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Abstract. In this paper, we introduce a new concept of sequentially admissible mapping
and sequentially admissible perturbation. Also we construct iteration process corresponding
to sequentially admissible mappings. Moreover, we establish theorems of strong conver-
gence for the Mann type iterative method(called G.M-algorithm) defined as an uniformly
L-Lipschitzian, sequentially admissible perturbation of asymptotically demicontractive map-
pings and for the Ishikawa type iterative method(called G.I-algorithm) defined as an uni-
formly L-Lipschitzian, sequentially admissible perturbation of asymptotically hemicontrac-

tive mappings to a fixed point in CAT(0) spaces. Finally, we propose an open problem.

1. INTRODUCTION

Let (X, d) be a metric space. One of the most interesting aspects of metric
fixed point theory is to extend a linear version of known result to the nonlinear
case in metric spaces. To achieve this, Takahashi [29] introduced a convex
structure in a metric space (X,d). A mapping W : X x X x[0,1] - X is a
convex structure in X if

d(u, W(z,y,\)) < Md(u,z) + (1 — N)d(u,y)
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for all z,y € X and A € [0, 1]. A metric space together with a convex structure
W is known as a convex metric space. A nonempty subset K of a convex
metric space is said to be conver if

W(z,y,\) € K

for all z,y € K and X\ € [0,1]. In fact, every normed space and its convex
subsets are convex metric spaces but the converse is not true, in general (see

[29])-

Example 1.1. ([14]) Let X = {(x1,22) € R? : 21 > 0, x5 > 0}. For all
r = (r1,22),y = (y1,y2) € X and A\ € [0,1]. We define a mapping W :
X x X x[0,1] = X by

1
W(x,y,\) = <)\x1 (1= Ny, Ar1xs + ( )\)yly2>

Azy+ (1= Ny
and define a metric d : X x X — [0,00) by

d(z,y) = ’961 - yl’ + ’x1$2 - y1y2\-

Then we can show that (X,d,W) is a convex metric space, but it is not a
normed linear space.

In 2012, Rus [27] introduced the theory of admissible perturbation of an
operator. This theory opened a new direction of research and unified the
most important aspects on the iterative approximation of fixed point for single
valued self or nonself operators (see [1, 2, 3, 18]).

Definition 1.2. ([27]) Let X be a nonempty set. A mapping G : X x X — X
is called admissible if it satisfies the following two conditions:

(Al) G(z,z) =z for all x € X;
(A2) G(z,y) = x implies y = =.

Definition 1.3. ([27]) Let X be a nonempty set. If f: X — X is a given
mapping and G : X x X — X is an admissible mapping, then the mapping
fa : X = X defined by

fa(z) =Gz, f(z), VeeX

is called the admissible perturbation of f with respect to G.

Remark 1.4. The following property of admissible perturbation is funda-
mental in the iterative approximation of fixed points: if f : X — X is a given
mapping and fg : X — X denotes its admissible perturbation, then

Flle) =F(f) ={ze X z=f(2)},
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that is, the admissible perturbation fg of f has the same set of fixed points
as the mapping f itself. Note that, in general,

F(fa) # F(r), n=2

Example 1.5. ([27]) Let (X, d) be a metric space endowed with a W-convex
structure of Takahashi ([29]). Then W : X x X x [0,1] — X is an operator
with the following property

d(u, W(z,y,\)) < Md(u,z) + (1 = N)d(u,y), Yz,y,uecX,\el0,1].

We additionally suppose that A € (0,1), W(z,y,A) = x implies y = z.

Especially, given A € (0,1), Y C X, a W-convex set, f : ¥ — Y, and
G(z,y) = W(x,y,A), the operator fg is known as admissible perturbation of
the operator f.

For other important examples of admissible mappings and admissible per-
turbations of nonlinear mappings, see [27] for the case of self mappings and
[3] for the case of nonself mappings.

Definition 1.6. ([2]) Let G : X x X — X be an admissible mapping on a
normed space X. We say that G is affine Lipschitzian if there exists a constant
A € [0, 1] such that

1G(z1,91) — G(22, 92)[| < [[AM(71 — 22) + (1 = A)(y1 — y2)| (1.1)
for all x1,T2,Y1,Y2 € X.

