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Abstract. Let P (z) be a polynomial of degree n and P
′
(z) its derivative. In this paper we

extend some well-known polynomial inequalities to operator B, which carries P into

B[P (z)] = λ0P (z) + λ1
nz

2

P
′
(z)

1!
+ λ2

(nz
2

)2 P ′′(z)

2!
,

where λ0, λ1 and λ2 are real or complex numbers such that all the zeros of

U(z) := λ0 + C(n, 1)λ1z + C(n, 2)λ2z
2, C(n, r) =

n!

r!(n− r)! ,

lie in the half plane

|z| ≤
∣∣∣z − n

2

∣∣∣
and therefore obtain generalizations of these.

1. Introduction and Preliminaries

Let Pn be the space of polynomials
n∑

j=0
ajz

j of degree at most n. If P ∈ Pn,

then according to a famous result known as Bernstein’s inequality ([9,11,12])

max
|z|=1

|P ′
(z)| ≤ n max

|z|=1
|P (z)|. (1.1)
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Also concerning the estimate of the maximum of |P (z)| on a large circle |z| =
R > 1, we have

max
|z|=R>1

|P (z)| ≤ Rn max
|z|=1

|P (z)| (1.2)

([for refrence see [9, p.158 Problem 269] or [10, p.346]). Inequalities (1.1) and
(1.2) are sharp and equality holds for P (z) = λzn, λ 6= 0.

For the class of polynomials P ∈ Pn, which does not vanish inside unit disk,
the inequality (1.1) and (1.2) can be replaced by

max
|z|=1

|P ′
(z)| ≤ n

2
max
|z|=1

|P (z)| (1.3)

and

max
|z|=R>1

|P (z)| ≤ Rn + 1

2
max
|z|=1

|P (z)|, (1.4)

respectively. Equality in (1.3) and (1.4) holds for P (z) = λzn+µ, |λ| = |µ| = 1.
Inequality (1.3) was conjuctured by Erdös and later on verified by Lax [6].
Ankeny and Rivilin [1] used (1.3) to prove (1.4).

Inequalities (1.3) and (1.4) were improved by Aziz and Dawood [2], who
with the same hypothesis proved

max
|z|=1

|P ′
(z)| ≤ n

2

[
max
|z|=1

|P (z)| − min
|z|=1
|P (z)|

]
(1.5)

and

max
|z|=R>1

|P (z)| ≤ Rn + 1

2
max
|z|=1

|P (z)| − Rn − 1

2
min
|z|=1
|P (z)|. (1.6)

Inequalities (1.3) and (1.4) were generalized by Jain [4] by proving that, if
P ∈ Pn and P (z) 6= 0 in |z| < 1, then for every real or complex number β with
|β| ≤ 1, |z| = 1 and R ≥ 1,∣∣∣∣zP ′

(z) +
nβ

2
P (z)

∣∣∣∣ ≤ n

2

{
|1 +

β

2
|+ |β

2
|
}

max
|z|=R>1

|P (z)| (1.7)

and ∣∣∣∣P (Rz) + β

(
R+ 1

2

)n

P (z)

∣∣∣∣
≤ 1

2

{∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣+

∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣} max
|z|=R>1

|P (z)|.
(1.8)

Concerning to minimum modulus of polynomials Jain [5] proved that, if P (z)
has all the zeros in |z| ≤ 1, then for every real or complex number β with
|β ≤ 1,

min
|z|=1

∣∣∣∣zP ′
(z) +

nβ

2
P (z)

∣∣∣∣ ≥ n ∣∣∣∣1 +
β

2

∣∣∣∣min
|z|=1
|P (z)|. (1.9)
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Jain [5] refines inequalities (1.7) and (1.8) and proved that, if P ∈ Pn and has
all the zeros in |z| ≥ 1, then for every real or complex number β with |β| ≤ 1,∣∣∣∣zP ′

(z) +
nβ

2
P (z)

∣∣∣∣
≤ n

2

[{
|1 +

β

2
|+ |β

2
|
}

max
|z|=1

|P (z)| −
{
|1 +

β

2
| − |β

2
|
}

min
|z|=1
|P (z)|

] (1.10)

and

max
|z|=1

∣∣∣∣P (Rz) + β

(
R+ 1

2

)n

P (z)

∣∣∣∣
≤ 1

2

[{∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣+

∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣}max
|z|=1

|P (z)|

−
{∣∣∣∣Rn + β

(
R+ 1

2

)n∣∣∣∣− ∣∣∣∣1 + β

(
R+ 1

2

)n∣∣∣∣}min
|z|=1
|P (z)|

]
.

