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Abstract. In this paper, we introduce the notion of N-bipolar soft disjoint sets, N-bipolar
soft separate, and explore the attributes and characterizations of N-bipolar soft connected-
ness and N-bipolar soft disconnectedness and study the relation between them. By providing
a detailed picture of N-bipolar soft connected and disconnected spaces. We study N-bipolar
soft compact spaces and obtain outcomes associated with this idea. Also, we introduce a
new game using IN-bipolar soft open covering and study some of the characterizations of this
game.

1. INTRODUCTION

Molodtsov [14] used acceptable parametrization. He initiated the intro-
ductory notion of soft-set propositions in 1999 and presented the first result
of the proposition. He has attracted numerous research to this proposition.
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Topology is prominent in colorful branches of mathematics. Therefore, the
idea of soft topological spaces was introduced by Shabir and Naz [22]. Akdag
and Ozkan ([1], [2]) presented the concepts of soft a-open, the soft b-open, and
their respective continuous functions. The soft b*-closed and soft b*-continuous
functions are studied by Hameed et al. [5], [6]. Hussain [9], defined a note on
soft connectedness. Peygh et al. [16] studied soft locally connected and soft
connected spaces rely on soft disjoint open set. The bipolar soft set was pro-
posed by Shabir and Naz [23]. Shabir and Bakhtawar introduced the bipolar
soft connected and also studied bipolar soft compact [20]. In [4], Fatimah et
al. introduced the concept of N soft sets, which serves as an expanded model
of the soft set. Mustafa [15] presented and studied the N-bipolar soft set and
N-bipolar soft topological spaces. Shabir and Naz [21], defined the concept of
N-bipolar soft and elucidated its utilization in the context of decision-making.
Also, some basic operations on the bipolar N-soft sets was described by Kamac
et al. in [10].

The study of selection rules has a long history in mathematics, dating back
to the influential work of Menger et al. [13] and Hurawicz ([7], [8]). The
systematic investigation of selection principles was initiated with the research
of Scheepers [19]. This theory has significant connections to various branches
of mathematics, including set theory, general topology, game theory, Ramsey
theory, uniform spaces, hyperspaces, and topological groups. For the the-
ory of the selection principle and game theory, see Kocinac [12], LjDR [11],
Babinkostova et al. [3], Radwan et al. [17], Sakai et al. [18].

In the present work, we introduce N-bipolar soft disjoint sets, N-bipolar soft
separated, IN-bipolar soft connectedness and N-bipolar soft disconnectedness.
Also, we define the N-bipolar soft compact. Moreover, we study a new game
by using N-bipolar soft open covering and some of the characterizations of
this game.

2. PRELIMINARIES

In this study, let X be an initial universe and 2% be the power set of X.
Moreover, H # () is the collection of parameters that are being considered.

Definition 2.1. ([14]) (¥,9) is referred to be a soft set over X if ¥ is a map

from 9 to P(X).

Definition 2.2. ([4]) Let X be an N-soft set on X if ¥ : 9 — 92X xR for
each V € ¥ and p € X, there exists a unique (p,ry) € X x R such that
(p,1v) € U(V),ry € B, R={0,1,.....,N — 1} with N = {2,3, ...}



N-Bipolar soft connectedness, disconnectedness and compactness spaces 27

Definition 2.3. ([23]) (¥, (,?) is a bipolar soft set on Xif 09 — 25 and
¢ : =9 — 2% with the property that for each V € 9, ¥(V) N {(=V) = ¢.

Definition 2.4. ([15]) (¥,(,9,N) is an NBS-set on X if ¥ : 9 — 2X%% and
¢ : = — 2X%E with the property that for each V € ¢ and p € X, there exists a
unique (p, 7v), (p, 7-v) € X x R such that (p,rv) € U(V), (p,r-v) € ((=V),
ry #roy and 0 < ry4+r-v < N —1ry,roy € R, R={0,1,....., N — 1} with
N =1{23,..}.