A metric space X is a CAT(0) space(the term is due to Gromov [10] and
it is an acronym for Cartan, Aleksandrov and Toponogov) if it is geodesically
connected, and if every geodesic triangle in X is at least as ‘thin’ as its com-
parison triangle in the Euclidean plane (see e.g., [4, p.159]). It is well known
that any complete, simply connected Riemannian manifold nonpositive sec-
tional curvature is a C AT(0) space. The precise definition is given below. For
a thorough discussion of these spaces and of the fundamental role they play
in various branches of mathematics, see Bridson and Haefliger [4] or Burago
et al. [6].

Let (X,d) be a metric space. A geodesic path joining z € X toy € X (or,
more briefly, a geodesic from x to y) is a mapping ¢ from a closed interval
[0,{] C R to X such that ¢(0) = z,¢(l) =y, and d(c(t),c(t')) = |t — /| for all
t,t' € [0,1]. In particular, ¢ is an isometry and d(x,y) = [. The image « of ¢ is
called a geodesic (or, metric) segment joining x and y. When it is unique, this
geodesic is denoted by [z,y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining x and y for each x,y € X. A
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subset Y C X is said to be conver if Y includes every geodesic segment joining
any two of its points.

A geodesic triangle A(x1, 22, x3) is a geodesic metric space (X, d) consists of
three points x1, 2, x3 € X (the vertices of A) and a geodesic segment between
each pair of vertices (the edges of A). A comparison triangle for the geodesic
triangle A(x1,z2,23) in (X,d) is a triangle A(z1,x2,x3) = A(21, T2, 43) in
R? such that d2 (%, @5) = d(x;, ;) for i,j € {1,2,3}. Such a triangle always
exists (see [4]).

A geodesic metric space is said to be a C AT(0) space if all geodesic triangles
of appropriate size satisfy the following C' AT'(0) comparison axiom.

Let A be a geodesic triangle in X and let A C R? be a comparison triangle
for A. Then A is said to satisfy the CAT(0) inequality if for all z,y € A and
all comparison points Z,y € A,

d(x,y) < d(z,7).

Complete CAT'(0) spaces are often called Hadamard spaces (see [22]). If
x, Y1, y2 are points of a C'AT(0) space and if y is the midpoint of the segment
[y1,y2], which we will denote by %, then the CAT'(0) inequality implies

S, 1 1 1
d? <$, y12yz> < §d2($,y1) + §d2(937y2) - Zd2(y1,y2)~

This inequality is the (CN) inequality of Bruhat and Tits [5]. In fact, a geodesic
space is a CAT'(0) space if and only if it satisfies the (CN) inequality (cf. [4,
p.163]). The above inequality has been extended by Khamsi and Kirk [13] as
d(z,az @ (1 —a)y) < ad*(z,z) + (1 —a)d*(z,y) — a(l — a)d*(z,y), (CN*)
for any o € [0,1] and z,y, z € X. The inequality (CN*) was also appeared in
[7].

Let us recall that a geodesic metric space is a CAT(0) space if and only if
it satisfies the (CN) inequality (see [4, p.163]). Moreover, if X is a CAT(0)
metric space and z,y € X, then for any « € [0, 1], there exists a unique point
ar @ (1 —a)y € [z,y] such that

d(za ox D (1 - O[)y) < Oéd(Z,CC) + (1 - Oz)d(z,y)

for any z € X and [z,y] = {ax ® (1 — a)y : « € [0,1]}. In view of the above
inequality, C AT'(0) space have Takahashi’s convex structure W (z,y, a) = ax®
(1 — a)y. It is easy to see that for any xz,y € X and X € [0, 1],

d(z, (1 =Nz ® \y) = Md(z,y),
d(y,(1 =Xz ® \y) = (1 — N)d(z,y). (1.2)
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As a consequence,
l-240.-y=u=x,
I-XNzddxz=xd(1—- Nz ==zx.
Moreover, a subset K of CAT(0) space X is convex if for any x,y € K, we
have [z,y] C K.
Definition 1.7. ([15]) Let C be a nonempty subset of a metric space (X, d).

Let F(T) denote the fixed point set of T'. Let F(T') # 0.