(1.11)

Inequalities (1.6) and (1.7) were generalized recently by Mazerji, Baseri and
Zireh [8], which also leads to a refinement of (1.8).

Theorem 1.1. If P ∈ Pn having all the zeros in |z| ≥ k ≥ 1, then for every
real or complex number β with |β| ≤ 1 and R > 1,

max
|z|=1

∣∣∣∣P (Rk2z) + β

(
Rk + 1

k + 1

)n

P (k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn + β

(
Rk + 1

k + 1

)n ∣∣∣∣+

∣∣∣∣1 + β

(
Rk + 1

k + 1

)n ∣∣∣∣}max
|z|=k

|P (z)|

−
{∣∣∣∣Rn + β

(
Rk + 1

k + 1

)n ∣∣∣∣− ∣∣∣∣1 + β

(
Rk + 1

k + 1

)n ∣∣∣∣} min
|z|=k

|P (z)|
]
.

(1.12)

In this paper, we consider an operator B which carries P ∈ Pn into

B[P ](z) = λ0P (z) + λ1
nz

2

P
′
(z)

1!
+ λ2

(nz
2

)2 P ′′(z)

2!
, (1.13)

where λ0, λ1 and λ2 are real or complex numbers such that all the zeros of

U(z) := λ0 + C(n, 1)λ1z + C(n, 2)λ2z
2, C(n, r) =

n!

r!(n− r)!
, (1.14)

lie in the half plane

|z| ≤
∣∣∣z − n

2

∣∣∣ , (1.15)

and extend some polynomial inequalities have been recently developed.
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2. Lemmas

For the proof of these theorems we require the following lemmas. First
lemma is due to Aziz and Zargar [3].

Lemma 2.1. If P (z) is a polynomial of degree n having all zeros in |z| ≤ k ≤
1, then for R ≥ 1 and |z| = 1

|P (Rz)| ≥
(
R+ k

k + 1

)n

|P (z)|.

Next Lemma follows from Corollary 18.3 of [7].

Lemma 2.2. If P (z) is a polynomial of degree n, having all zeros in the disk
|z| ≤ k, k ≥ 0, then all zeros of B[P ](z) lie in |z| ≤ k.

Lemma 2.3. Let P (z) and G(z) be two polynomials such that the degree of
P (z) does not exceed to that of G(z). If G(z) has all its zeros in |z| ≤ k, k ≥ 0
and |P (z)| ≤ |G(z)| for |z| = k, then for real or complex numbers α, β with
|α| ≤ 1, |β| ≤ 1 and R > k, we have for |z| ≥ 1,∣∣∣∣B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)

∣∣∣∣
≤
∣∣∣∣B[G](Rz)− αB[G](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[G](z)

∣∣∣∣. (2.1)

Proof. Since |P (z)| ≤ |G(z)| for |z| = k, and G(z) has all the zeros in |z| ≤ k.
Using Rouche’s theorem, it follows that

F (z) = G(z) + λP (z)

has all the zeros in |z| ≤ k, |λ| < 1. Applying Lemma 2.1 to F (z), we have for
|z| = 1, R > k,

|F (Rz)| ≥
(
R+ k

1 + k

)n

|F (z)|.

Therefore, for any α with |α| ≤ 1, we have for |z| = 1,

|F (Rz)− αF (z)| ≥ |F (Rz)| − |α||F (z)| ≥
{(

R+ k

1 + k

)n

− |α|
}
|F (z)|.

