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Abstract. In this research, after finding some important definitions in the work, the approx-
imation error preserving monotonicity on both sides was found, which represents the lower
error and the upper error. Some of the properties of the weighted average modulus of smooth-
ness. In this work, reference is made to the relationship between the modulus of smoothness

at interval lengths A ; and 6,7 = 2,...,n. The best approximation between the polynomial
and the weighting function f in the weighted space Lu,,q(I),I = [—d,d], 0 < g < 1.

1. INTRODUCTION

In mathematics, approximation theory is concerned with how functions can
best be approximated with simpler functions, and with quantitatively char-
acterizing the errors introduced thereby. There are also important applica-
tions in many areas of mathematics, including functional analysis, differential
equations, dynamical systems theory, mathematical physics, control theory,
probability theory, mathematical statistics, and other.

The reader can learn more about approximation and its applications through
(see 1,9, 12]).
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The monotonic-preserving approximation was found using a polynomial p,, €
P,, whose degree is less than n, was interpolated with the weighting function
in an interval I = [—d, d] in the weighted L, (I) space 0 < ¢ < 1. And w(x)
it represents the weighted and bounded function.

Where f () w(z) > 0 for all f(z) > 0,w(x) > 0 for all z € I, there exists
k € N such that |w(z)| < k.

Let Ay = {ag,...,as,—~d=a; < as < ...<as < asy1 =d} and Al (4y) be
a class of all functions that changes monotonict at all points a; € Ag, ¢ =
2,...,8.

In particular the function f € Al (Ay) if and only if f' (z) [] () > 0, where

S

Pn:H(m—aj), x el

=2

Let Y; = dcos %, 0 <i<n,de N be Chebyshev partition.
For |I;| = hy, I; = [Yi, Yit1], let

gr,s = [Cr,sacr—l,s] , 8= ]-a RN [ ET,S - I’L’a

Cs = {CZa ceyCnl, Yip1 = Cls <C2s < ... <Cp-1s < Cps = Y;}

And that Al (Cs) contains a class of all functions that changes monotonic at
all points ¢, € Cs, r=2,...,n, s=1,...,n. And that

Uisilps =1, |lrg|=hr,, s=1,...,n.

r,8)
Let p(x) =4/1— (%)2, then

1
n n

A, (x) =
And

0= min faj1 —a,

if it is n — oo it can get confusing
[brs| & hi = Ap (2),
also
nlls| = nlA, (z) = o(x),
and that
p(r)~1lasn— oo forall zel.
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2. DEFINITIONS

In this section some important definitions were found that are the basis of
the work.

Definition 2.1. (Weighted Normed Space) Let Ly, 4 (I) be the set of all mea-
surable functions on an interval I = [—d,d]. Then L, ,(I) is called the
weighted normed space where 0 < ¢ < 1, I C R and w(x), x € I, is the
weighted function f (z)w(z) > 0 for all f (z) >0, w (z) > 0 such that

Lyq(I)= {f I—R: (/]f )\qu>}1§oo, 0<q<1}.

And for all f € Ly, 4 () then

T =(/\f |Qdm> .

Recall that for f € Ly, 4 (I) N A (Ag) then

1_
| f L (< 29 B Zw1(1)s Lw1 C Lug.

Definition 2.2. (Modulus of Smoothness) Let f € Ly, 4 (I) N Al (A). Then
the weighted Ditzien and toteke modulus of smoothness is defined in the form:

wi (f, 0, Dwq = sup || AT (f5) L1
0<h<$ m
N
da;)

h t h
:y+so(w) y+ ¢ ()
m m

o2t 2O ]

m

Aggﬁﬁfﬁww

= sup (
0<h<é \JI

and

WL (o, = supa{ \A% (F )

0<h<

is the m-th local modulus of smoothness of the function f where

St ()" () S (o 2w (o A2)
(z)h(fa T)w if x—i-w? zel,
0, otherwise ,

represent symmetric m-th difference.



1112 J. G. Mthawer and N. Z. Abd AL-Sada

Definition 2.3. (Average Modulus of Smoothness) Let f € Ly, , (I)NAL (4;),
0 < ¢ < 1. Then the weighted Sendov-Popov modulus or 7-modulus an aver-
aged modulus of Smoothness is defined by

Tm(fv 57 [_d7 d})waq :H w;fl(f’ o 5) ||Lw,q(l)’

where w}, (f, z, 8)w,q is m-th weighted local modulus of smoothness of f which
is define in Definition 2.2.