(1) A mapping T': C — C is said to be k-strictly asymptotically pseudo-
contractive with sequence {a,, } if lim,_,~ a, = 1 and for some constant
kEwith0<k<1,

(T2, T"y) < a2d(x,y) + k(d(w, T"x) — d(y, T"y))”

for all z,y € C, n € N. If £ = 0, then T is said to be asymptotically
nonezxpansive with sequence {a,}, i.e.,

d(T"z, T"y) < apd(z,y), Yz,yecC.

(2) A mapping T : C — C is said to be asymptotically demicontractive
with sequence {a,} if lim, , a, = 1 and for some constant k with
0<k<1,

d*(T"x,p) < apd®(a,p) + k- d*(z, T"z), Vpe F(T)

forall x € C, n € N. If £ = 0, then T is said to be asymptotically
quasi-nonezpansive with sequence {a,}, i.e.,

d(T"z,p) < apd(z,p), VYxel, Ype F(T).
(3) A mapping T': C — C is said to be asymptotically pseudocontractive

with sequence {ay} if lim,, o a, = 1 and
d*(T"z, T"y) < and*(x,y) + [d(z, T"z) — d(y, T"y)]?
for all x,y € C, n € N.

(4) A mapping T : C — C is said to be asymptotically hemicontractive
with sequence {ay} if lim, o @, = 1 and

d*(T"xz,p) < and*(x,p) + d*(x,T"z), Ypec F(T)

forallz € C, n € N.
(5) A mapping T : C — C is said to be uniformly L-Lipschitzian if for
some constant L > 0,

d(T"z,T"y) < L-d(z,y), Vz,yeC
for all n € N.
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Liu [24] has proved the convergence of Mann and Ishikawa iterative se-
quence for uniformly L-Lipschitzian asymptotically demicontractive and hemi-
contractive mappings in Hilbert space (c¢f. [28]). The existence of (com-
mon) fixed points of one mapping(or two mappings or family of mappings)
is not known in many situations. So the approximation of fixed points of
one or more nonexpansive, asymptotically nonexpansive or asymptotically
quasi-nonexpansive mappings by various iterations have been extensively stud-
ied in Banach spaces, convex metric spaces, C AT (0) spaces and so on (see
[7, 8, 11, 15, 16, 17, 18, 19, 20, 21, 22, 23, 27]).

In this paper, we introduce a new concept of sequentially admissible map-
ping and sequentially admissible perturbation. Also we construct iteration
process corresponding to sequentially admissible mappings. Moreover, we es-
tablish theorems of strong convergence for the Mann type iterative method
(called G, M-algorithm) defined as an uniformly L-Lipschitzian, sequentially
admissible perturbation of asymptotically demicontractive mappings and for
the Ishikawa type iterative method(called G.I-algorithm) defined as an uni-
formly L-Lipschitzian, sequentially admissible perturbation of asymptotically
hemicontractive mappings to a fixed point in CAT(0) spaces. Finally, we
propose an open problem.

2. PRELIMINARIES

Definition 2.1. Let X be a nonempty set. A mapping G, : X x X — X is
called sequentially admissible if it satisfies the following two conditions:

(SA1) Gi(z,z) =z for all x € X;
(SA2) Gi(x,y) = x implies y = z,

where {*} is an arbitrary sequence in [0,1].
Assumption 2.2. Let X be a nonempty set, G, : X x X — X be a sequen-

tially admissible mapping and {ay,}, {fn} be sequences in [0, 1]. We assume
that

Ga, (z,x) =2 =Gg,(v,z), VrelX. (2.1)
Definition 2.3. Let X be a nonempty set. If f: X — X is a given mapping

and G4 : X x X — X is a sequentially admissible mapping, then the mapping
fa, : X = X defined by

fa. (@) = Gi(z, f(x)), VzeX

is called a sequentially admissible perturbation of f with respect to G,.
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Definition 2.4. Let G, : X x X — X be a sequentially admissible mapping
on a normed space X. We say that G, is sequentially admissible Lipschitzian
if
|Ga, (z1,91) — Gp, (22, y2)[| < max{l — oy, 1 — Bn}la1 — 22
+ max{an, Bntllyr — 2 (2.2)

for all sequences {a,} and {B,} in [0, 1] and =1, z2,y1,y2 € X.

Assumption 2.5. Let G, : X x X — X be a sequentially admissible Lips-
chitzian mapping on a normed space X. We assume that

|G (1, 91)— G, (w2, 2) |2 < mac{1 — i, 1 — B} a1 — o]
+ max{ay, Bn}llyr — y2||2

— (min{an, Bn} —anfn) (1 =417+ |22 —12(1%)
(2.3)

for all sequences {a,} and {3,} in [0, 1] and 1, x2,y1,72 € X.

