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Abstract.In this manuscript, we prove a fixed point theorem for a family of contractive
self-mappings in a complete metric space or a complete b-metric space. We generalize the
Caristi fixed point theorem, the Meir-Keeler type fixed point theorem, and the result of
Pant. In our result, we use a generalization of the Meir-Keeler type contraction map for a

family of self-mappings.

1. INTRODUCTION

Fixed point theory is a principal branch of Mathematics. The appearance or
disappearance of a fixed point is an inherent characteristic of a map. However,
many essential or abundant conditions for presence of such points comprises
a mixture of algebraic, order theoretic, or topological properties of the map-
pings or its domain. The Banach contraction mapping theorem [1] itself does
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not characterize metric completeness [8]. Kannan [11, 12] proved that a self-
mapping f of a complete metric space (X, d) satisfying the contractive condi-
tion have a unique fixed point. Kannan’s results is marvellous for two purpose:
that is, signalize the metric completeness [23], it was the beginning of the once
open problem on the existence of contractive mappings which are discontinu-
ous at fixed point [21]. After that many researchers explored in the concept
of metric completeness and its properties e.g. [3, 5, 13, 19, 20, 22, 23, 24].
Browder and Petryshyn [4] defined the concept of asymptotically regular.

In 1969 Meir and Keeler [14] defined the contraction mapping. In 1976
Caristi [5] proved the fixed point theorem. In 1999, Pant [15] resolved the
problem of continuity of contractive mappings at fixed points. In 2019, Pant
et al. [17] gives the following result which is a generalization [5, 6, 7].

In this manuscript our results are the generalization of the result of Pant
et al. [17, 18] because we are finding fixed points for family of mappings
and we are using the contractive condition which is mentioned in the research
paper of Pant [15] that condition is general than Meir-Keeler type contractive
condition.

We now give some relevant definitions:

Definition 1.1. ([16]) A self-mapping f of a metric space (X, d) is called k—
continuous, k = 1,2,3, ..., if f*x,, — ft whenever {x,} in X such that f* 'z,
— t.

Definition 1.2. ([6, 7]) A self-mapping f of a metric space (X, d), then the
set O(z, f) ={f"x:n=0,1,2,...} is called the orbit of f at x and f is called
orbitally continuous if v = lim; f™x implies fu = lim; f f™x.

Definition 1.3. ([17]) A self-mapping f of a metric space (X,d) is called
weakly orbitally continuous, if the set {y € X : lim; f™y = u = lim; f f™iy =
fu} is nonempty whenever the set {z € X : lim; f™x = u} is nonempty.

Example 1.4. Let X = [0,2] equipped with the Euclidean metric. Define
f: X — X by

)it e <1,
flz)=Xo, if1<z<2,
2, if 2 = 2.

Then f™(0) — 1 and f(f™(0)) — 1. Therefore, f is not orbitally continuous.
However, f is weakly orbitally continuous. If we consider the any sequence
f(0), then for any integer k > 1, we have f*=1(f"(0)) — 1 # f(1). This
shows that f is not k-continuous.
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Example 1.5. Let X = [0,00) equipped with the Euclidean metric. Define

f: X —>Xby
1, if <1,
f(x)_{g, i o> 1

Then it is easy to see that f is orbitally continuous. Let £ > 1 be any integer.
Consider the sequence {z,} given by z,, = 3’“_14—%. Then f* 'z, = 1+#,
ke, = %—i— ﬁ This implies f* 'z, — 1, ffz, — % # f(1) as n — oo.

Hence, f is not k-continuous.

Remark 1.6. It is shown in the research paper [16] that continuity of f* and
k-continuity of f are independent conditions when k£ > 1. It is also clear in the
research paper [6, 7] that continuous mapping is orbitally continuous but not
conversely. The concept of weakly orbitally continuous is more general than
orbitally continuous is shown in the research paper [17].

Definition 1.7. (]9, 10]) Let X be a nonempty set and s < 1 be a given
real number. A function d : X x X — [0,00) is called a b-metric if for all
x,y,z € X, the following conditions are satisfied:
(i) d(z,y) = 0 if and only if z = v,
(i) d(z,y) = d(y, ),
(iii) d(z,2) < sld(z,y) + d(y, 2)].
The triplet (X, d, s) is called a b-metric space.

Definition 1.8. (]9, 10]) Let (X,d,s) be a b—metric space. The sequence
{zp} in X is called convergence if for all € > 0, there exists k¥ € N such that
d(xn, ) < efor all n > k. In this case, we write lim,,_,~, z,, = x and z is called
the limit of {x,}.