Definition 2.4. (Lower and Upper Error of Best Approximation) Let f €
Lyq (I)NAY(A4,),0< g <1 of order m € N. Then

E, (f,As)wqg = jnf | f—p1 HL'Lu,q(I)
p1EP, ﬂAl(AS)

is called the weighted error of best lower approximation and

ErJLr(f’ As)w,q = pgePgLi?fAl(As) | f—p2 ||Lw,q(I)7
where
Pr(f)={m € Pu:px) < f(2), xel},
and

P;(f) :{p2 GPn:f(x) SPQ(x)7 iL'GI}
is the set of all algebraic polynomials.

Definition 2.5. (The Error Approximation of Two Sides) Let Al(A;) be the
set of all measurable functions, that change monotonic at the points a; €

As,j = 2,...,s. For As suppose that P, (v) = Py (z,4;) = [[[_y (v — ;)

consist of all algebraic polynomials of degree is less than n and p1,ps € P, N
Al (Ay) those satisfy p1 (z) < f (2) < p2(z), x € I. Then

E;;(fa As)w,q = lnf{H P1— P2 HLqu(I)J)l»pQ S Pn N Al (AS) , T € I7 0< q< 1}

or written by

E*(f. A = inf —
n(f7 s)w,q p1p2EPanAl (AL) || b1 b2 HLw,q(I)

is called the weighted error approximation of two sides of the function f €
Ly q (I) N A (A;) by polynomials from P,.

Definition 2.6. Let f € Ly, ,(I) N A'(4;), 0 < ¢ < 1. Then the function
wi (f,,0)y,q is defined for every = € I, and satisfies:

Wi (s 0)w,g =l Wi (f,50) Lo 4015

where wi, (f, 2, 6)w q is a local modulus of smoothness of the function f of order
m at a point x € I which is defined in Definition 2.2.
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3. AUXILIARY RESULTS

In this section, some results were used, which are helpful factors in finding
the main results of the work. For all x € I, inequality is satisfied.

Lemma 3.1. ([3, 14]) For all x € I, the inequality is satisfied:

c .
X () = T ()] < mhj‘l’? '),
where

ficb tgn(y) Z(y) dy
J2 @) Y, dy

Tj(x) =

1s an algebraic polynomial and

0, ==-b,
nw-{v 7,

T]’(x)z Z >0, zel.

(z) (xj+1)

0, =<
Xj(x)_{l x>ac]"
) Z X

Lemma 3.2. (|2, 4, 8|) For an arbitrary algebraic polynomial p,—1 € Pp_1,
and for r =0, we have

(" ~(n-1)-1 _ :
Pn1 (LL‘) w (ZZ‘) < C |I’L| a || Pn-1 HLw,q(I)a |Il| - hi7 0<:< n, 0< q< 1.

Lemma 3.3. ([11]) Let a function g be defined for all real x. Then for every
natural number k and every choice of the real numbers h and w, we have the
identity:

k Ik

Mo =3 1 (1) [Mhns e+ - A% o).

i=1
For a function f € Lyq (1) N AL (As), 0 < ¢ < 1 and h,u are choice of the
real numbers such that 0 < u < h, m € N, we have

m

T@(fa ac)w = (_1)m_J <7j;> [ @ u—p@)h) (f,z+ Jho(x))w
" J=1 " (3.1)

- Az}(z)h_i_‘](ga(z)ufgz(z)h) (f, Jf)w] .

m m
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Lemma 3.4. Let f € Ly o (I)NA (Ag),0<q¢<1,0<h <8 <8 Then
wh (f:01)wg < wi (f,02)wg
Proof. Let 81,02 € [0,2d] and §; < d2, that is,
sup [} AG (5 ) llzu.q n<= sup H Agn (fs) .ty -

0<h<d,
Then from Definition 2.2 we get
WE (f,01)w,q < WE(f,02)w,q forall I C R.

4. MAIN RESULTS

In this section, we will discuss how to find the approximate error on both
sides:

Theorem 4.1. Let f € Ly (1) NAY(Ag),0<p<1,méeN. Then

(Zw%(ﬁ E,Ti)ﬁ,,q> < e(m, qywf, (f,n™'),
L=2

where
T7 = lar-1,ar] Clap-1,ar41] = Tr.
Proof. Let |T7| = h} and |%p| = hr. Then it’s clear that h} < hr. Suppose

that 0 < hy < h} < 6. By Lemma 3.3 for the weighted m-th symmetric
difference (2.2), and by the identity (3.1), we have

A¢(z)h [,2)w = Z (J) [ 7.7;(¢<z)u—¢(z)h) (f,z+ Jho(z))w
m 1 m
— Al | se@u—e@mn) (fﬂé')w]-
Then
q m q
A«p(ac)h (f7 < Z c\m q ’AJ(WC)“ o(@)h) (f7 T+ Jh‘ﬂ( ))
" J=1

