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Abstract. The paper is considered an expansion of the lattice random normed space con-
cepts, as we presented some certain topological structures.

1. INTRODUCTION

Random lattices have garnered considerable attention in recent years from
both a mathematical and algorithmic viewpoint. Probabilistic metrics were
first introduced in 1942 by Menger [9]. He also made important contributions
to the probabilistic metric space, and then the scientist Wald [12] followed.
Schweizer and Sklar [10] discussed the development of probabilistic metric
space which is presented in the first chapter of this book. And by them
the theory of random normed space (RN-space) was then developed current
version. which gave a new definition of random normed space.

Serstnev [11] defined random normed space as a generalization of a normed
linear space. In real normalized linear space, the vector normal is represented
by a non-negative real number, but in probabilistic normed space, the vec-
tor normal is represented by a probability distribution function instead of a
positive number. The importance of random normed theory lies in modeling
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uncertainty resulting from various problems in science field such as computer
programming, statistical convergence, nuclear physics, etc, such in 2009, Fil-
ipovi¢ et al. [5] worked on new independently random normed modules and
first used them in financial applications. Which prompted us to work on this
research which is primarily focused on examining the topological structure of
lattice random normed space, also contains some expansion of lattice random
normed space concepts. The study of lattice random normed spaces is impor-
tant to an understanding of nonlinear analysis. For more information about
RN space, check out [1, 2, 3, 6, 7).

2. PRELIMINARIES

In order to make sense of the following section of this study, let us first
describe some well-known concepts and findings.

Definition 2.1. ([8]) Suppose that [ = (L,>1) be a complete lattice, i.e., a
partially ordered set in which every non-empty subset admits supremum and
infimum, also inf L, = 0;,supL = 1;.

Af is the set of distribution function

Af = {glg: R 100,00} = £,g(0) = 01, (+00) = 1,
g is non-decreasing and left-continuous on R}.

The subset fo of Af defined as fo = {g € AE dlimy 00 g (2) = 11} .
The function e,(t) is given by

L ft <
€o(t) _ Olu /Lf = 07
1;, ’Lf t >0,

which represent the maximal element for DE‘ .

Definition 2.2. ([8]) A function M : L — L is called a negation function, if
(1) 9(0;) = 1, N(L) = 0.
(2) M(B) <N(W) if f=w.

This function is involutive, iff M (N (&)) =&, V & € L.

Definition 2.3. ([8]) Let L be a complete lattice. A mapping 7' : L? — L is
called a triangular norm (t-norm), if satisfying the following;:
(1) T (52,1;) = » ,Vs € L (Boundary condition).
(2) T (5,y) =T (y, %),V (5,y) € L? (Commutativity condition).
(3) T (3¢, T (y,-2)) =T (T (32, y),-2),V (5,9, Z) € L3 (Associativity con-
dition).
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(4) y>py = T (5e,y) <v. T (5¢,¢/') ,V (z,y,y) € L3 (Monotonicity con-
dition).

Definition 2.4. ([4]) Let (W, Q,T) be a lattice random normed space (LRN-
space) where W is vector space, T is a continuous triangular norm, @ : W x
R — fo is a mapping satisfies the conditions:

(1) Q (5¢,t) =£5(t) if and only if 2 =0 for all ¢ > 0,
(2) Q(&%,t)zQ(%,ﬁ) forall e € W, t >0, a#0,
(3) Qe ty.t+2) 2T (Q (1), Q(u.2)) forall 2y X, t,2>0.

Example 2.5. ([4]) Let (L, <g,) be defined by
L= {(%1,%2) D (501, 309) € [0,1)%, 500 4 500 < 1},
(5e1,202) <1, (y1,y2) if and only if 300 < y1,y2 < 39 for all 3 = (5¢1,300),
y = (y1,12) € L2. Then (L, <y,) is a complete lattice.
We denoted its units by 0g, = (0,1), 1, = (1,0).
Assume that (W, || - ||) is a normed space,
T (5, y) = (min {3a1,y1 } , max {50, y2})
for all 3 = (31, 50) ,y = (y1,42) € [0,1)* and
t [l
Qe = (2
t [l &+ [|5<]l
Then (W, Q,T) is an LRN-Space.

>, vVt € RT.

