +d(y, fy)] V =,y € X, (2.2)
where \ € [O, %) \ {%} Then f has a unique fixed point u € X.

Proof. Let us first show that if f has a fixed point, then it is unique. Let
u,v € X be two fixed points of f, that is, fu = u, fv = v. It follows from
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(2.2) that
d(u,v) = d(fu, fv) < Md(u, fu) + d(v, fv))
= Ad(u, u) + d(v,v)] = 0.
Therefore, we must have d(u,v) = 0, that is, u = v. Thus, if fixed point of f
exists then it is unique. For existence of fixed point, let g € X be arbitrary;
set z, = f"xp and d,, = d(xp,xny1). we can assume d, > 0 for all n > 0,
otherwise x,, is a fixed point of f for at least one n > 0.
For any n € N, it follows from (2.2) that
dn = d(Tn, Tnt1) = d(frn-1, f2n)
< A [ (xn—la fxn—1> +d (mna fxn)]
=A [ (xn—la xn) +d ({L’n7 xn—l—l)]
=A [ n—1 + dn] )
it implies that
(1= XN)d,, < Mdp—1.
Therefore, d,, < pud,_1, where u = % €
obtain

[0,1). On repeating this process, we

dn S ,Ll,ndo.
Therefore, lim d, = 0.
n—oo

Now we shall show that {x,} is a Cauchy sequence, it follows from (2.2)
that for m,n € N

d(Tn, Tm) = d ("0, fM20) = d (fEn-1, fTm-1)
S Ad(@p—1, fon—1) + d(@m—1, fTm-1)]
= [d(zn-1,2n) + d(Tm—1,Tm)]
= ANdp—1+ dm-1].
This implies that
lim d(xp,xm,) =0.

n,M—00
By completeness of (X, d), there exists u € X such that
lim d(xy,,u) =0. (2.3)
n—oo

We shall show that u is a fixed point of f. For any n € N, it follows from
(2.4) that

d(u, fu) < d(u,xps1) + sd (Tny1, fu)

d (u, xpy1) + sd (fxn, fu)

d

(u7 xn+1) + sA [d (wn’ f$n) + d(uv fu)] s

IN
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that is,
d(u, fu) < d(u,zp41) + sA (2, fon) + sAd(u, fu),
it implies that
(1 = sAN)d(u, fu) < d(u,xny1) + sAd (zp, fag).
Hence, we have
d(u, fu) < #d (u, Tpt1) + Ld (Tny Tg1) -
(1 —sA) (1 —sA)

Note that \ # %, therefore, it follows from (2.3) and the above inequality
that d(u, fu) = 0, that is, fu = u. Thus u is a unique fixed point of f. O

Theorem 2.3. Let (X,d) be a strong b-metric space with coefficient s > 1
and f: X — X be a mapping satisfying:

d(fz, fy) < Amax{d(z,y), d(z, fz),d(y, fy)} (2.4)

for all x,y € X, where A € [0, l). Then f has a unique fized point u € X.

S
Proof. Let us first show that if fixed point of f exists, then it is unique. Let
u,v € X be two fixed points of f, that is, fu = u, fv = v, if d(u,v) # 0. It
follows from (2.4) that
d(u,v) = d(fu, fv)
< Amax{d(u, v),d(u, fu),d(v, fv)}
= Amax{d(u,v),d(u,u),d(v,v)}
= Ad(u,v),
which implies A > 1, which is a contradiction. Therefore, we must have
d(u,v) = 0, that is, u = v. Thus, if fixed point of f exists then it is unique.
For the existence of fixed point, let zog € X be arbitrary and define a se-
quence {x,} by z,4+1 = fx, for all n > 0. Then, we may assume d(zp4+1, Tn) >
0, Vn, otherwise x,, is a fixed point of f.
Now, for any n we obtain from (2.6) that

d (-Tn—i-l)xn) = d(fl‘n, fxn—l)
< Amax {d (l‘n, xnfl) 7d (-’Ena f$n) ,d (CEn,h fl'nfl) }
= Amax {d (mmxn—l) 7d(xn7xn+1) 7d(xn—17$n> }
= Amax {d (Tny Tn—1),d (Tn, Tnt1) }