Definition 1.9. (]9, 10]) Let (X,d,s) be a b—metric space. The sequence
{zp} in X is called Cauchy in X if for all e > 0, there exists k € N such that
d(m, ) < € for all m,n > k.

Definition 1.10. ([9, 10]) The b—metric space (X, d, s) is said to be complete
if every Cauchy sequence is convergent to some x in X.

2. MAIN RESULTS

Theorem 2.1. Let {f, : 0 < r < 1} be a family of self-mappings in a com-
plete metric space (X,d) such that for any given mapping f., the following
conditions are satisfied:

d(frx, fry) < max{d(z, frz), d(y, fry)} (2.1)
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for max{d(zx, frx),d(y, fry)} > 0, and given € > 0 there exists a 6 > 0 such
that,

e < max{d(z, fra), dly, i)} < e+6 = d(fr fy) <e. (22)

Then f, possesses a fixed point if and only if f, is weakly orbitally continuous.
Moreover, the fized point is unique and f, is continuous at the fized point,
say z, if and only if

liin max {d(z, frx),d(z, frz)} =0
or equivalently,
lim sup d(f, 2, fyx) = 0.

Proof. Select any mapping f, where 0 < r < 1. It is obvious that f,. satisfies
contractive condition (2.1),

d(frx, fry) < max{d(z, frz),d(y, fry)} (2.3)

for max{d(z, frz),d(y, fry)} > 0.
Let xg be any point in X. Define a sequence {x,} in X recursively by

Tn = frwnfla

Ly = fr{frxn—Q}:fqun—%

Tn = [lxo.
If 2, = xp41 for some n then,
Tn = Tp4+1l = Tn42 = -y

that is, {x,} = {f 20} is a Cauchy sequence and x,, is a fixed point of f,, we
can, therefore assume that z, # z,4+1 for each n. Then, using (2.3), we get

d(l’n, .%'n_H) = d(frl'n—h frl'n)
< maX{d(xn—la frmn—l); d(xn; frxn)}
=d(zp-1,%n).

Thus, {d(zy, zp+1} is a strictly decreasing sequence of positive real numbers
and, hence, tends to a limit » > 0. Suppose r > 0. Then there exist a positive
integer N such that,

n>N = r<dxyzpe) <r+06(r). (2.4)
Now with reference of (2.2),

d(Xp, Tpt1) <, (2.5)
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which is a contradiction of (2.4). Hence d(zy, Zp+1) — 0 as n — oo. Now if p
is any positive integer then,

d(Tn, Tntp) = d(frTn—1, frTnip-1)
< max{d(zn—1, fran-1), d(Tntp-1, frXnip-1)}
= max{d(zn—1,2n), d(Tntp—1, Tnip)}
=d(Tp—1,%n).

This implies that d(zy,2n+p) — 0. Therefore, {z,} = {flxo} is a Cauchy
sequence. Since X is complete, there exists z in X such that xz,, — z. Moreover,
for each integer p > 1, we have fFz,, — z also using (2.3) it follows easily that
fi'y = z for any y in X.

Suppose that f, is weakly orbitally continuous. Since f'z¢y — z for each g,
by virtue of weak orbital continuity of f. we get fPyo — z and f2Hlyy — f.z
for some yo in X. This implies z = f,.z, since f?*1lyy — 2. Therefore, z is a
fixed point of f,.

Uniqueness of the fixed point follows easily. Conversely, suppose that the
mapping f, possesses a fixed point, say z. Then {f'z = z} is a constant
sequence such that lim, f?*'z = z = f,z. Hence, f,. is weak orbitally con-
tinuous. It is also easy to verify that f. is continuous at z if and only if
lim,_,, max{d(z, fyx),d(z, frz)} = 0 or, equivalently, lim,_,, sup d(f,z, frx) =
0.

This can alternatively be stated as: f, is discontinuous at z if and only if
lim,_, ,supd(f,z, frz) = 0. This proves the theorem. O

Example 2.2. Let X = [0,00) equipped with the usual metric and let f, :

X — X be defined by
fr(z) =% for each z in X.
Then it is easy to verify that X is complete, f, satisfies (2.2), f, is continuous,

and f, has unique fixed point = = 0.

Example 2.3. Let X = [0,2] and d be the usual metric. Define f, : X — X

by
1, ifo<z<I1,
f“(x)_{x—L ifl<z<2

Then f, satisfy all the conditions of the above theorem and has a unique fixed
point z = 1 at which f, is discontinuous.