3. LATTICE RANDOM TOPOLOGICAL STRUCTURES

The section provides various topological structures in lattice random normed
spaces.
Definition 3.1. The open ball B (s, r,t) in LRN-Space (W, Q,T) is defined
by
B (e, t) ={y e W:Q(x—y,t) >L N(r)}.
Also the closed ball B [s,r,t] in LRN-space is defined by
Blsert]={y e W:Q (> —y,t) 2 N(r)}
for all > € W,r € L/{0;,1;},t > 0.

Theorem 3.2. Assume that B (s,7,t) is an open ball in LRN-space (W,Q,T).
Then it is an open set in LRN-space.



1098 Noor Dakhl Rheaf and Shaymaa Alshybani

Proof. Suppose that B (s, 7,t) is an open ball with center s € W, and radius
TEL/{Ol,ll}, t>0.
Suppose that y € B (5¢,r,t). Then Q (5 — y,t) >1, M (r). Since Q (3 — y, t)
>p, 9 (r), there exist 0 < t, <t such that
Q (s —y,to) >L N(r).

Put M (r.) = Q (3¢ —y,ts), since M (ro) > M (r), then there exists s €
L/{0;,1;} such that D (r) >g N (s) >, N(r). If there exists r; € L/{0;, 1;},
then T (M (ro) ,M(r1)) >g, M (s) . Consider the open ball B (y,r1,t — to). Then
we will prove B (y,r1,t —to) C B (5,7, t). In fact, if Z € B (y,r1,t — to) then
Qy— Z,t—ts) > MN(r1). Hence we have

Q= Z ) 2L T(Q(x—y,t0) . Qy — Z,t — to))
>p T (N (ro),MN(r1))
> N (S)
>;, N (7“) .
Therefore, Z € B (s, 7r,t). O
Remark 3.3. There are different species of topologies in LRN-space. Fach

lattice random norm ) on W produce a topology on W, that has a base of
the family of open sets (neighborhoods) which is denoted by

{B (%, T, t)}%GI/V,t>O,r€L/{Uz711} ’

Theorem 3.4. If (W, Q,T) is an LRN-Space, then W is a Hausdorff space.
Proof. Let (W,Q,T) an LRN-space, and » # y € W. Then
1; >y, Q(%— y,t) >, 0, Vt>0.

Put M (r) = Q (s — y, t), for each r, € (07,¢), N(ro) > M (r). Then there
exists 71 such that 7' (M (r1) , M (r1)) > N (o) .
Let B (%, 1, %) , B (y, 1, %) be open balls. Then, we can prove that

t t
B — B — | =0.
<%a7a1>2> N (yaT12> @
ZeB t NnB t
7,71, = =
) 1’2 ya’rl’Q )
then, we have

Q (%z,;> SLR (), Q (yz;> S 9 (r).

If
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Therefore,
N(r)=Q (> —y,t)
t t
ZLT Q %_Zaf 7Q y_va
2 2
> T (M (r1),9(r1))
ZL N (To)
> N (7“) ,
which is a contradiction, hence (W, Q,T') is a Hausdorff space. O

Definition 3.5. Let A C W, and (W,Q,T) be an LRN-space. Then A is
called LR-bounded if there exist ¢ > 0, 7 € L/ {07, 1;} such that Q (x — y,t) >,
N (r) for all s¢,y € A.

Theorem 3.6. If (W,Q,T) is an LRN-space, and A is a compact subset of
W, then A is LR-bounded.

Proof. Assume that A is a compact subset of (W, Q,T). Consider an open
cover {B (se,r,t): € A} for all t > 0, r € L/{0;,1;}. Then, there exist
»1, 509, . .., 7, € Asuch that A C | Jy_ B (5,7, ).
Suppose that s,y € A. Then » € B (s, 1,t),y € B(sg,r,t), h,J > 1.
Thus, we have
Q (3¢ — 35, t) >L N(r), Q(y —s7,t) >L N(r).
Let
B =min{Q (35 — s7,t) : 1 <h, T <n}.
Then we get
B >1 0.
Note that, there exist s € L./ {0;,1;} such that
T2 (M (r), 8,9 (r)) >L N(s).
Hence, we have
Q(%_y>3t) ZL T2 (Q(%_ %ﬁ7t)7Q(%ﬁ_%jvt)vQ(y_%jﬂt))
> T (N (r), 8,9(r))
>p, N(s).

