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Abstract. In this paper, we establish the existence of at least two distinct solutions to a
p-Laplacian problem involving critical exponents and singular cylindrical potential, by using
the Nehari manifold.

1. INTRODUCTION

The original one-dimensional Kirchhoff equation was introduced by Kirch-
hoff [8] in 1883. His model takes into account the changes in length of the
strings produced by transverse vibrations.

In recent years, the existence and multiplicity of solutions to the nonlocal
problem

- (m—i—an Vul? dx) Au= g(z;u) in Q, (1.1)
u =0, on 0Of) .

has been studied by various researchers and many interesting and important
results can be found. For instance, positive solutions could be obtained in
[1,4,9,10]. Especially, Chen et al. [3] discussed a Kirchhoff type problem
when

g(x;u) = f (@) u?%u+ Ag (z) [u""u,
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where 1 < ¢<2<p<2*=2N/(N-2)if N>3,2"=c0if N=1,2, f(z)
and g(z) with some proper conditions are sign-changing weight functions. And
they have obtained the existence of two positive solutions if p > 4, 0 < A <
Ao(m).

Researchers, such as Mao and Zhang [12], Mao and Luan [11], found sign-
changing solutions. As for infinitely many solutions, we refer readers to [7, 14].
He and Zou [6] considered the class of Kirchhoff type problem when g(z;u) =
Af(z;u) with some conditions and proved a sequence of almost everywhere
positive weak solutions tending to zero in L> (€2).

In the case of a bounded domain of RY with N > 3, Tarantello [7] proved,
under a suitable condition on f, the existence of at least two solutions to (1.1)

form=0,n=1 andg(x;u):\u|ﬁu+f.

In this paper, we consider the multiplicity results of positive solutions of
the following Kirchhoff problem

{ Lu = || f (2) [ul* 2w+ pg (x) [u]"uin RS, z #0, (1.2)

uwe Hp (R?),

where L := —m+n (fRs 2|7 | Vu)? dx) div (|x\72a Vu), m>0,n>0,p#0
is a real parameter,1 < ¢ <2, —c0 <a <3, a<b<a+(1/4), 2, = %

is the critical Caffareli-Kohn-Niremberg exponent and f, g are continuous and
sign-changing functions which we will specify later.

This paper is organized as follows. In Section 2, we give some preliminaries.
Section 3 is devoted to the proof of Theorems 3.1 and 3.2.

2. PRELIMINARIES

Before formulating our results, we give some definitions and notation.
The space H = Hé (R3) is equipped with the norm

1/2
Jull = ( / \:c|2“|w|2d:r) .
R3

Let S, be the best Sobolev constant. Then,

—2a 2
d
Se=  inf Jus 2l [Vl da . (2.1)

uweH) (R3)\{0} (ng ‘$|—2*bf|u’2* dw)x
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Since our approach is variational, we define the functional J on 7-[[1) (]R3) by

J (u) = (1/2)mul]* + (1/4) n||u]*

= /2 [ el do = o) [ glultde. (@22)

A point u € H(l) (R3) is a weak solution of the equation (1.1) if it is the
critical point of the functional J. Generally speaking, a function w is called a
solution of (1.1) if u € H, (R?) and for all v € H, (R?) it holds

<m+ n ||uH2> /]R3 (]:1:\_2“ Vqu) dx
= [
R3

Throughout this work, we consider the following assumptions:

22 ydr — ,u/ gulT? wvdz = 0.
R3

(F) f is a continuous function satisfies f(0) = max f(z) >0,
Te

f(@) = £(0) + o(z?) with 8 > 52,
(G) his a continuous function and there exists gg and gy positive such that

g(x) > go for all x € B(0,200), where B(a,r) denotes the ball centered
at a with radius r.

In our work, we research the critical points as the minimizers of the energy
functional associated to the problem (1.1) on the constraint defined by the
Nehari manifold, which are solutions of our problem.

Let po be A real number such that

2n(A+DB) 2 2nA’ 2—g
o = ot X — XY
TRl -l
where
= 1
ql2m o (a=2m o, (2 -q) (5D [ (2-gA ]
- U i—q¢) n T le—g@TB)]

Definition 2.1. ([15]) Let ¢ € R, E a Banach space and I € C! (E,R).
(1) {un}n is a Palais-Smale sequence at level ¢ ( in short (PS).) in E for
Iif
I(up) =c+ o0, (1) and I' (up) = o0, (1),
where o0y, (1) tends to 0 as n goes at infinity.
(2) We say that I satisfies the (PS), condition if any (PS), sequence in
E for I has a convergent subsequence.
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Lemma 2.2. ([16]) Let X be a Banach space and J € C' (X, R) verifying the
Palais-Smale condition. Suppose that J (0) =0 and that

() there exist R >0, r > 0 such that if ||u|| = R, then J (u) > r;
(13) there exist (ug) € X such that ||ug|| > R and J (up) < 0.