(4.1)

m

+ ; c(m,q) ’A@%)hg(wx)%—w(mm (f, 2)w]

By taking the integration of both sides to the identity (4.1) to x € [ar—1,ar] =
Tr,L=2,...,n—1, then we get
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q
/ Al (f,2)w| dx
Ti m
m q
<Y e(m,q) /z AT @@ (fs T+ Tho(2))w,q| dr
L=1 L m
m q
+ Zc(m’ Q) /3:* Arg(ﬁ)h_i_J(tp(w)u—cp(w)h) (fv .%')w dx.
L=1 L m m
Now since
q
5 / mon ()l do = / / B (2o ot
11 m t= *
we have
q
[ % (00 do
i "
m q
< ZC m q / / J(qu o(z)h (f T+ Jth( ))w dxdt
J=1 t=0 * m
m 5 q
+Zc(m,q)/t 0/* A?(wthrJ(«p(x)uﬂp(x)h) (f,2)w| dxdt
J=1 = L m m
m
=y (qu1+Z (m, )T,
J=1 j=1
where
4 1 q
Ty :/t . / 5‘ Vp@u—p@m (f+ @+ Jhp(2))w,q| drdt,
- * ™
and
) 1 q
T = /tO / 5 ‘AZ}(thFJ(w(x)u—w(x)h) (f,7)w| drdt.
= 19 m m
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Now,
T, = /0(S /:1 %\ i::o ()™ (T)f <x + Jhe(z) + r‘](“)@)z‘n_ 90@’”)
e+ A= a1,

m

N /05 /aj: %‘ io (=)™ (T)f (a: + Jhe(z) + ”%jr(f)“ - Ni(f)h>

J — p(x)h
x w(z + (p(a)u — ¢(z) ))’qudt
m
s—rlel@un g 4 Jp(a)h

When ¢(z)r > m for some r and ¢(x) ~ 1 as n — co. Then we conclude from
this § < %(5 and for all values of J =1,...,m, we get

5 < JP@)r s
m

Hence
Jrp(x)h < Jga(x)ré _ Jo(z)rh

m - m m

o —

)

and since h > 0 then —%h < 0. Therefore,

Jo(xz)r(8—h)

e rap+Je(z)h 1
11 S/ / ’ATcp(z)h(f7a?)w
0 a

L—1t+Je(z)h J m

q
dzdt.

Since § — h < §, hence M (6 —h) < el )Té then we get for all values of
J"O(x)r (6 —h) < ( Irs e N, hence

JAp(z)'r(;

'ng/”l“”wm 1| o (o)

dwdt.
0 Lot Je(@)h O

Since

T = lap— + Je(@)h,ar + Jo(x)h] C Ty,



On the error of the two-sides comonotonic approximation 1117

we have

Z C(ma Q)Tl

m ar+1 1 q
Szcm q / / ‘AJLp(ac)h(fa )w

) (P55 (oo
5 \/0‘ /I: g ’ an(z)h (f? )w

ar—1

<
I
—_

dxdt

q
dt

Jap(ac)rts

| A% () 1L, dt

0

Jt,a(a;)'r'd

c(n;,q) / m w¥ (f, Ju,fL)gu,th‘
0

Since 0 < u < h and h < hy and by Lemma 3.4, we get

C(m7 Q)TI

NE

<
Il

1
Jap(ac)r

/ wy (f, Jhr, TL)l, ,dt

<

Z
mcm, Jo(x)rd
Z((gQ)'@()

m

w;fl(f, JhL,‘IL)Z“th.
J=1

Now for all J =1,...,m, we get

Zc(m7Q)Tl SC(WT:Q)SO( )T wyy (fa JhLagL)wq’
J=1

we have p(z) =~ 1 and ¢(x)r > m, hence

> e(m,q) Ty < c(m, q)wh(f, hLTL)Y, ,. (4.2)
I=1
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Now again