Taking ¢ = 3t, we get Q (3 —y,t') >p, DN (s) for all r,y € W. Hence, A is
LR-bounded. U

Definition 3.7. Let (W, Q,T) be an LRN-space.
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(1) Let {sz,} be any sequence in W called as convergent to » € W,
if for any ¢ > 0,r € L/{0;,1;}, there exists N' € Z* such that
Q (56n, — 5,€) > N(r) for all n > N.

(2) Let {s2,} be any sequence in W called as Cauchy, if for any £ > 0,
r € L/{0;,1;}, there exist N' € Z* such that Q (35, — 2, &) >1 N (1)
for all n > m > N.

(3) Let {5,} be a Cauchy sequence in LRN-space (W,Q,T). Then W is
called complete, if s, — x € W.

Theorem 3.8. Assume that {2, } is a Cauchy sequence in LRN-space (W, Q,T),
and it has a convergent subsequence. Then (W,Q,T) is complete.

Proof. Suppose that {5, } C {5,} such that s, — 3, » € W. We should
prove that s, — s.
Let

éEL/{Ol,ll}, t >0,
TN (), N () > N(E), reL/ {01}

Since {1, } is a Cauchy sequence, there exists n, > 1 such that Q (s, — 3¢5, 1) >p,
M (r) for all z,n > no. Since 3, — s, there exists fis € ZT such that fis > no,

Q (%hs — 2, ;) >p N(r).

If n > n,, then we have

Q(%n _%7t) EL T (Q (%n_%ﬁs7;> 7@ <%ﬁs -, ;))

> T (0 (r),N(r))
>, N(E).
Therefore, 3¢, — s, and (W, Q,T) is complete. O

Lemma 3.9. Assume that (W, Q,T) is an LRN-space, for all ¢,y € W, t >0

Then K is an LR-metric space on W, which is said to be LR-metric induced
by LR-norm Q.

Proof. Let (W,Q,T) be an LRN -space and K (3¢,y,t) = Q (3¢ — y, 1) .
Let T(F,G)(s) = T'(F(x),G(x)) for all 2 € W. Then
(1) Qr—y,t) =eo(t) it x=y,t >0 = K(se,y,t) =¢co(t) iff 6 =y.
(2> K:(%ayvt) = Q(% - yvt) = Q(y -, t) = K(y, %at)'
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O

Theorem 3.10. A LR-metric K which is induced by a LR-norm @ has these
properties:

(1) KGet+ 2,y + 2,t) = K (3,9, 1) .
(2) K (dse,dy,t) :IC<%,y, t) such that & # 0, »,y,Z € W.

[d]
Proof. By Lemma 3.9
(1) K+ Z,y+Z2,1) =Q (3 + Z2—y—Z,1) =Q (3 —y,t) =K (55,y,t).
(2) K (dse, Gy, t) = Q (3¢ — iy, 1) = Q (32 =y, ) = K (9, 1) -

]
Theorem 3.11. Assume that (W,Q,T) is an LRN-space. Then we get:
(1) the mapping (»2,y) — » +y is continuous.
(2) the mapping (&, ») — &« is continuous.
Proof. (1) Suppose that s, — s, y, = y, n — 0o. Then, we get
t t
Q) ~ e+ 0.0 2T (@ (-5 )@ (015 ))
— 1.
(2) Suppose that s, — s, &, — &, n — 00, &, # 0. Then we get
Q (560G, — Gty t) = Q (G, (56, — 32) + 52 (G, — &) , 1)
) t ) ot
> T (Q (an(%n _%)72> @ <%<0¢n_0¢)72>>
t t
=T -, —— Tl
(@ (== z7) @ (= 7. =a1))
— 1.
O

Definition 3.12. The LR-Banach space (W,Q,T) is a complete LR-metric
space induced by LR-norm.
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Lemma 3.13. Let (W,Q,T) be an LRN-space. And define
EB’Q W — R+ U {0}
1s defined by:
E&Q (%) = inf {t >0:Q (%, t) >r ‘ﬂ(ﬁ)}
for all B € £/{0;,1;}, 5 € W. Then, we have
(1) E&Q (d%) = |@’ E&Q for all c e W, & € R.
(2) For any v € £L/{0;,1;}, there exist 8 € £/{0;,1;} such that

E%Q (%1 + ...+ %n) <z E&Q (%1) 4+ ...+ E&Q (%n)

for all x e W, n > 1.
(3) Assume that {3,} is convergent sequence in LRN-space (W,Q,T), if
and only if Eg g (s, — ) — 0.