Equivalently

|F (Rz)− αF (z)| ≥
{(

R+ k

1 + k

)n

− |α|
}
|F (z)|. (2.2)

Since F (Rz) has all its zeros in |z| < 1. Again by Rouche’s Theorem, it follows
from (2.2) that for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and
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R > k, that all zeros of polynomial

F (Rz)− αF (z) + β

{(
R+ k

1 + k

)n

− |α|
}
F (z)

lie in |z| < 1. Applying Lemma 2.2, we have

S(z) = B

[
F (Rz)− αF (z) + β

{(
R+ k

1 + k

)n

− |α|
}
F (z)

]
= B[F (Rz)]− αB[F (z)] + β

{(
R+ k

1 + k

)n

− |α|
}
B[F (z)]

has all the zeros in |z| < 1, for real or complex numbers α, β with |α| ≤ 1, |β| ≤
1 and R > k. We conclude that all the zeros of the polynomial

S(z) = B[G(Rz)] + λB[P (Rz)]− α(B[G(z)] + λB[P (z)])

+ β

{(
R+ k

1 + k

)n

− |α|
}

(B[G(rz)] + λB[P (z)])B[P ](Rz)

− αB[G](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[G](z)

+ λ

[
B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)

]
(2.3)

lie in |z| < 1 for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and R > k.
This gives∣∣∣∣B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)|

≤
∣∣∣∣B[G](Rz)− αB[G](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[G](z)

∣∣∣∣, (2.4)

for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and R > k. If inequality
(2.4) is not true, then there is a point z = z0 with |z0| ≥ 1 such that∣∣∣∣B[P ](Rz0)− αB[P ](z0) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z0)

∣∣∣∣
>

∣∣∣∣B[G](Rz0)− αB[G](z0) + β

{(
R+ k

1 + k

)n

− |α|
}
B[G](z0)

∣∣∣∣.
We take

λ = −
B[G](Rz0)− αB[G](z0) + β{(R+k

1+k )
n − |α|}B[G](z0)

B[P ](Rz0)− αB[P ](z0) + β{(R+k
1+k )

n − |α|}B[P ](z0)
,

so that λ is a well defined real or complex number with |λ| < 1 and with this
choice of λ, from (2.3), we get contradiction to the fact that all the zeros of
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S(z) lie in |z| < 1. Thus for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1
and R > k,∣∣∣∣B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)

∣∣∣∣
≤
∣∣∣∣B[G](Rz)− αB[G](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[G](z)

∣∣∣∣.
Hence the result. �

Lemma 2.4. If P (z) is a polynomial of degree n, having no zeros in the disk
|z| < k, k ≤ 1, then for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1,
R > k and |z| ≥ 1∣∣∣∣B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)

∣∣∣∣
≤
∣∣∣∣B[Q](Rz)− αB[Q](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[Q](z)

∣∣∣∣,
where Q(z) =

(
z
k

)n
P
(
k2

z̄

)
.

Proof. Since Q(z) =
(
z
k

)n
P
(
k2

z̄

)
, obviously Q(z) has all the zeros in |z| ≤ k.

Also |P (z)| = |Q(z)| for |z| = k. Using Lemma 2.3, we get∣∣∣∣B[P ](Rz)− αB[P ](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[P ](z)

∣∣∣∣
≤
∣∣∣∣B[Q](Rz)− αB[Q](z) + β

{(
R+ k

1 + k

)n

− |α|
}
B[Q](z)

∣∣∣∣.
�

Lemma 2.5. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1, and |z| ≥ 1,∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β{

(
Rk + 1

k + 1

)n

− |α|}B[P ](k2z)

∣∣∣∣
≤ kn|B[Q](Rz)− αB[Q](z) + β{

(
Rk + 1

k + 1

)n

− |α|}B[Q](z)|
∣∣∣∣, (2.5)

where Q(z) = znP
(

1
z̄

)
.