Remark 2.6. (1) If we take the sequence {*} = A in Definition 2.1 and
Definition 2.3, it reduces to Definition 1.2 and Definition 1.3, respec-
tively.

(2) If we take the sequences {ay,} = {8,} = A in (2.2), it reduces to (1.1).

(3) If we take the sequences {an} = {fn} = A, Gu(z,y) = (1 = Nz @ Ay
and z1 = y; in (2.3) on X, it reduces to (CN*) inequality.

(4) From (2.2), it is easy to see that for any x,y € X and sequence {ay,}

in [0, 1],
d(Ga, (,2), Gy, (2,9)) < (1—ay)d(z, x)+and(z,y)
= and(z,y),
d(Ga, (y,y), Ga, (2,y)) < (1—am)d(z, y)+ond(y, y)
= (1 — ap)d(z,y). (2.4)
If we take a, = A and G, (z,y) = (1 — X\)z @ Ay in (2.4), it reduces
to (1.2).

We introduce the following iteration process.
Let C be a nonempty convex subset of a CAT'(0) space (X,d) and T : C —
C be a given mapping. Let ;1 € C be a given point.

Algorithm 2.7. Let C be a nonempty subset of a metric space (X,d), T :
C — C be a nonlinear mapping and G, : C' x C — C be a sequentially
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admissible Lipschitzian mapping. The sequences {z,} and {y,} defined by
the iterative algorithm

Tp4+1 = Gan (I‘n, Tnyn)a
yn = Gg, (Tn, T"xy), n>1, (2.5)

where {a,,}, {Bn} are sequences in [0, 1], is called the Ishikawa-type algorithm
corresponding to G or G, I-algorithm (cf. [12]).

Algorithm 2.8. Let C be a nonempty subset of a metric space (X,d), T :
C' — C be anonlinear mapping and G, : C'xC — C be sequentially admissible
Lipschitzian mapping. The sequence {x,} defined by the iterative algorithm

Tn+1 = Gan (fnaTnlin)y n=>1, (26)
where {a,, } is a sequence in [0, 1], is called a Mann-type algorithm correspond-
ing to G or G, M-algorithm (cf. [25]).

Lemma 2.9. ([24]) Let {a,} and {b,} be sequences satisfying
apy1 < ap + bn,

where an, > 0 for alln € N, Y>> | by, is convergent and {an} has a subsequence
{an, } converging to 0. Then we must have

lim a, = 0.
n—oo

3. CONVERGENCE THEOREMS

Lemma 3.1. Let (X,d) be a CAT(0) space and C be a nonempty convex
subset of X. Let T : C — C be a uniformly L-Lipschitzian mapping and
{an},{Bn} be sequences in [0,1]. Define the G.I-algorithm {x,} as (2.5) in
Algorithm 2.7. Then

d(xp, Tzy) < d(2p, T"2n) + L(1 + 2L + L*)d(2p_1, T" '2,_1)
for alln > 1.
Proof. Let Cy, = d(xy, T"x,). From (2.4) and (2.5), we have

d(fxnfla ynfl) — d(a?n,h Gﬁn_l (:L‘nfla Tn_lmnfl))

= d(Gﬁn—1(l‘nflv xn*1)7 Gﬁn—1(xnflv Tn_lxnfl))
< (1 - 6n71)d(xn717 xnfl) + /anl : d(xnfla Tn_lxnfl)
= anlcnfl- (31)
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From (3.1), we get

d(zn—1,T" Y1) < d(@p-1,T"  2p1) + d(T" 21, T" Lyp_1)
< Cn—l +L- d(xn—la yn—l)
< Cn—l + Bn—l -L- Cn—l- (32)

From (3.1) and (3.2), we get

d(zpn, Try) < d(xn, T"xy) + d(T" 20, Ty
<Cp+L-d(T" 'y, )
<Cp+ L{d(T" Yoy, T 2y ) +d(T" Y21, 20)}
<Cp+ L* d(@p, xn1) + L-d(T" Y1, 2,)
<C,+L* d(Ga, ,(Tp-1, T”_lyn_l), Ga, (Tp—1,Zn-1))
+ L-d(Ga, (T Yy 1, T" 2 1), G (-1, T" Y yn_1))
< Oy + L*[(1 = an-1)d(Tp-1,Tn-1) + an-1 - d(T"  yp_1,2n-1)]
+ L[(1 — ap1)d(T™ a1, 1)
+op1 - d(T" Yo, 1, T Yy, )]
<Cp+ L% an1(Cp1 4 Bt - L-Cnq)
+L(1 —ap—1)Ch-1 + L? o1 Bnt1-Cn_1
<Cp+ L(1+2L+L*Cyy, n>1.