T2 / /* ‘ <p(a.)h J(Lp(ac)u p(x)h) (f7 )’LU

/ / e ‘T(T)f<x+warf)hy"c’(v@)zl—eo(x)h))

q
dxdt

r=0
q
h+J — h
% w(x p(@)h + J (p(z)u — ¢(x) )) dedt
m
5 m
1 h J J h
:/ / 1 Z(_l)m_r< >f<m+w(-’r) L re@u _ rJe() )
0 Jar 1) = r m m
q
Xw( N D
m
’I‘JL,O(J))]’L 'mp(z)h q
By the same way in the Work of T and since
ro(x)h ro(x)h
[aL_l—i— #lz) ,ar, + wfn) }C lar—1,ar+1] = Tr,
we have
J«p(r)ré q
g/ / ‘ M(z)u fix)yw| dxdt.
Now
m m Jtp(z'l q
ZC(m,q) T2 = J«p(:c)u (f7 )w d.:Udt
J=1 =1 m
m JAp(z’r q % q
= / Jcp(ac)u(f? )w dt
7’; C(m q) Jo(x)rs
= Z 5’ 0 || Awa;)u (fw)w Hqu,q(’SL) dt
J=1
m c(m ) Jo(z)rs
=y o / w? (f, Ju, Tp)L  dt
(S 0 w,q
J=1

_ Z c(m,q) , JSO("E)”Sw;ﬁL (f, Ju,TL)fuq
m b



On the error of the two-sides comonotonic approximation 1119

Hence,

Z (m, q) Tz < c(m, Q)w&,(f, Ju, Tp)L, ,- (4.3)

Therefore, from (4 2) and (4.3), we get

I

| A% (£ ], )< clm @i (f Tu )y (44)

Since the inequality (4.4) also holds for i = n, finally

q

wton (f52)w| dr < c(m, Qui (f, Ju, Tr)j

m

w,q?

n

Z sup H Atﬂ(x)h (fv ')w H (TE)S LZ:Q C(m7 Q)wrfz(fv Jua zL)Z},q‘

I—o 0<h<

Since
n
USL:[Y77Y]+1]7 jZO’...7n

We conclude that for these j = 0,...,n, |J, T CI = [—d,d], hy, <§. There-
fore, we have

(Z win(f; hE,TE)Zj,q) < c(m, quf,(f,n™!), meN, 0<g<L
L=2
g

Theorem 4.2. Let f € L, ,(I)NA' (Ay), 0 < g < 1. Then there is a constant
¢ > 0 such that ¢ = c(m,v,d,q), m € N, r > 2, d is positive integer, which is
satisfies

En(fs As)wg < ct™mn(f,6)w,q (4.5)
where ¢y = ¢4 (M,v,d,q), m e N, 0<q<1,v>2,d is positive integer.

Proof. In order to prove the approximation of polynomial in two sides on an
interval I, let there exists a pair of polynomial {P;, P»} of degree is less than
n, interpolate f at every point of inside I = [—d, d].

Let P,(—d) be a constant polynomial, and suppose the algebraic polynomials
{P1, P»} satisfy the monotonic condition P (x) < f(z) < Py (x),z € I, and
Py e PFNAY(Ay), P2 € Py nAY(Ay) for PF Py € ], (z, 4s) N AL (Ay),
where [, (z, As) consist of all algebraic polynomials of degree is at most n,by
the Beatsons Lemma (see |5, 10]).

There are splines S; 1, S;2 with knotes {Y;}" ; monotonic with f in I, so
that the polynomials p; and po result from a linear combination of splines S; 1
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and S, 2, respectively. Hence, S;1,Si2 € Ly q (1) N Al (A). Let P, P, be
polynomials in Chebyshev form:

n—1
Pi(z) =Py (—d)+ > Y Si1(z) Loy (x)
r=1 i=
and
2 n—1
P2(1') = Pn (_d) +ZZS’£,2 (l‘) Ti,r (:E)a T € Ia
r=1 i=0
where

T; =1
Ti’r (fL’) — 7,7 (x) Y Z B Y
X’i,T‘ (.I) ) 1= 27

is polynomial with degree is less than < n — 1, and

) ([E) - 07 T < }/ia
X =01, ey

(see [7]), Vi denotes the Chebyshev partition i« = 0,...,n. Now, for all z €
l. s C I;, we estimate

[(P1(z) — P2 (z) ) w()]
- ’ <P" (=d)+2 ;Z ;:; i (@) Tig (x) — Po (—d)
B ijl Z:; Si2 (z) Tiy () )w(az)

- Z 72":12 :L:_ol(sivl(x) — Sia(x)) s r(z)w(x)
- 2:01 (Si1 (@) = Si2 (@) w (@) Tia(2) + Z:ol(si,l = Sig)w(z) Tiz(w)

n—1 ‘

=) (Sia(@)Si2(x)w(x)(Tia(z) — Tia(z))

=0

= |30 (Sia @) - Sia@)wi@)| | Tua() - Tia(a)]

Through Chebyshev’s partition Y; = d cos%r, i = 0,...,n, and the rela-
tionship of the interval with this partition, we notice that ¢, s = [¢; s, ¢r—1.5]
s=1,...,n.