Let ¢ = inf J (v (1)), wh
et c ilért?ﬁ’f]( (v (), where

I'={yeC(0,1];X) such that v(0)=0, (1) =wup}.
Then c is critical value of J such that ¢ > r.

It is well known that the functional J is of class C! in ’Hé (R3) and the
solutions of (1.1) are the critical points of J which is not bounded below on

H, (R?).
Consider the following Nehari manifold
N = {u € Hy (R?)\ {0} : <J’ (u),u> :o}.
Thus, v € N if and only if

() [ (1l 1Val?) da= [ ol 1

Define

2 dac—,u/ glul?dx =0.
R3
(2.3)

Then, for u € N,

(¢ () = (2 an )l = 2. [ Jal* 7luf* do — g | glul?da
R3 Q

= |- aym+@—qnlul’] |ul*~ @ - q) /R 27 f

2*
dx

=(2—0) M/RS glul?de — (4m +2n ||u||2) [ (2.4)
Now, we split A in three parts:

/

Nt = {ue/\/’: <<,0 (u),u>>0},
N = {UEN: <g0/(u),u>:()},
N- = {ue/\/: <gpl(u),u><0}.

Note that A contains every nontrivial solution of the problem (1.1). More-
over, we have the following results.
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Lemma 2.3. J is coercive and bounded from below on N .
Proof. If u € N/, then by (2.4) and the Holder inequality, we deduce that
T (w) = (1/2)m|ul]® + (1/4) n Ju]*

—(1/2) / 1272 f Jul® dz — (u/q) / g Jul? dz
R3 R3
11 ) 11 A 11y, .
2 (=g ) Il (= 5 ) ol = (5 = 5 ) ] bl

Thus, J is coercive and bounded from below on N. O

We have the following results.
Lemma 2.4. Suppose that ug is a local minimizer for J on N. Then, if
ug ¢ N, ug is a critical point of J.

Proof. If ug is a local minimizer for J on N, then ug is a solution of the
optimization problem
min J (u).
{u/ p(u)=0}

Hence, there exists a Lagrange multipliers § € R such that
J' (ug) = 0 (ug) in H~L.
Thus,
<J/ (up) ,u0> =40 <g0l (up) ,uo> .
But, <g0/ (uo) ,u0> # 0, since ug ¢ N9 Hence § = 0. This completes the
proof. 0

Lemma 2.5. There exists a positive number po such that, for all u € (0, ug) ,
we have N0 = ().

Proof. Let us reason by contradiction. Suppose NV # () such that 0 < u < po.
Moreover, by the Holder inequality and the Sobolev embedding theorem, we
obtain
4 2
lull® = A" Jull” — B [|ul|* (2.5)
and
4 2. 2
Jull, < Aflull™ = Blull (2.6)
with

2
(2e—a\ (Sa)> L, (2—q\(m\ ,_2m o, (2.—q +
A_<4—q) n ’B_<6—q>(n>’A_n’B_< 2n>”‘g o

From (2.5) and (2.6), we obtain y > p0, which contradicts an hypothesis. [
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Since, N = N T UN . Define

§:= inf J(u), 67 := inf J(u) and § := inf J(u).
ueN ueN+ ueN—

For the sequel, we need the following lemmas.

Lemma 2.6. (1) For all pu such that 0 < p < pp, one has § < 6T < 0.
(2) There exists 1 > 0 such that for all 0 < p < py, one has

0" >Cy=0Cy (m7 n, q, |g+|oo) )

Proof. (1) Let w € N*. By (2.4), we have
[(@-am+a—anlu?)/ @ -] [ > [ 1o s do
R3

and so

7= (-2l (53 Y mbat+ (2= ) [ el 1
<[(G-0)-(5-2) (=9
[G2)- (G -2) G=9) e

We conclude that § < 6T < 0.

2*
dx

(2) Let u € N™. By (2.4) and the Holder inequality, we get

11 ) 11 . .
s =m (55 )l n (G- ) luli=n [ glulta.
11N, 11y, .
> (5= g0 ) Il = (5 = 5 ) lo* L el

11
Thus, for all p such that 0 < p < g = ( <f 2*>

1
g—g)k]ﬂw

3

, we have J (u) > Cp. O

We define:
Fti=ue N/ fosle| > flu*dz >0},

Fy :=3ueN/ [ 2|72 fluf* dz <0},
Gt i={ueN/ [psglulfdz >0},
Gy ={ueN/ [z glulds <0}
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and for each u € H with u € F™, we write

11 244
3 (5 1)
2, (2, —2) (% - %) Jgs |:L'|—2*bf u 2 do

Lemma 2.7. Let p real parameters such that 0 < p < pg. For each uw € H we
have
(1) ifu e Ft NGy, then there exists unique t+ > tar such that ttu € N~
and

tm = tmax (u) =

J (tTu) > J (tu) fort > ta,

(2) if u € F* N GT, then there erist unique t* and t~ such that 0 <

t— <ty <th, (ttu) e N7, t7u e Nt and

J(ttu) > J (tu) fort >t~ and J (t"u) < J (tu) forte [0,t7],

(3) ifue F~ NG, then does not exist t > 0 such that (tu) € N,
(4) if w € Fy N GT, then there exists unique 0 < t~ < +o00 such that

(t7u) e NT and

J(t7u) = %rzng(tu).