fmax {d(xn,zp—1),d (zn, Tni1)} = d(Tn, Tny1), then we obtain from the above
inequality
d ($n+17 xn) < Ad (.Z'n, xn—H) <d (xny xn—l—l) )
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which is a contradiction. Therefore, we must have
max {d (zpn, Tn—1),d (Tn, Tnt1)} = d(Tn, Tn-1),
and then from the above inequality we obtain
d(Xpt1,2n) < A (Tpy Tp—1) -
By repeating this process, we obtain
d(xpt1,xn) < ANd(x1,20) for all n > 0. (2.5)
For m,n € N with m > n, we obtain
d(zn, xm) < d(Tp, Tni1) + $d (Tpi1, Tm)
< d(Tn, Tng1) + S[d (@ns1, Tng2) + 5d (Tng2, Tm) |-
So we have,
d(xn, Tm) < d(p, Tnt1) + sd (Tpt1, Tnta)
+ 82d (Tpy2, Tnis) + 83d (Tni3, Tnig)
o ST (21, )
< d(xn, Tpt1) + sd (Tpt1, Tny2)
+ 8%d (Tna2, Tnis) + 8°d (Tna3, Tnid)
+ "N (1, ) -
Using (2.5) in the above inequality, we have
d (Tn, Tm) < N (21, 20) + sN"d (21, 20)
+ 2N d (w1, o) + $°A"TPd (21, 20)
+ 4 ST (2, 20)
< N (21, 20) + sAVTH[1 + sA

+—52A2—F53A3-+-'-]d(xl,xg)
SA”+1
1—sA

" 8An+1
= <A =+ 1—-SA> d($1,$0)
A"

T 1)
As A € [0, %) and s > 0, it follows from the above inequality

< N'd (21, 20) +

d(x1,$0)

d(ml,xo).

n,rléllloo d(zp,Tm) = 0.
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Thus {z,} is a Cauchy sequence in X. By completeness of (X, d) there exists
u € X such that

g, o) = i, 4 s )
= d(u,u) (2.6)
=0.

So, we have lim z, = u.

n—oo
We shall show that u is a fixed point of f.
For any n € N, we have

d(u, fu) < d(u,zp41) + sd (Xp41, fu)
=d (u,py1) + sd (frn, fu)

<d(u,xpi1)+s {)\ max {d (zn, u) ,d (Tn, fn) , d(u, fu)}} .
Using (2.8) this implies
d(u, f(u)) < d(u,u) + sAd(u, fu).

Hence, we obtain d(u, fu) = 0, that is, fu = u. Thus u is a fixed point of f,
and it is a unique fixed point of f. O

The following theorem is given by Reich [21].

Theorem 2.4. Let (X,d) be a complete metric space and f : X — X be a
mapping with the following property:

d(fz, fy) < ad(z, fz) + bd(y, fy) + cd(z,y)

for all z,y € X, where a,b, c are non-negative and satisfy a +b+c < 1. Then
f has a unique fized point.

We have extended the a bove theorem to the strong b—metric space.

Theorem 2.5. Let (X,d) be a complete strong b—metric space with coefficient
s>1and f: X — X be a mapping with the following:

d(fx, fy) < ad(x, fy) + bd(y, fz) + cd(z, y)

for all x,y € X, where a,b,c are non-negative real numbers and satisfy a +
c+bs <1. Then f has a unique fixed point.

Proof. Let xp € X and {z,} be a sequence in X such that

ITn = fxn—l = fnx()-
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Now

d (anrla l‘n) =d (fxna fxnfl)
< ad(xy, frn—1) +bd (xn-1, frn) + cd (Tn, Tp-1)
= ad (Tp,xn) + bd (Xp—1,Tpt1) + cd (Tn, Tp-1) -

So, we have

d(xn—&-hxn) d(xn—lvxn-l—l) +cd (x’ruxn—l)

<b
<b
Hence
d(Tpt1,Tn) <bd (rp—1,Tyn) + $bd (X, Tpi1) + cd (T, Tp—1),
it implies that
(1 =bs)d (xpt1,2n) < (b+ )d (zn, Tp—1) .
Therefore, we have