YI=a1<a<...<an_1<a, =Y.
It is a partial relationship of this partition, that is ¢, C I; = [Y;,Y;11], ¢ =
0,...,n,and x < Yy, x <Yy, ..., < Y,_1. We conclude from this statement
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that < Y;, 4 = 0,...,n — 1, hence, when |T;; — T2 | < 206_1\11121}71 (z) hy,

c=c(v,d), v >0, d is positive integer, x € ¢, s C I;. Then

n—1

(Py(z) = Py (z) w(z)] <)

1=0

c
20—1

R W2 (@) |(Sia(z) — Sig(z)) w(z)] .

After interpolating the polynomial with the function, we will now work to
find the best approximation between the splines S;; and S;2 which repre-
sent the linear combinations of the polynomials P; and P> and the weighted
function f on an interval /.5, s = 1,...,n. Since the polynomials P, and P,
are comonotonic with the function f, S;; and S;2 are comonotonic with the
function f.

1
By using the fact ‘qur) (Y;)w (YZ)‘ < eci|Li|7" 9 || Py ||, on an interval £, ,

s=1,...,n (|13]), we have for some r that

Ll
|(Sin(z) = Sig(@)w (x) | < colli] ™ 9 || Sin(z) — Si2(®) |Lyqers) -

Hence,
n—1 c3 L

[(Pr (7) =Py (z)) w (x)] < Z 5y 1hi‘117,2v_1(33) LI || Sin—=Si2 1wy (6rs);
i=0

where c3 = cico (v,d,m), v > 0, d is positive integer, m € N, and
|81 = Si2 lwqrs) <IF=Sit lpwe@rs) 11 F—Si2 Luwqters) -
By Whitney inequality (see [6]),
| Si1(®) = Si2(2) Ly 6.0 < 3WH 1 ol brs)wg-

Hence, for h; = |I;|, we have

n—1 1
c o -n—7
(P (2) = Py (@) w (@) <D =——h U2 @), “wh(f,1, |, brs)ug

e Qv — 1
=0

n—1
c3 —nt1-1 _
SD Db A C R ACATAN RN
=0

Since 4, s C I;, i =0,...,n—1, s=1,...,n, then

n—1 )
|(Py (z) — P (z)) w(z)]? < Z QUCi ; h;n+1_5
=0

\II?’Uil (m)w;fl(fv hia Ii)qwg‘
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Now, by taking L, 4(I) of both sides, we get

1

([itr@ -, <x>>w<x>|qczw) '

c3 h —(n— 1+
< Z / 1 920 ) . s )
5
n 1 v —
_Z v—l TDw (f, hi,fi)g,,q/quf ldz.

By using the fact
_— h2v 1
Uy = dx
/1 o /(\x—Y|+h>%1

n ([11]) and since = < Y;, we have

/w?”—lda: = /hf”‘l(Yi — a4 h) "V Dy
1

I
h2v71
= (Y~ d ) (Vi d )V,
20—2
Let
= € —2v—2 —2v+2
B Y- ‘ -, i .
‘T u—_1)(2v—_2) (Vi = d+ hi) (Y, +d+h) ]
Then
n—1
n—1+4+=
| Pr— P ||Lw’q(1)§thl< )h2'u 1 2 (fohis I wg
=0

i P ST
1149y
= E :hz ! w;fl(f’ hiv[i)“&‘l
=0

n
—n+2
=c> w@(f,hz,f)
i=0
By using Theorem 4.2, we get

—(n—2v+12
| Pr = P |1, ()< chy ( q>wfm(f» 6)w,q

Let

t= max {i:h; <t, ast— oco}.
0<i<n—1

Then from Definition 2.6, we get

—(n—2v+1
| PL=Pallp, ) <ct ( q> [l wi (Fs +50) 2w ) -
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Now, by using Definition 2.3, we get

—(n—2v+1
1P = Po oy < et O ) 1 (6

From the Definition 2.5 for the function f € Ly, (I) N Al (4y), for polyno-
mials Py, Py € Ly 4 (1) N A (Ay), we get

En(fy As)wq <l P — P2 ||

La,q(I)
—(n—2v+1
< c <n v+q)7'n(fa §)w,g-
Let n — 2v + % =c4 and n + % > 2v. Then taking ¢4 — 0o, we have

E:L(f’ As)w#] S Ctic47—n(f’ 5)111»(1’
where ¢4 = ¢4 (m,v,d,q),m € N,0< g < 1,v>2,d is positive integer. O
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