Proof. Since P (z) does not vanish in |z| < k, k ≥ 1, therefore Q(z) having all
its zros in |z| < 1

k ≤ 1. As kn|Q(z)| = |P (k2z)| for |z| = 1
k . Applying Lemma
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2.3 with G(z) replaced by knQ(z), we get for real or complex numbers α, β
with |α| ≤ 1, |β| ≤ 1, R > k ≥ 1 and |z| ≥ 1,∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β{

(
Rk + 1

k + 1

)n

− |α|}B[P ](k2z)

∣∣∣∣
≤ kn|B[Q](Rz)− αB[Q](z) + β{

(
Rk + 1

k + 1

)n

− |α|}B[Q](z)

∣∣∣∣.
Hence the result. �

Lemma 2.6. If P ∈ Pn, then for real or complex numbers α, β with |α| ≤
1, |β| ≤ 1, R > 1, k ≥ 1 and |z| ≥ 1,∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P ](k2z)

∣∣∣∣
+ kn

∣∣∣∣B[Q](Rz)− αB[Q](z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q](z)

∣∣∣∣
≤
[
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|B[zn]|

+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

∣∣∣∣]max
|z|=k

|P (z)|,

where Q(z) = znP
(

1
z̄

)
.

Proof. Let M = max|z|=k |P (z)|, then |P (z)| ≤ M for |z| = k. Therefore by
Rouche’s Theorem, the polynomial

F (z) = P (z)− ζM

does not vanish in |z| < k, for real or complex numbers ζ such that |ζ| >
1. Applying Lemma 2.5 to the polynomial F (z), we get for real or complex
numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1, and |z| ≥ 1,∣∣∣∣B[F (Rk2z)]− αB[F (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[F (k2z)]

∣∣∣∣
≤ kn

∣∣∣∣B[G(Rz)]− αB[G(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[G(z)]

∣∣∣∣,
where

G(z) = znF

(
1

z̄

)
= Q(z)− ζ̄Mzn.
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This implies,

∣∣∣∣B[P (Rk2z)− ζM ]− αB[P (k2z)− ζM ]

+ β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)− ζM ]

∣∣∣∣
≤ kn

∣∣∣∣B[Q(Rz)− ζMRnzn]− αB[Q(z)− ζMzn]

+ β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)− ζMzn]

∣∣∣∣.
Since B is a linear operator, we have

∣∣∣∣{B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

}
− ζM

{
1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

λ0

∣∣∣∣
≤ kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

− ζ̄M
{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

B[zn]

∣∣∣∣.
(2.6)

Choosing arguement of ζ on the right hand side of inequality (2.6) such that

kn
∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

− ζ̄M
{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

B[zn]

∣∣∣∣
= kn|ζ̄|M

{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}
||B[zn]|

− kn
∣∣∣∣B[Q(Rz)]| − αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣,
which is possible by Lemma 2.3., we get
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∣∣∣∣{B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

}∣∣∣∣
−
∣∣∣∣ζM{1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

λ0

∣∣∣∣
≤ kn|ζ̄|M

∣∣∣∣{Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}∣∣∣∣|B[zn]|

− kn
∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣.
This gives,∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
+ kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
≤ |ζ|

[
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|B[zn]|

+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

]
max
|z|=k

|P (z)|,

where Q(z) = znP
(

1
z̄

)
. Letting |ζ| → 1, we get the desired result. �

3. Statement and Proof of Main Results

Theorem 3.1. If P ∈ Pn has all its zeros in |z| ≤ k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and R > 1,

min
|z|=1

∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P ](k2z)

∣∣∣∣
≥ kn

∣∣∣∣Rn−α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣ min
|z|=k

|P (z)|.

(3.1)
Equivalently

min
|z|=1

∣∣∣∣λ0

(
P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

)
+ λ1

nz

2
k2

(
RP

′
(Rk2z)−αP ′

(k2z)+β

{(
Rk + 1

k + 1

)n

−|α|
}
P

′
(k2z)

)
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+ λ2

(
nz

2

)2

k4
(R2P

′′
(Rk2z)− αP ′′

(k2z) + β{
(
Rk+1
k+1

)n
− |α|})

2!

∣∣∣∣
≥ kn

∣∣∣∣Rn−α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣ min
|z|=k

|P (z)|.