(b+¢)
(1 —bs)
=M (T, Tn-1),

d(anrlamn) < d(xna$nfl)
that is,
d(zp41,Tn) < A (Tpn, Tp—1) .
Continuing this process we can easily show that
d(Tpt1,2n) < AN (21, 20) -
For m,n € N with m > n, we obtain
d (xnv wm) Sd (xny xn—&—l) + sd (xn+17 xm)
<d (wny xn—s—l) +s|d («Tn—l—ly xn+2) + sd (xn—l—Za mm)
<d (l‘ny xn+1) + sd (-’En+1a l‘n+2)
+ s%d (-’En+2a xn+3) + s°d (l‘n+3, xn+4)
4+ ST (2, )
<d(Tn, Tny1) + 5d (Tpi1, Tni2)
+ 5%d (Tnio, Tnis) + $2d (Tpa3, Tnia)
o S (@1, )

[d (:Enfla mn) + sd (l'ny -Tn+1) ] +cd (-’Ena $nfl) .
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Using (2.7) in the above inequality, we have
d (T, ) <A (21, 20) + sA"T1d (21, 20)
+ $2XN"2d (21, 20) 4+ PAT3d (21, 20)
4o SN (2, 20)
<N (11, 20) + sATHL [1 At 82N SN .}d (1, 20)
n+1

S
<A"d (x1,x0) + . S)\d(whwo)
SAn+l
:(A"Jr 1_8)\)61(961,930).

Hence
n

— SA

d(xnaxno < 1 d($17x0)-
Taking limit as n,m — oo, we get

n’}rllgloo d(zp, Tm) = 0.

Therefore, {z,} is a cauchy sequence in X. Since X is complete, we consider
that {z,} converges to u.
Now, we show that u is a fixed point of f. We have

d(u, fu) < d(u,zy) + sd (zy, fu)
=d(u,xn) + sd (frn—1, fu)
<d(u,zp) + s[ad (xn—1, fu) + bd (u, frp—1) + cd (Tp—1,u) |,
and so, we have
d(u, fu) <d(u,zp) + sad (xp—_1, fu)
+ sbd (u, x) + sed (xp—1,u) .
Hence,
d (u, fu) <(1+ sb)d (u,x,) + sad (xnp—1, fu)
+ sed (xp—1,u) .
Taking limit as n — oo, we get
nl;rgo d(u, fu) =0,
that is f(u) = u. Thus, u is the fixed point of f.

Now, for the uniqueness of fixed point. Let u and v be two fixed point of
f- Then
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and

d(u,v) = d(f(u), f(v))
< ad(u, f(v)) + bd(v, f(u)) + cd(u,v)
= ad(u,v) + bd(v,u) + cd(u,v)
= (a+b+c)d(u,v) = kd(u,v).

So, we have
d(u,v) < kd(u,v),

which is a contradiction. The proof is complete. O

Now, we shall generalized the theorem given by Agrawal and et al. [3] in
b—metric space.

Theorem 2.6. Let (X,d) be a complete strong b—metric space with coefficient
s>1. Let f : X — X be a mapping such that

d(fz, fy) <amax {d(z, f(z)),d(y, f(y)),d(z,y)}
+ bld(z, fy) +d(y, fr)}, (2.8)

where a,b > 0 such that a4+ b+ bs < 1 for all x,y € X. Then f has a unique
fized point.

Proof. Let xp € X and {z,} be a sequence in X such that
Tpn = frpn_1=f"xg, n=1,2,3,4,---. (2.9)
By (2.8) and (2.9) we obtain that
d (Tnt1,2n) =d (fon, frn-1)
<amax {d (@n, 2n-1),d (@01, f (@01)) o d (2, f (20) }

+ b{d (#n—1, f (x0)) +d (2, f (£n-1)) }’

d (fxna f'rn—l) <amax {d (IL’n, xn—l) ,d (xn—la xn) ,d ($n, xn—&—l) }

+ b{d (Tn—1,Tnt1) + d(Tpn, xy) },

A (fn, frn1) <amax{d (@n,zn-1),d (@0, 2041) |
+b{d (xn-1,2n41)}
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and

d(zp41,2n) <amax {d (Tny Tp—1) ,d (Tp, Tpnt1)