Proof. (1) By definition of Ej g,
Eg g (dx) =inf{t > 0:Q (ds,t) > N(B)}

:inf{t>O:Q (}f';) >L‘)“((B)}
|Gl nE {E> 0 Q (4, 8) >1 N ()}

= |d| Bpq () -
(2) For all v € L/ {0;,1;}, we can find 8 € L/ {0;,1;} such that
TN (S), ., N (B)) 1, N ()
and
QGa+...+ 5, Egg (5a) + ...+ Eg g (52n) + né)

> TN Q (a, By (5a) +£) 4.+, Q (56, Epg (300) + €))

>, T (N(B), ., N (B))

2L N(7).
This means that, for £ > 0,

E,o(Gu+...4+m) <y Egg () + ...+ Egq (56,) + n&.

Since & > 0, we have for all x € W, n > 1

E,q(Ga+...4+ ) <t Egg (sa1) + ...+ Eg g (5tn) -
(3) Since @ is continuous,

Egg(se) e {t>0:Q (5,t) >, M(B)}, Var e W, #0.

Therefore, we have Q (56,—,¢) >1, M(B) if and only if Egg (5, — ) < &
This completes the proof. O
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Definition 3.14. Suppose that the mapping f : W — O from LRN-space
(W,Q,T) to LRN-space (0,V,T") is called uniformly continuous, if for all
reL/{0;,1;}, t > 0,5,y € W, there exist r, € L./ {0;,1;},t, > 0 such that

Q (% —y,to) > N(ro) = V(f (5) = f(y), 1) >L N(r).

Theorem 3.15. If the mapping f from compact LRN-space (W,Q,T) to an
LRN-space (©,V,T") is continuous, then f will be uniformly continuous.

Proof. Suppose that s € L/{0;,1;},¢ > 0. Then, we can find r € L/{0;,1;}
such that

T M (r),MN(r)) > N(s).
Since f is continuous for any s € W, there exist r,, € L/ {0;,1;},t,, > 0 such
that

Q (s —y,t) >L N(r) = V(f () = f(y),t) > N(r).
Since r,, € L/ {0y, 1;}, so we can find s,, < r,, such that
T (M (s50),M(s5)) >L N(rs).

Since W is compact, finite open covers {B (%, Sy, %‘) s W} exist. That
is, there exist s, 519, ..., 3¢, € W such that

t
W =u;L, B <%h,s%ﬁ,;ﬁ>, Vh=1,2,...,m.

Putting s, = mins,,,,t, = min %, so if Q (32— y,to) >1 M(so) for all s,y €

W, then @ (% —, t%) >1, N (S, ) - For all sc € W, there exist s, € W,

> T (DM (s,) , N (ss0,))

>1 N (T’%h) .

Therefore,

V(f(y)—f(%n%t) LN ()

2
and

V6= 1002 (V(76 = Ga) )V (F )= F a5 ))
>y T (N (r),9(r))
>p, N(s).

Thus F is uniformly continuous. O
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Theorem 3.16. Suppose that (W, Q,T) is a compact LRN-space. Then W is
separable.

Proof. Assume that (W, Q,T) is a compact LRN-space and r € L/{0;,1;},
t > 0. Since W is compact, there exist s, 59, ..., 3, € W such that
W =Up_ B (5,1, t) .
Let A, C W foralln>1, W = Ugeca,B (a,rn, %) for all r,, € L/ {0y, 1;}.
Let A = Up>1Ay, therefore A is countable. Now, we should prove that
W C A, if »x € W, then for all n > 1, there exist a, € A, such that » €
B (an,rn, %) So a, — 2 € W. But since a, € A, n > 1, then » € A, and so

A =W. Hence W is separable. O

Definition 3.17. Suppose that f : Z — © is function from Z # () to LRN-
space (©,V,T7). Then f,, — f is called convergent uniformly to f, if for all
r e L/{0;,1;}, t >0, there exist n, > 1 such that

V (fn(2) = f(32),t) >L N(r), Yn>ne.

Definition 3.18. Family F of functions from an LRN-space (W,Q,T) to a
complete LRN-space (0, V,T7) is called equicontinuous for all » € L/ {0, 1,},
t > 0, there exist r, € L/{0;,1;},%5 > 0 such that

Q (3 —y,to) >L N(ro) = V(f (3) = f(y) ;1) >L N(r)
for all f € F.