This completes the proof of Lemma 3.1. U

We remind that a mapping T': D C X — Y is said to be completely con-
tinuous if it is continuous and maps any bounded subset of D into a relatively
compact subset of Y.

Theorem 3.2. Let (X,d) be a complete CAT(0) space, C' be a nonempty
bounded closed convex subset of X, T : C — C be completely continuous and
uniformly L-Lipschitzian and asymptotically demicontractive with sequence
{an}, an € [1,00), 30 (a2 —1) < o0, e < ap, <1—k—¢ foralln € N

and some € > 0. Given xo € C, defined the G M -algorithm {z,} as (2.6) in
Algorithm 2.8. Then {x,} converges strongly to some fixed point of T

Proof. Since T is a completely continuous mapping in a bounded closed con-
vex subset C' of complete metric space, from Schauder’s theorem, F(T) is
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nonempty. It follows from (2.3) that
d2 (xn—i-lap) = d2(Gan ($n7 Tnﬁn)a Gan (p,p))
< (1 - an)dQ(SUnyp) + and2(Tn$n7p)
— (1 — an)d*(zn, T"zy) (3.3)

for all p € F(T). Since T is an asymptotically demicontractive, from (3.3), we
get

P(5031,9) < (1= n)d(20, ) + an{a2d(2n, p) + b - d(, T"2,)}
— (1 = ap)d*(zn, T"xy)
= d*(zp,p) + an(ay — 1)d*(zn, p)
—on(1—ay — k)d?*(zn, T"z,), Vpe F(T). (3.4)
Since0<e<a,<1—k—¢, we have 1 — k — a,, > €. Thus,
an(l1—k—ay) > g2
From (3.4), we have
P(n41,p) < (0, p) + an(02 — 1) (w0,p) — €2 - (2, T"5,)  (3.5)

for all p € F(T). Since C' is bounded and T is a self-mapping on C, there
exists M > 0 such that d?(x,,p) < M for all n € N. Since 0 < o, < 1, it
follows from (3.5) that

d*(xpy1,p) < d* (2, p) + (a2 — )M — &% - d*(x,, T"x), Vp €< F(T). (3.6)
Therefore,
e?. d2(menxn) < d2($nyp) - d2($n+1,p) + (a?2’L - 1)M'
So

252 d? (2, T"xy) < d*(z1,p) — d*(Trms1, D) +MZ a, —1)
n=1

<d2a:1, ‘I—MZCL -1)

for all m € N. Since >_°° (a2 — 1) < oo, we get

(
262 cd?(xp, T"x,) < 0.
n=1

Therefore,

lim d*(z,, T"2,) =0 and  lim d(z,, T"2,) = 0. (3.7)

n—oo n—oo
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Since T is uniformly L-Lipschitzian, it follows from (3.7) and Lemma 3.1 that
Ii_)m d(xy, Txy,) = 0. (3.8)

Since {x,} is a bounded sequence and T' is completely continuous, there exists
a convergent subsequence {T'zy,} of {T'z,}. Therefore, from (3.8), {z,} has
a convergent subsequence {z,,}. Let lim; o z,, = ¢. It follows from the
continuity of 7" and (3.8) that ¢ = T'q. Therefore, {z,,} has a subsequence
which converges to the fixed point g of T'. Take p = ¢ in the inequality (3.6),
then

d*(wni1,q) < d*(wn,q) + (ap —1)M, VneN.