)

+ b{d (Tp—1,Tn) + sd (T, Tni1) }

Hence, we have
d(Tpi1, ) <aMy + b{d (Tp—1,Tn) + sd (T, Tni1) }, (2.10)
where M; = max {d (xp—1,2n),d (Tn, Tn+1)}
Now two cases arise:
Case 1: Suppose that My = d (zy, Tp+1), we have
d(Tps1,n) < ad (Tp, Tni1) + b{d(xn,l,mn) + sd (Tpn, Tny1) },
this implies that
(1 —a—=0bs)d(xpt1,2n) < bd(Tp—1,2n).

Hence
b
d n Y n S 5 1 d n—1» n
invn) < (=g ) dnn)
a+b
< _ .
= <1 — b5> d(xn 17«7771)
Let K = fj’bl; < 1. Then we have
d (‘T’n-f—l? mn) < Kd (xn—h xn) .
Therefore,

d(Tpi1,xn) < KQd(xn,z,xn,l).
Continuing this process, we get
d(xp, Tpy1) < k"d(x0,21) . (2.11)
Case 2: Suppose that My = d (zy,2p—1). Then we have
d(Tpt1,2n) < ad(zp, Tpn-1) + b{d(xn,l,mn) + sd (xp, Tpt1) },
this implies that
(1 =bs)d (xpt1,2n) < (a+b)d(rp—1,Ty) .

Hence b

a+
< _ .
d(xpi1,xn) < <1 — bs) d(xp—1,%n)

Let k = 2tb < 1. Then we have

1—bs
d (anrla wn) < kd (xnfla xn) .
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Therefore,
d (anrl» xn) < k*d ($n72, xnfl) .
Continuing this process, we get

d (T, Tnt1) < k"d(xo, 1) .

Now, we show that {z,} is a Cauchy sequence in X.
For m,n € N, with m > n, we obtain

d(2n, Tm) < d(Tn, Tpy1) + A (Tpit1, Tm)

<d (mna :Z:n—&—l) +s [d (xn+17 xn+2) + sd ($n+2, xm) ]

< d(xn, Tng1) + 5d (Tpg1, Tniz)
+ 8%d (Tp42, Tnis) + 8°d (Tn43, Tnis)
+ o T (2, )
< d(Tn; Tnt1) + 8 (Tnt1, Tni2)
+ 82d Ty, Tngs) + 5°d (Tnys, Tnia)
+ o4 5" (g1, ) -
Using (2.12) in the above inequality, we have
d (T, Tp) < k"d (21, 20) + 5" d (21, 20)
+ $2E"2d (21, 20) + SSE"T3d (21, 20)

Foe o ST (2, )

(2.12)

< k"d (z1,z0) + sk™ ! [1+ sk + S2k2 4 33+ - -]d (21, o)

n+1

s
< k"d(z1,z0) + - Skd(fﬂla )

" 8kn+1
= <k‘ + 1_ Sk) d(l’l,l’o)

kn
- 1_ Skd(xlax(])v

this implies that,

kn
d(xp, ) < <1 — sk:> d(x1,x0) .
Then
lim d(xn,z,) =0 as n,m — oo,
n,M—00
since k < 1,
n
lim d(x1,20) =0 as n,m — oo.

n—oo 1 — sk
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Thus {x,} is a Cauchy sequence in X. Since X is complete, we consider that

{zn} converges to u.
Now, we show that w is fixed point of f. In fact,

d(u, f(v)) < d(u, Tny1) + sd (Tpr1, fu))
=d (u, xn—i—l) + sd (f (xn) ) f(u)) )

d(u, f(u)) < d(u,zny1) + samax {d (Tn, fzn), d(u, f(u)),d (xn, u) }
+ sb{d (zn, fu) + d (u, fzn) },

d(u, f(u)) < d(u, 1) + samax {d (Tn, Tni1) s du, f(u)), d(zn,u) }
+ sb{d (2, fu) + d (u, n1) },