Proof. With minor modifications, we refer to [2]. O

Proposition 2.8. ([2])

(1) For all p such that 0 < p < po, there exists a (PS)z+ sequence in N't.
(2) For all pu such that 0 < p1 < 1, there exists a (PS)s- sequence in N~ .

3. MAIN RESULTS

Now, taking as a starting point the work of Tarantello [13], we establish the
existence of a local minimum for J on N 7.

Theorem 3.1. Assume that 1 < ¢ <2, —oc0 < a < %, a<b<a+(1/4), and
(F) satisfied and p verifying u < po. Then the problem (1.1) has at least one
positive solution.

Proof. If 0 < p < po, then from Proposition 2.8, there exists a {up}n (PS)s+
sequence in AT, thus it bounded by Lemma 2.3. Then, there exists uar eH
and we can extract a subsequence which will denoted by {uy,}, such that

u, — ug weakly in 7—[(1) (}R3) , (3.1)
Uy — uar weakly in L** (R3) ,
u, — wug strongly in L9 (R?’) ,

Uy — ug a.e in R3.
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Thus, by (3.1), ug is a weak nontrivial solution of (1.1).
Now, we show that {u,} converges to uo strongly in 7—[5 (]R3). Suppose

otherwise. By the lower semi-continuity of the norm, then either H“o H <

liminf ||u,| and we obtain
n—=o0

o< ) =m (=g ) Il n (G5 ) sl = [ ol o

< liminf J (u,) =6,
n—-ao0
which is a contradiction. Therefore, {u,} converge to ug strongly in ’H(l) (R3).
Moreover, we have uar € NT. If not, then by Lemma 2.7, there are two
numbers to and ¢, , uniquely defined so that (to Ug ) € Nt and (t ug ) eN™.
In particular, we have to < t, = 1. Since
2

d d
= (1) S ()

there exists tar <t~ <ty such that Jy (tarug) < Jy (t*uar). By Lemma 2.7,
we get

t0+:0 and tg>0,

lt= |t=

I (togug) < I (tTug) < I (tgug) = Ix (ug)

which contradicts the fact that J (uo) = ¢T. Since J (ug ) =J (|uar ‘) and
‘ug | € N7, then by Lemma 2.4, we may assume that ug is a nontrivial
nonnegative solution of (1.1). By the Harnack inequality, we conclude that
ugd > 0, see for example [5]. O

Next, we establish the existence of a local minimum for J on N .

Theorem 3.2. In addition to the assumptions of the Theorem 3.1, if the
condition (G) hold, then there exists uy > 0 such that for all p verifying
0 < p < min (pg, 1) the problem (1.1) has at least two positive solutions.

Proof. If 0 < 6 < 61, then from Proposition 2.8, there exists a {uy }n, (PS)s-
sequence in N7, thus it bounded by Lemma 2.3. Then, there exists u, €
7-[(1) (R3) and we can extract a subsequence which will denoted by {u,}, such

that
u, — u; weakly in 7—[(1) (R3 )
U, — up weakly in L% (R3) ,
up — u, strongly in L? (R?’) ,

Up — Uy a.ein R3.
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This implies that

_Q*b
Ll 1

Moreover, by (G) and (2.4) we obtain

Zdr — / |x\_2*bf ‘“5‘2* dz, as n goes to co.
R3

[ el o> [ Dl 4+ =D

A T e T R

> Ch

- :éii%m]z [(gt_—(zq))”‘?’} {M"—Q}_Q-
If n > ?’(T:qq)), we get

/RS 2|72 f lup|®* dz > C1 > 0. (3.2)
This implies that

/R3 x| 72t f lug > dx > (.

Now, we prove that {u,}, converges to u; strongly in 7—[(1) (R3). Suppose
otherwise. Then, either ||u; || < liminf [|u,||. By Lemma 2.7, there is a unique
n—-—ao0

ty such that (taug) € N~. Since
un, € N7, J (up) > J (tu,) forall ¢ >0,

we have

T(toug) < lim J(tgun) < lim J(un) =0,

and this is a contradiction. Hence,
(un), — ug strongly in H(l) (R3) .
Thus,
J (u,) converges to J (uy ) =46~ as n tends to + oo.
Since J (ua) =J (|u0_‘) and u, € N, then by (3.2) and Lemma 2.4, we may
assume that ug is a nontrivial nonnegative solution of (1.1). By the maximum
principle, we conclude that ugy > 0.

Now, we obtain that (1.1) has two positive solutions uj € Nt and uy €
N~. Since N* NN~ = (), this implies that uj and uy are distinct. O
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