Theorem 2.4. Let (X,d) be a complete metric space or a complete b-metric
space and {fr : 0 < r < 1} be a family of asymptotically reqular self-mappings
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of X satisfying
d(frx, fry) < Amax{d(z, frz),d(y, fry)}, A>0 (2.6)

for each r. If f. is weak orbitally continuous for some integer k > 1, then f,
has a unique fixed point. Moreover, if every pair of mappings (fr, fs) satisfies
the condition:

d(frar, fsy) < Amax{d(z, frz),d(y, fsy)}, A >0, (2.7)

then the mappings have a unique common fized point which is also the unique

fized of each f,.

Proof. Select any mapping f.. Let xg be any point in X. Define a sequence
{zp} in X recursively by z, = frxp—1. If 2, = 241 for some n then z,, is a
fixed point of f,. If x,, # x,41 for each n, then using (2.4), for each positive
integer p we get,

d(xnv xn-ﬁ-p) = d(frxn—la f?"xn—f—p—l)
< max{d(‘rn—l? f’r‘mn—l)v d(xn+p—1a frxn—l—p—l)}
= Amax{d(zn—1,n), d(Tnip—1,Tnip}-
By asymptotic regularity of f,, this implies that limy, o d(p,zn+1) = 0.
This further implies that lim, o d(@y, Zn4p) = 0. That is, {x,} is a Cauchy
sequence. Since X is complete, there exists ¢ in X such that

lim z, = lim fPz,=tp=1,2,3,....
n—oo n—o0

Suppose that f, is weakly orbitally continuous. Since f'x¢y — z for each g,
by virtue of weak orbital continuity of f,., we get fPyo — z and f" lyy — f.z
for some yo in X. This implies z = f.z since f"lyy — 2. Therefore, 2 is a
fixed point of f,.

Uniqueness of the fixed point follows easily from (2.7). Let u, v are different
fixed point of f,.. Then

d(u,v) = d(fru, fsv) < Amax{d(u, fyu),d(v, fsv)} = 0. (2.8)
Hence u = v and the family of mappings {f,} has a unique common fixed
point which is also the unique fixed point of each f;. O

Theorem 2.5. Let {f, : 0 <r <1} be a family of self-mapping in a complete
metric space (X, d) such that for any given mapping f, the following conditions
are satisfied, for given € > 0 there exists a § > 0 such that

e <max{d(z, frx),dy, fry)} <e+d = d(frzx, fry) <e. (2.9)

Then there exists a point, say z in X such that for each x,y in X the sequence
of iterates {fi'x} is Cauchy and lim,_, fi'x = z.
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Example 2.6. Let X = [0,2] equipped with the Euclidean metric d. Define

fr: X — X by
o= Hroifr <1,
" 0, if1<az<2.

Then X is complete metric space and f, satisfies the contractive condition
with d(€) =1 — € for € < 1 and §(e) = € for € > 1 but does not posses a fixed
point. It is easy to verify that for each = in X, the sequence {f'z} is Cauchy
and fl'xz — 1. It is easily seen that f;, is not weakly orbitally continuous.

Example 2.7. Let X = [1,2] U{1 — 2% :n =0,1,2,...} and d be the usual
metric. Define f,. : X — X by

. 1 1
fr,n.'L':O if ].SQ:SQ, fr<1—2n>:{1—2n+17n207172,}

Then range of f, is the countable set f.(X) = 1— 2% :n=20,1,2,... and f,
has no fixed point. The mapping f. in this example satisfies the contractive
condition (2.9) with §(e) = e if € > 1 and 6(e) = 55 — € if zr < € < 55,
n=0,1,2,...

Now we are using the condition of Bisht and Rakocevic [2] for family of
mappings: Given x,y in X and 0 <a < 1,

K(z,y) = max[ad(z, frz) + (1 = a)d(y, fry), (1 — a)d(z, fz) + ad(y, fry)].

Theorem 2.8. Let {f, : 0 < r < 1} be a family of self-mappings in a com-
plete metric space (X,d) such that for any given mapping f,, the following
conditions are satisfied: given € > 0 there exists a § > 0 such that

e< K(z,y)<e+0 = d(frz, fry) <e. (2.10)

If @ = 0, then £, has a unique fixed point whenever f, is k—continuous or f*
is continuous for some k > 1, or f¥ is weakly orbitally continuous. If a > 0,
thev f,’,C possesses a unique fixed point at which f, is continuous.