(3.2)

Proof. Let m = min|z|=k |P (z)|, the result is obvious if P (z) has a zero on
|z| = k, k ≥ 1. We assume that P (z) has all zeros in |z| < k, k ≥ 1, therefore
P (k2z) has all the zeros in |z| < 1

k ≤ 1 and m = min|z|= 1
k
|P (k2z)| > 0. This

gives for |z| = 1
k

m ≤ |P (k2z)|.
By Rouche’s Theorem it follows that for every real or complex number λ such
that |λ| < 1

F (z) = P (k2z)−mλknzn

has all its zeros in |z| < 1
k ≤ 1. Applying Lemma 2.1 to the polynomial F (z),

we get for |z| = 1

|F (Rz)| ≥
(
R+ k

k + 1

)n

|F (z)|.

This implies, for R > 1 and |z| = 1

|F (Rz)| > |F (z)|.

Thus by Rouche’s Theorem for every real or complex number α with |α| ≤ 1,
all the zeros of

G(z) := F (Rz)− αF (z)

lie in |z| < 1. Therefore for |z| = 1 and R > 1

|F (Rz)− αF (z)| ≥ |F (Rz)| − |αF (z)| >
{(

R+ k

1 + k

)n

− |α|
}
|F (z)|.

Once again by Rouche’s Theorem, for every real or complex number β with
|β| ≤ 1, the zeros of the polynomial

H(z) : = F (Rz)− αF (z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
F (z)

=

{
P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

}
− λkn

{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

zn min
|z|=k

|P (z)|
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lie in |z| < 1. Therefore by Lemma 2.2, all the zeros of B[H(z)] lie in |z| < 1,
that is, all the zeros of{

B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

}
− λkn

{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

B[zn] min
|z|=k

|P (z)|,

lie in |z| < 1. This gives for |z| ≥ 1

min
|z|=1

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
| min
|z|=k

|P (z)|.

(3.3)
If inequality (3.3) is not true, then there is a point z = z0 with |z0| ≥ 1 such
that

min
|z|=1

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
< kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
| min
|z|=k

|P (z)|.

We take

λ =
{B[P (Rk2z)]− αB[P (k2z)] + β{

(
Rk+1
k+1

)n
− |α|}B[P (k2z)]}z=z0

mkn(Rn − α+ β{
(
Rk+1
k+1

)n
− |α|})(λ0 + λ1

n2

2 + λ2
n3(n−1)

8 )
z=z0

,

then |λ| < 1 and with this choice of λ, we have B[H(z0)] = 0, with |z0| ≥ 1,
which is a contradiction, since all the zeros of B[H(z)] lie in |z| < 1. Thus for
|z| ≥ 1, R > 1

min
|z|=1

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
| min
|z|=k

|P (z)|.

This completes the proof the theorem. �

Now taking λ1 = λ2 = 0 in (3.2) and noting that all zeros of U(z) defined
by (1.14) lie in the half plane (1.15) we get the following intresting result:
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Corollary 3.2. If P ∈ Pn has all its zeros in |z| ≤ k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and R > 1,

min
|z|=1

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|zn| min

|z|=k
|P (z)|.

(3.4)

The result is best possible as shown by polynomial P (z) = azn, a 6= 0.
If we divide both sides of the inequality (3.4) by R−1 with α = 1 and make

R→ 1, we get

Corollary 3.3. If P ∈ Pn has all its zeros in |z| ≤ k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1 and R > 1,

min
|z|=1

∣∣∣∣kzP ′
(k2z) +

nβ

k + 1
P (k2z)

∣∣∣∣ ≥ nkn−1

∣∣∣∣1 +
nβk

k + 1

∣∣∣∣ min
|z|=k

|P (z)|. (3.5)

Remark 3.4. For k = 1, inequality (3.5) reduces to inequality (1.9).

Setting β = 0 in inequality (3.4), we get:

Corollary 3.5. If P ∈ Pn has all its zeros in |z| ≤ k, k ≥ 1, then for every
real or complex number α with |α| ≤ 1 and R > 1,

min
|z|=1
|P ′

(Rk2z)− αP (k2z)| ≥ kn|Rn − α| min
|z|=k

|P (z)|.

Theorem 3.6. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1,

∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P ](k2z)

∣∣∣∣
≤ 1

2

[
|λ0|
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

+kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|B[zn]|

]
max
|z|=k

|P (z)|.
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Equivalently

min
|z|=1

∣∣∣∣λ0

(
P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

)
+ λ1

nz

2
k2

(
RP

′
(Rk2z)−αP ′

(k2z)+β

{(
Rk + 1

k + 1

)n

− |α|
}
P

′
(k2z)

)

+ λ2

(
nz

2

)2

k4
(R2P

′′
(Rk2z)− αP ′′

(k2z) + β{
(
Rk+1
k+1

)n
− |α|})

2!