Definition 2.5. ([15]) Let (¥,¢,9,N) be an NBS-set on X. The comple-
ment of (¥, ¢, 9, N), denoted as (¥, (, ¥, N)¢ can be as follows: (¥, (, 9, N)¢ =
(W€,¢%,9, N) with ¥=(V)(p) = ((=V)(p) and ¢*(~V)(p) = ¥(V)(p) for all
Vedand p e X.

Definition 2.6. ([15]) An NBS-set (¥,(,9,N) on X is referred to as an
empty N BS-set, denoted as ¢1]9V = (Vo,(n-1,9, N) satisfying the condition
for each V € 9, ¥o(V)(p) =0 and (n_1(=V)(p) = N — 1 for all p € X.

Definition 2.7. ([15]) An NBS-set (¥,(,9, N) on X is referred to as a uni-
versal N BS-set, denoted as Xﬂ = (Un_1,C0, ¥, N) satisfying the condition
for each V € 9, Un_1(V)(p) = N — 1 and (o(=V)(p) =0 for all p € X.

Definition 2.8. ([15]) The N BS power whole set pw(¥, (, ¥, N) of the NBS-
set (U, ¢, ¥, N) is defined by

(p&](\I/,C,Tg,N) - {(\Ij7<)z : (‘II7C)Z C (\Ij7<)7197N7i € N}

such that W(V)(p) = W;(V)(p) and ¢(~V)(p) = G(=V)(9); V € Y and p € X,
where (¥, (); = (V;, §, ¥, N) is NBS-subset of (¥,(, 9, N).

Definition 2.9. ([15]) Let (¥,¢,9, N) be an NBS-set on X. A collection of
N BS-subsets of (U, (, 4, N) is referred to as N-bipolar soft topology (NBSTy)
n (¥, (, 9, N) denoted as 3719\/ , if the following conditions are satisfied.
(1) gbé\[?(\Ijan’lgaN) 63{9\[
(2) Arbitrary unions of members J% of belong to J%.
(3) Finite intersections of members J% of belong to J%.

The pair (¥, (, 9, N, 3{;[) is said to be an N-bipolar soft topological spaces
(NBSTgs). Every member of 31];[ is referred to as an N-bipolar soft open set
(N BS-open set). In addition, the complement of an N-bipolar soft open set
is called an N-bipolar soft closed set (N BS-closed set).
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Definition 2.10. ([15]) Let (¥,(,9,N,3%) be an NBSTs and (¥,(); =
(U, (1,9, N) C (V,¢,9,N). Then the collection

gé\\;,ol = {(\117C>Z N (\Ijla<1719aN) : (‘I/,C)z S 31];[

is referred to as an IN-bipolar sub-topology or N-bipolar relative topology on
(U1,(1,9,N). The pair (¥q, (1,9, N,J?{Ij C)1) is referred to as an N-bipolar

subspace of (¥, ¢, 9, N, 3%).

Definition 2.11. ([15]) Let (\I/,C,ﬂ,N,fjf;[), (¥, ¢, 9, N, 5119\7) be two NBSTsg
over (U,(,9,N). If 31]9\[ - 5119\/ then 51]9\7 is referred to as finer than 31]9\7.

Definition 2.12. ([15]) Let (¥,¢, 9, N,JY) be an NBSTs. Every member of
31]9\[ can be expressed as a union of some elements from subfamily A of 31]9\7 is
referred to as an IN-bipolar basis for 3{;7 .

For more details, one may see [10], [15] and [21].

3. N-BIPOLAR SOFT CONNECTED SPACES

In this section, we discuss and explore the properties of N-bipolar topologi-
cal spaces called the N-bipolar connectedness and N-bipolar disconnectedness.

Definition 3.1. Two NBS-sets (V1,(1,9, N), (o, (2,9, N) are referred to
as N-bipolar disjoint if

min(¥1(V)(p), ¥2(V)(p)) =0
for all Ve 9 and p € X.

Definition 3.2. Let (¥,¢,9, N,JY) be an NBSTs. An N-bipolar separation
of (U,(,¥,N) is a pair (¥1,(1,9,N), (¥a,(2,9, N) of NBS-open sets are
disjoint non-null such that

max(¥1(V)(p), V2(V)(p)) = ¥(V)(p)
for all Ve 9 and p € X.