Theorem 3.19. Suppose that {f,,} is an equicontinuous sequence of functions
from an LRN-space (W,Q,T) to a complete LRN-space (©,V,T"). If {fn}
converges to each point of a dense subset A of W, then {f,} converges to each
point of W and the limit function become continuous.

Proof. Assume that we have s € L/{0;,1;}, ¢ > 0. Then we can find r €
L/{0;,1;} such that

T (M (r),MN(r) 9N (r) >L N(s).
Since F = {f,} is an equicontinuous family for all » € L./ {0;,1;}, ¢t > 0, there
exist r1 € L/{0;,1;}, t1 > 0 such that for all 5.,y € W,

Q (s —y.11) 1M (r) —>V<fn () — fu <y>,’f) S N ()

3
for all f, € F. Since A = W, there exist y € B (s,r1,t1) N A, and to
prove f, (y) — f(y), we should prove {f, (y)} is a Cauchy sequence for all
re L/{0;,1;},t >0, there exist n, > 1 such that

t

V()= ) ) 2L Yz
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and

V (i () = fon () 1) 51, T (v <fn ()~ 1), t) ,

V<fn (y) = fm (y)a3> 7V<f" (>) _f”(y)’it%))

>p T (N (r), N (r) ,N(r))
>p N(s).
Thus, {f, (30)} is a Cauchy sequence in O, then {f, (»)} is convergent se-
quence, since (©,V,T”) is complete LRN- space.
We submit f is continuous. Suppose that s, € L/{0;,1;}, to > 0. Then we
can find 7, € L/{0;,1;}, so > 7o such that

T (N (ro) , M (r0) , M (15)) > N(s0) .

Since F is equicontinuous, for any r, € L/{0;,1;}, to > 0, there exist ry €
L/{0;,1;}, t2 > 0 such that

QU= i) 10(r2) V(0 = o ). ) 100

for all f,, € F. Since f,, () — f (») for all ro € L/{0;,1;}, to > 0, there exist
n1 > 1 such that

V(0= £, ) 210,

Also, since f, (y) — f(y) for all ro € L/{0;,1;}, ¢ > 0, there exist ng > 1

such that
V() £ ). ) 20

for all n > n,. Now, for all n > max {ny,na}, we get

V6= 1)t 2 (V (100 = 10 5 )V (Bl - £, ).

V(ho-r0).5))
>, T (M (ro) , M (ro) , N (1))

> N(so) .

Hence, f is continuous. O

Theorem 3.20. Assume that A C R is LR-bounded in (R,Q,T) if and only
if it is bounded in R.
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Proof. Suppose that A C R is LR-bounded in (R, Q,T). Then there exist
ro € L/ {0, 1;},t5 > 0 such that

Q (s,to) > N(ro), Ve A
Thus, we get

to 2 Er () = | Er o (1)
So, By, (1) #0. If we put 6 = m, then we have |s| < for all » € A.
Hence, A is bounded in R.

Conversely, suppose that A C R, which is bounded, we claim that A is
LR-bounded in (R, Q,T"). Then || < § for all »r € A. From
to Z |%| ETO,Q (1) = E”'o,Q (%) 9
we have Q (sz,t5) >1, M (r,) . Hence, A is LR-bounded in (R, Q,T). O

Theorem 3.21. Assume that {(,} is sequence in an LRN-space (R,Q,T).
Then {(,} is convergent if and only if {C,} is convergent in (R,|-]).

Proof. Suppose that ¢, — ¢ in R. Then by Lemma 3.13 (1), we have

P
EB,Q (Cn - C) = |Cn - C’ EB,Q (1) —0.
Thus by Lemma 3.13 (3), ¢, — (.
Conversely, suppose that {, — ¢, by Lemma 3.13,

lim |Gn = ClEqq (1) = lim E¢q (G —¢)=0.

n—-+0o0o

Since E¢ g (1) # 0, limy, 40 (¢n — ¢) = 0. Hence, we have ¢, — ¢ in R. O

4. CONCLUSION

We discussed the topological structure of an LRN-space, and we are trying
to present the results related to the topological isomorphism, also we want to
generalized the results to other spaces, such as lattice random Banach Algebra,
lattice random para normed space, etc.
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