∣∣∣∣
≤ 1

2

[
|λ0|
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

+kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

×
∣∣∣∣λ0z

n + λ1
nz

2

nzn−1

1!
+ λ2

(nz
2

)2 n(n− 1)zn−2

2!

∣∣∣∣]max
|z|=k

|P (z)|.

(3.6)

Proof. Since P (z) does not vanish in |z| < k, k ≥ 1, therefore by Lemma 2.5,
we have∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
≤ kn

∣∣∣∣B[Q(Rz)]− α[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣ (3.7)

for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1,

where Q(z) = znP
(

1
z̄

)
. Above inequality (3.7) in conjuction with Lemma 2.6

gives for real or complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1

2

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
≤
∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
+ kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
≤
[
|λ0|
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

+kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|B[zn]|

]
max
|z|=k

|P (z)|.

Hence the result. �

Putting λ1 = λ2 = 0, in inequality (3.6), we get:
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Corollary 3.7. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1,

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

∣∣∣∣
≤ 1

2

[∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

+ kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|zn|]max

|z|=k
|P (z)|.

(3.8)

Choosing α = k = 1 in Corollory 3.7 and divide two sides of inequality
(3.8) by R − 1 and then making R → 1, we obtain inequality (1.7), whereas
inequality (1.8) follows from Corollary 3.7, when α = 0 and k = 1.

Taking λ0 = λ2 = 0, in inequality (3.6), we get the following result:

Corollary 3.8. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1, and |z| ≥ 1,

∣∣∣∣RP ′
(Rk2z)− αP ′(k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P ′(k2z)

∣∣∣∣
≤ nkn−2

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|zn−1|max

|z|=k
|P (z)|.

Theorem 3.9. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| = 1,

max
|z|=1

∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P ](k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
max
|z|=k

|P (z)|

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣
−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
min
|z|=k

|P (z)|
]
.
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Equivalently

max
|z|=1

∣∣∣∣λ0

(
P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

)
+ λ1

nz

2
k2

(
RP

′
(Rk2z)−αP ′

(k2z)+β

{(
Rk + 1

k + 1

)n

− |α|
}
P

′
(k2z)

)

+ λ2(
nz

2
)2k4

(R2P
′′
(Rk2z)− αP ′′

(k2z) + β{
(
Rk+1
k+1

)n
− |α|})

2!

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

×
∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣
+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
max
|z|=k

|P (z)|

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣∣∣∣∣λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8

∣∣∣∣
−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
min
|z|=k

|P (z)|
]
.

(3.9)

Proof. The result is obvious if P (z) has a zero on |z| = k, k ≥ 1. Therefore we
assume that P (z) has all zeros in |z| > k. Then m = min|z|=k |P (z)| > 0 and
for |z| = k

m ≤ |P (z)|.
This gives for every λ with |λ| < 1,

|λ|m < |P (z)|,

for |z| = k . By Rouche’s Theorem, it follows that all the zeros of polynomial

S(z) = P (z)− λm

lie in |z| > k for every real or complex number λ with |λ| < 1. Applying
Lemma 2.5 to the polynomial S(z), we get for real or complex numbers α, β
with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| ≥ 1∣∣∣∣B[S(Rk2z)]− αB[S(k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[S(k2z)]

∣∣∣∣
≤ kn

∣∣∣∣B[T (Rk2z)]− αB[T (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[T (k2z)]

∣∣∣∣,
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where T (z) = znS
(

1
z̄

)
. That is, for |z| = 1

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

− λλ0

{
1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

m

∣∣∣∣
≤ kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

− λ̄
{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]m

∣∣∣∣.
(3.10)

Since all the zeros of Q( z
k2

) lie in |z| ≤ k, k ≥ 1, then applying Theorem 3.1
to Q( z

k2
), for R > 1, we have

min
|z|=1

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
≥ kn

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
| min
|z|=k

|Q(
z

k2
)|

=

∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
| min
|z|=k

|P (z)|.