Since >°°° (a2 — 1) < oo and {d(x,,q)} has a subsequence which converges
to 0, it follows from Lemma 2.9 that
lim d?(zn,q) = 0.

n—oo

Therefore,
lim x, = q.
n—oo

This completes the proof. O

Corollary 3.3. Let (X,d) be a complete CAT(0) space, C be a nonempty
bounded closed convez subset of X, T : C — C be completely continuous and
uniformly L-Lipschitzian and asymptotically demicontractive with sequence
{an}, an € [1,00), 3°° (a2 —1) <00, e <a, <1—k—¢ foralln € N and

n=1

some € > 0. Given xg € C, defined the iteration process {z} by
Tnt1 = (1 —ap)xy ® "2y, n>1.
Then {xz,} converges strongly to some fized point of T
Proof. If we take
Ga, (Tn, T"xy) = (1 — an)zy @ Ty,
in (2.6), then we get Corollary 3.3 from Theorem 3.2. O

Corollary 3.4. Let (X,d) be a complete CAT(0) space, C be a nonempty
bounded closed convez subset of X, T : C'— C be completely continuous and
uniformly L-Lipschitzian and k-strictly asymptotically pseudocontractive with
sequence {an}, an € [1,00), >°0 (a2 —1) < 00, e < ap < 1—k —e for all
n € N and some ¢ > 0. Given xg € C, defined the G, M-algorithm {z,} as
(2.6) in Algorithm 2.8. Then {x,} converges strongly to some fized point of

T.
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Proof. By Definition 1.7, it is clear that T is a k-strictly asymptotically pseu-
docontractive mapping with a nonempty fixed point set and so 7" is an asymp-
totically demicontractive mapping. Therefore, Corollary 3.4 can be proved by
using Theorem 3.2. 0

Lemma 3.5. Let (X,d) be a CAT(0) space and C be a monempty convex
subset of X. Let T : C — C be uniformly L-Lipschitzian and asymptoti-
cally hemicontractive with sequence {a,} C [1,00) for alln € N and F(T) be
nonempty. Define the G.I-algorithm {z,} as (2.5) in Algorithm 2.7. Then
the following inequality holds:

d*(2n41,p) < [1+ anan — 1)(1 + anfp)ld* (zn, p)
— (1 = B — anf — L2B7)d* (20, T )
= an(Bn = an)d* (wn, T"yn)
for allp € F(T).
Proof. Tt follows from (2.3) that

d2(wn+1,p) = dQ(Gan (-Z'm T"yn), Gan (p,p))
< (1= an)d*(zn, p)+and?(T"yn, p)

— (1 = ap)d* (2, T"yy) (3.9)
and
& (yn, p) = d*(Gp, (wn, T"20), G, (P, D))
< (1= Ba)d*(wn, p) + Bud®(T"n, p)
— Bn(1 = Bn)d*(zn, T ) (3.10)
for all p € F(T). Since T is asymptotically hemicontractive, we get
d*(T"yn,p) < and? (Yo, p) + d*(Yn, T"yn) (3.11)
and
(T2, p) < and*(xp,p) + d*(zn, T"xy) (3.12)

for all p € F(T). From (3.10) and (3.12), we have
d2(yn7p) < (1 - Bn)d2(xnap) + ﬁn[and2(l’nap) + dQ(xna Tnxn)]
- (1 - ﬁn)ﬁndQ(xna Tnxn)
= [1+ (an = 1)Bald* (@0, p) + Brd*(wp, T ). (3.13)
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From (2.3), we have
& (yn, T"yn) = d*(Gp,, (w0, T"x0), G, (T"Yn, T )
< (1= Bn)d*(@n, T"yn) + Bud*(T 0, T"yn)
— Bn(1 = Bp)d*(xp, T"xy). (3.14)
Substituting (3.13) and (3.14) into (3.11), we get
d*(T"yn,p) < an[l+ (an — 1)Ba)d*(wn, p) + anBrd” (zn, T"2n)
+ (1= Bu)d* (@, T"yn) + Bud®(T" 2y, T"yy)
— Bu(1 = Bn)d? (wn, T" ). (3.15)
From (3.9) and (3.15), we obtain
d*(Tn11,p) < (1= an)d*(wn, p) + anan(l + (an — 1)Bn)d*(zn, p)
+ ananb’gdz(xn, T"xy) + an(l — Bn)dz(mn, T"yn)
+ B d* (T2, T"Yn) — (1 = Br)d* (2, T2,
— (1 = ap)d®(zn, T"yy)
=1+ an{(an —1) + an(an — 1)/8n}]d2(xn7p)
— anBn(1 = By — anfp)d*(n, T"xy)
— an(Bn — ) (2, T™ ) + B d (T2, T y).  (3.16)
Since T is uniformly L-Lipschitzian and from (2.3), we have
d* (T2, T"yn) < L* - d* (2, yn)
= L% dQ(ng (@n, Tn), G, (¥n, T"n))
< LABnd* (2, T"x0) — Bn(1 — Bn)d(zn, T"z,,)]
< LPB2 - d*(wn, T xn). (3.17)
Substituting (3.17) into (3.16), we obtain
&*(2n1,p) < [1+ an(an — 1)(1 + anfp)ld* (0, p)
— anfBn(1 = B — anfp — L2B5)d% (2, T" )
— an(Bn — a)d* (20, T™yp), Y p € F(T).
This completes the proof. O
Lemma 3.6. Let (X,d) be a CAT(0) space and C be a nonempty bounded