d(u, f(u)) < d(u,zp4+1) + samax {d (Tny Tpt1) , d(u, f(u)),d (xn, u) }
+ sb{d (zn,u) + sd(u, fu)} + sbd (u, Tn41)
=d(u,Tp41) + samax {d (Tny Tpt1) , d(u, f(u)),d (xn,u) }
+ bd (2, u) + s°bd(u, fu) + sbd (u, T, 1) .
Let My = max {d (zn, Tp+1),d(u, f(u)),d (xn,u)}. Then
d(u, f(u)) < d(u, xn41) + saMsy + sbd(zy, u)
+ s%bd(u, fu) 4 sbd (u, Tny1)
this implies that
(1 — s%b) d(u, f(u)) < (1+ sb)d (u, zpt1) + salMy
+ sbd (zp, u) .
Case 1: Suppose that My = d (zy,, Zp4+1). Then we have
(1 —sb) d(u, f(u)) < (1 + sb)d (u, Tn41)
+ sad (Tp, Tnt1) + sbd (zy, u)
< (14 sb)d (u,zpt1)
+ sa{d (xn,u) + sd (u, Tpi1) } + sbd (zp, u)
= (14 sb)d (u, xp+1) + sad (zp,u)
+ s%ad (u, 2py1) + sbd (2, u)
= (1+ sb+ s%a) d (u, vp41) + sad (zn,u)
+ sbd (zp, u) ,
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this implies that,
(1 —s%b) d(u, f(u)) < (1+ sb+ s%a) d (u, xn41)
+ s(a+b)d (zn,u).
Therefore,

(1+ sb+ s%a) s(a+0b)
(1 — s2b) (1 — s%b)

Case 2: Suppose that My = d (zy,u). Then we have
(1 —sb) d(u, f(u)) < (1 + sb)d (u, Tnt1) + sad(zy, u) + sbd (zn, u).

d(u, f(u)) < d(zn,u).

(U, anrl) +

Therefore,

(1 + sb) s(a+0b)
(1 — s2b) (1 — s2b)

Case 3: Suppose that My = d(u, fu). Then we have
(1 — $%b) d(u, f(u)) < (14 sb)d (u,zp11) + sad(u, fu) + sbd (zn,u) .
This implies that
(1 — % — sa)d(u, f(u)) < (1 + sb)d (u, Tnt1) + sbd (2n, ).

d(xn,u).

d(u, f(u)) < d (u, Tn+1) +

Hence, we have

(1 + sb) sb
(1 —s%b— sa)d () + (

—_—d .
1 — s2b — sa) (%n, )
So in both cases, we have

d(u, f(u)) <

1+Sb+52b7 1+8b
<
d(u, f(u)) _max{ 1—s2b '1—s2b—sa

s(a+0b) sb
(1—52b)" (1 — s2b— sa) } A (n, ).

} d(u, Tpni1)

—i—max{

Taking limit n — oo, we get

lim d(u, fu) =0,

n—oo

that is f(u) = u. Therefore, u is the fixed point of f.
For uniqueness of fixed point, we have to show that w is unique fixed point

of f.

Assume that x is another fixed point of f. Then we have

fr=2x and d(u,z)=d(fu, fx).
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So, we have
d(u,z) = d(fu, fz)
< amax{d(u, fu),d(z, fz),d(u,z)} + b{d(u, fz) + d(z, fu)}
amax{d(u,u),d(x,z),d(u,z)} + b{d(u,z) + d(z,u)}
ad(u,z) + b{d(u,x) + d(xz,u)}
ad(u, x) 4 2bd(u, x)
= (a + 2b)d(u, z).

This is a contradiction. Therefore, u = x. Hence, u is the unique fixed point
of f. This completes the proof. O

A

IN A

Clearly Agrawal and et al. theorem can be proved as a corollary of Theorem
2.6.

Corollary 2.7. Let (X,d) be a complete b-metric space. Let f: X — X be a
mapping such that

d(fx, fy) < amax{d(z, fx) d(y, fy) . d(x,y) }

+o{d (e, fy) +d(y, f2) },

where a,b > 0 such that a4+ 2bs < 1 for all z,y € X and s > 1. Then f has a
unique fixed point.

Proof. If a,b > 0 such that a + 2bs < 1, then a + b+ bs < 1, then by Theorem
2.6 f has a unique fixed point. O
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