Proof. If we take a = 0 in K (x,y) then condition (2.10) reduces to condition
(2.1). When a > 0 the proof is similar to the case a = 0. As seen in Theorem
2.1, fr need not be continuous at the fixed point if a = 0. We now show that
fr is continuous at the fixed point when a > 0. Suppose a > 0 and z is the
fixed point of f. Let {x,} be any sequence in X such that z,, = z as n — co.
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For the sufficient large values of n, we get
d(z, fron) = d(fr2, fron)
< max[ad(z, frz)+(1—a)d(zp, fran), (1—a)d(z, frz)+ad(xy, fro,)]
= max[(1 — a)d(zy, fren), ad(Tn, fra,)]
< max[e; + (1 — a)d(z, fran), €2 + ad(z, froy],

where €1, €3 — 0 as n — oo. This yields d(z, frx,) < €1 or (1 —a)d(z, frzy,) <
€9. Taking n — oo, we get lim,,_,o frxn = 2z = frz. Hence, f, is continuous
at the fixed point. If f. is k—continuous or f* is continuous for some k& > 1,
then fF is weakly orbitally continuous and the proof follows. This establishes
the theorem. O

Theorem 2.9. Let {f, : 0 < r < 1} be a family of self-mappings in a complete
metric space (X,d). Suppose ¢ : X — [0,00) is a function such that for each
xz,y in X, we have

d(z, frr) < o(x) — ¢(f). (2.11)
If f. is weakly orbitally continuous or f* is continuous or f is k—continuous
for some k > 1, then f, has a fized point.

Proof. Let xp € X. Define a sequence {z,} by x1 = frz9, x2 = frz1,..., that
is z, = fl'zo. Then,

d(zo,x1) = d(zo, frzo) < ¢(x0) — ¢(frwo) = ¢(z0) — d(21).
Similarly, we have

d(z1,22) < ¢(x1) — ¢(22),
d(z2,23) < ¢(x2) — ¢(x3),

d(l'n—ly xn) <

¢
d(Tn, Tnt1) < ¢(Tn) — d(Tnt1).
Adding these inequalities, we get

d(zo, 1) + d(x1,22) + - 4+ d(Tn, Tny1)
Taking n — oo, we get
> d(wn, 2ni1) < $lao). (2.12)
n=0

This implies that {z,,} is a Cauchy sequence. Since X is complete, there
exists ¢ € X such that lim, oo xp = t and lim, s fi'xy, = t. Suppose that
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fr is weakly orbitally continuous. Since {f}zo} converges for each z( in X,
weak orbital continuity implies that there exists yo € X such that flyo — 2,

n+lyy — frz for some z in X. This implies that z = f,z, that is, z is a fixed

point of f,. O

Example 2.10. Let X = [0, 00) equipped with the Euclidean metric. Define

f: X — X by,
1, ififx<1,
fr(x>: T e
5, ififxr>1

Then, it is easy to show that f, is weakly orbitally continuous but not k—continuous
or orbitally continuous. Let us define ¢ : X — [0, 00) by,

{1—33, if 7 < 1,

Y@ =1 e e

Then d(z, frx) < ¢(z) — ¢(frx) for each x in X, f, satisfies all the conditions
of above theorem and has a fixed point z = 2.

From the above theorem, we can ger the following corollary.

Corollary 2.11. Let {f, : 0 < r < 1} be a family of contractive type self-
mappings in a complete metric space (X,d). Suppose ¢ : X — [0,00) is a
function such that for each x in X, we have

d(x, frz) < ¢(x) — o(frx). (2.13)

If f. is weakly orbitally continuous or f¥ is continuous or f, is k—continuous
for some k > 1, then f, possesses a unique fized point.

Theorem 2.12. Suppose {f, : 0 < r < 1} is a family of self-mappings in a
complete metric space (X,d) satisfies the Banach contraction condition:
d(frz, fry) < ad(z,y), 0<a<]l1. (2.14)

Then there exists a function ¢ : X — [0,00) such that for each x in X, we
have

d(z, frz) < ¢(x) — ¢(frz). (2.15)
Proof. For any z in X we have d(f,x, f?z), that is,

()dfo, £22) < d(z, )
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By virtue of the inequality, we get

d(x’ fT.:L‘) = l%ad(fl), fTCL‘) — 1 i ad(x7 fT$)
< id(w, frx) — 1 i aéd(frl";ffﬂf)
1 R 2
= md(x,ﬂx) 1 _ad(frx7f7“x)
= ¢(z) — o(frz),
where ¢ : X — [0,00) is defined by ¢(2) = tLzd(z, fr). O

3. CONCLUSION

Since weak orbital continuity is general than k—continuity. Therefore, above
results are generalized than the Pant et al. [18]. In the above theorem we are
using family of mapping so this result is better than the result of Pant et al.
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