convex subset of X. Let T : C — C be uniformly L-Lipschitzian and asymp-
totically hemicontractive with sequence {an} C [1,00) for all n € N and
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S0 ((an — 1) < co. Let F(T) be nonempty. Given x1 € C, define the G, I-

n=1

algorithm {x,} as (2.5) in Algorithm 2.7. If ¢ < ay, < B, < b for some € > 0
and b € (O, 7”1%2_1), then

lim d(x,, Txy,) = 0.

n—00

Proof. First, we will prove lim, oo d(2p, T"x,) = 0. From Lemma 3.5 and
0 < ay, < B, we have

& (2n41,p) < [14 an(an — 1)1+ anBn)|d? (@0, p)
- O‘nﬁn(l — B — anfn — L2,872L)d2($n, Tn:L‘n).
Thus
A (241, p) —d* (@0, p) < an(an — 1)1+ anBn)d*(zn, p)
— anBn(1=Bn—anBn—L*BL)d*(xn, T"xy). (3.18)

Since Y 2 (an — 1) < oo, we have lim, ,o(an, — 1) = 0. Hence {a,} is
bounded. By boundedness of C' and 0 < «,, < (8, < 1, we obtain that
{a(1+anBn)d?(xn, p)} is bounded. Therefore, there exists a constant M > 0
such that

0 < an(1+ anBn)d*(x,,p) < M. (3.19)
From (3.18) and (3.19), we get
d*(n11,p) — d*(zn,p)
< (an — DM — anfn(1 = Bn — anBn — L?B2)d* (2, T"xy). (3.20)
Let D =1 —2b— L?b? > 0. Since lim,,_,o0 an, = 1, there exists N € N such
that
2 42 2,2 o D
1—=Bn—apfn— LB, >1—b—a,b— L 25>0 (3.21)

for all n > N. Suppose that lim, o d(z,, T"2,) # 0. Then there exist a
g0 > 0 and a subsequence {xy,} of {x,} such that

d*(2p;, T x,) > 0. (3.22)

Without loss of generality, we let ny > N. From (3.20), (3.21) and ¢ < v, < S,
we have

e2(1 = Bn — anBn — L*B2)d* (2, T )
< anﬂn(l - Bn - an/ﬁn - Lgﬂg)d2(l‘na Tnxn)
S (an - 1)M + dQ(l‘n,p) - d2(£n+11p)7
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S0,
ng
e Z (1 — Bm — amfBm — L2/8?n)d2(xmv Tmem)
m=ni
i
=& Z(l - an - anz/gnl B LQ@%l)dQ(xma Tnlxnl)
=1

< d*(2y,p) — A (@n41,0) T M D (am — 1). (3.23)

m=ni

From (3.21),

—

3.22) and (3.23), we obtain

..

|

n;
g0 < d*(xny,p) — d*(Tn,41,0) + M Z (am — 1). (3.24)
m=ni
From ) >7 ,(a, —1) < oo and the boundedness of C, the right side of (3.24) is
bounded. However, if we have i — oo, then the left side of (3.24) is unbounded.
This is a contradiction. Therefore,
lim d(x,,T"x,) = 0.

n—oo

Since T is uniformly L-Lipschitzaian, from Lemma 3.1, we get
lim d(xy, Txy,) = 0.
n—oo

This completes the proof. O

Theorem 3.7. Let (X,d) be a complete CAT(0) space, C' be a nonempty
bounded closed convez subset of X, T : C — C be completely continuous and
uniformly L-Lipschitzian and asymptotically hemicontractive with sequence
{a,} C [1,00) satisfying > o" 1 (an — 1) < 0o for all n € N. Given z; € C, de-
fine the G I-algorithm {x,} as (2.5) in Algorithm 2.7. If {an}, {Bn} C [0,1]
with ¢ < ap < B, < b for somee > 0 and b € (O, 7%%271), then {z,}

converges strongly to some fixed point of T.