(3.11)
Choosing the arguement of λ on the right hand side of inequality (3.10) such
that

kn
∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

− λ̄m
{
Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]

∣∣∣∣
= kn

[∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
− |λ̄|

∣∣∣∣m{Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]

∣∣∣∣],
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for |z| = 1, which is possible by inequality (3.11). We get for |z| = 1,

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
− |λ||λ0|

∣∣∣∣{1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

m

∣∣∣∣
≤ kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
− |λ̄|mkn

∣∣∣∣{Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]

∣∣∣∣.
Equivalently for |z| = 1, we have

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
− kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
≤ |λ||λ0|m

[∣∣∣∣{1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}∣∣∣∣

−
∣∣∣∣{Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]

∣∣∣∣].
(3.12)

Letting |λ| → 1 in (3.12), we obtain for every real or complex number α, β
with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| = 1,

∣∣∣∣B[P (Rk2z)]− αB[P (k2z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P (k2z)]

∣∣∣∣
− kn

∣∣∣∣B[Q(Rz)]− αB[Q(z)] + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[Q(z)]

∣∣∣∣
≤ m|λ0|

[∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

−
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}

[λ0 + λ1
n2

2
+ λ2

n3(n− 1)

8
]

∣∣∣∣].
(3.13)
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Inequality (3.13) in conjuction with lemma 2.6 yields

max
|z|=1

∣∣∣∣B[P ](Rk2z)− αB[P ](k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
B[P ](k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
|

+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
max
|z|=k

|P (z)|

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0 + λ1

n2

2
+ λ2

n3(n− 1)

8
|

−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣|λ0|

}
min
|z|=k

|P (z)|
]
.

�

The following result is immediate by taking λ1 = λ2 = 0, in inequality (3.9).

Corollary 3.10. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| = 1,

max
|z|=1

∣∣∣∣P (Rk2z)− αP (k2z) + β

{(
Rk + 1

k + 1

)n

− |α|
}
P (k2z)

∣∣∣∣
≤ 1

2

[{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

+

∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣}max

|z|=k
|P (z)|

−
{
kn
∣∣∣∣Rn − α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣

−
∣∣∣∣1− α+ β

{(
Rk + 1

k + 1

)n

− |α|
}∣∣∣∣} min

|z|=k
|P (z)|

]
.

(3.14)

Now taking α = 0, Corollary 3.10 reduces to Theorem 1.1.
Dividing the two sides of inequality (3.14) by R− 1, and taking α = 1 and

also letting R→ 1, we get:
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Corollary 3.11. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex numbers α, β with |α| ≤ 1, |β| ≤ 1, R > 1 and |z| = 1,

max
|z|=1

∣∣∣∣kzP ′
(k2z) +

nβ

k + 1
P (k2z)

∣∣∣∣
≤ n

2

[{
kn−1

∣∣∣∣1 +
βk

k + 1

∣∣∣∣+

∣∣∣∣ β

k + 1

∣∣∣∣}max
|z|=k

|P (z)|

−
{
kn−1

∣∣∣∣1 +
βk

k + 1

∣∣∣∣− ∣∣∣∣ β

k + 1

∣∣∣∣} min
|z|=k

|P (z)|
]
.

(3.15)

Remark 3.12. For k = 1, inequality (3.15) reduces to inequality (1.11).

The following result is consequence of of Corollary 3.10 by taking β = 0
and k = 1.

Corollary 3.13. If P ∈ Pn does not vanish in |z| < k, k ≥ 1, then for real or
complex number α with |α| ≤ 1, R > 1,

max
|z|=1

|P (Rz)− αP (z)| ≤
(
|Rn − α|+ |1− α|

2

)
max
|z|=1

|P (z)|

−
(
|Rn − α| − |1− α|

2

)
min
|z|=1
|P (z)|.

(3.16)

Remark 3.14. For α = 0, inequality (3.16) reduces to inequality (1.6). Also
if we divide the two sides of inequality (3.16) by R− 1, and taking α = 1 and
also letting R→ 1, we get inequality (1.5).
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