Proof. Since T is a completely continuous mapping in a bounded closed con-
vex subset C' of complete metric space, from Schauder’s theorem, F(T) is

nonempty. Since T is completely continuous, there exists a convergent subset
{Tzp,} of {Txy}. Let

lim Tz, = p.

1—00
Since limy, o0 d(2p, Tzy) = 0, from Lemma 3.6, we have

lim z,, = p. (3.25)

1—00
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On the other hand, from the continuity of 7, (3.25) and Lemma 3.6, we
have

d(p, Tp) = Zliglo d(:Em, Txni) =0.

This means that p is a fixed point of 7. From (3.19), (3.21), oy, < B, and
Lemma 3.5, it follows that
d*(@n+1,p) < & (20, p) + (an — 1)M. (3.26)

From (3.25), there exists a subsequence {d*(zy,,p)} of {d*(x,,p)} which con-
verges to 0. Therefore, from Lemma 2.9 and (3.26),

lim d?(zy,p) = 0.

n—oo
Hence,

lim z, = p.
n—oo

This completes the proof. O

Corollary 3.8. Let (X,d) be a complete CAT(0) space, C' be a nonempty
bounded closed conver subset of X, T : C — C be completely continuous and
uniformly L-Lipschitzian and asymptotically hemicontractive with sequence
{an} C [1,00) satisfying > o2 j(an — 1) < oo for all n € N. Given z1 € C,
define the iterative process {xn} by
Tn+1 = (1 - an)xn @ anT"yn,
Yn = (1 - Bn)wn © B T"rp, n>1.

If {an},{Bn} C [0,1] with e < ap, < B, < b for some e > 0 and b €

(0, 7”2]52_1), then {x,} converges strongly to some fixed point of T.

Proof. If we take
Ga, (xnv Tnyn) =(1- an)‘rn © anT"yn,
Gﬁn (an Tnmn) = (1 - 5n)xn @ BnTnxru n > 1
in (2.5), then we get Corollary 3.8 from Theorem 3.7. O

Corollary 3.9. Let (X,d) be a complete CAT(0) space, C be a nonempty
bounded closed convez subset of X, T : C'— C be completely continuous and
uniformly L-Lipschitzian and asymptotically pseudocontractive with sequence
{an} C [1,00) satisfying > oo, (a%2—1) < oo for alln € N. Given x1 € C, define
the G I-algorithm {x,} as (2.5) in Algorithm 2.7. If {a,},{Bn} C [0,1] with
e<ap < Bn<bforsomee>0andbe (0, 7&2]52_1), then {x,} converges
strongly to some fixed point of T.
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Proof. By Definition 1.7, T' is an asymptotically pseudocontractive mapping,
and so T is an asymptotically hemicontractive mapping. Since a, € [1,00),
we have a2 —1 > a,, — 1 > 0. Obviously, > 0% | (@, — 1) < Y% (a2 — 1) < 0.
Therefore, Corollary 3.9 can be proved by using Theorem 3.7. 0

4. SOME REMARKS AND OPEN PROBLEM

For a real number k, a CAT (k) space is defined by a geodesic metric space
whose geodesic triangle is sufficiently thinner than the corresponding triangle
in a model space with curvature k. For k = 0, the 2-dimensional model space
M2 = Mg is the Euclidean space R? with the metric induced from the Eu-
clidean norm. For x > 0, M? is the 2-dimensional sphere ﬁSQ whose metric

is length of a minimal great arc joining each two points. For x < 0, M? is

the 2-dimensional hyperbolic space \/%THQ with the metric defined by a usual
hyperbolic distance. For more details about the properties of CAT' (k) spaces,

see [4, 9, 20, 21].

Open Problem: It will be interesting to obtain a generalization of both
Theorem 3.2 and Theorem 3.7 to C AT (k) space.
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