Definition 3.3. An NBSTs (¥,(,9, N,JY) is referred to as an N-bipolar
soft disconnected space (/N BS-disconnected space) if there exists an N-bipolar
separation of (¥,(,d, N). Moreover, (¥, (, 9, N, 31%[) is referred to as an N-
bipolar connected space (INBS-connected space) if and only if it is not an
N-bipolar disconnected space.
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Example 3.4. Consider a set of houses under consideration denoted as X =

{91, 92},
Y ={V1 = Morbled, Vo= Modern}

and
-9 = {=V1 = Wooden, -V = Traditional}.
Consider a 5BS-set to describe the design of houses in the following manner:
(‘I/,C,ﬂ, 5) = {(< Vi, {(@172)7 (927 1)} >, < Vi, {(@1, ) (@27 )} >)
(< Va2, {(91,3), (p2, 1)} >, < =V, {(p1,1), (p2,2)} >)}
then
3159 = {(\Ila Ca 197 5)7 ¢1591 (\IJ7 C)l? (\Ila C)Q}a
where (¥, ()1, (¥, ()2 are 5BS-subsets on 5BS-set (¥, (,1,5) defined as fol-
lows:
(\I/,C)l = {(< V1,{(KJ1,2), (@270)} >, < _'vlv{( 1)7 (927 )} >)
(< v27{(plv3)7(9270)} >,<‘\V2,{( )7(@27 )} >)}
and
(W, Q)2 = {(< V1, {(p1,0), (p2, 1)} >, < =V, {(p1,4), (92, 2)}
(< V2,{(p1,0),(p2,1)} >, < —|V2’{(@174) 02,2 } }
(

Then (¥, ¢ ,19,5,3159) is b-bipolar soft disconnected space because (¥, (); and
(U, ()2 form 5-bipolar soft separation of (U, (,¥,5).

>)7
>)

Theorem 3.5. An NBSTs (¥,(,9,N,JY) is N — bipolar soft disconnected
space if and only if there exist two N BS-closed sets (1, (1,9, N), (Va, (2,9, N)
with (1 (=V)(p) # 0, (2(=V)(p) # 0 for some V € ¥ and p € X such that

max(C1(=V)(p), 2(=V)(p)) = ¥(V)(p)
for all =V € =9 and

min(¢1 (—~V)(p), (=V)(p)) =0
for all =V € = and p € X.

Proof. Suppose that (¥, , 7, N,fjg) is an N BS-disconnected space. Then
there exists an N BS-separation of (¥, (, 9, N). Let (Q,(,¥, N) and (H,{,¥,N)
form N BS-separation of (¥, (,d, N). Then

max(Q(V)(p), H(V)(p)) = ¥(V)(p)
for all Ve ¥ and p € X, Q(V)(p) # 0, H(V)(p) 75 0 for some V € ¥ and
)

min(Q(V)(p), H(V)(p)) =
for all V € 9 and p € X.
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As Q(V)(p) = C(=V)(p) and H(V)(p) = F(=V)(p). Therefore, we have

max(¢“(=V)(p), F(=V)(p)) = ¥(V)(p)

and
min(¢“(=V)(p), F*(=V)(p)) = 0
for all =V € =V and p € X, where ¢¢(=V)(p) # 0, F¢(=V)(gp) # 0 for some
-V € —9. Moreover, (Q,(,9,N)¢ and (H,F,9,N)¢ are NBS closed sets,
since (Q,¢, 9, N), (H,F,9,N) € J.
Conversely, suppose that there exist two NBS closed sets (V1, (1,9, N),

(Pa, (2,9, N) with (1(=V)(p) # 0, (2(=V)(p) # 0 for some V € 9 such that

max(C1(=V)(p), 2(=V)(p)) = ¥(V)(p)

for all =V € =9 and p € X, and

min (1 (=V)(p), (=V)(p)) =
for all =V € =9 and p € X. Then (U1, (1,9, N)C and (\IJQ,CQ,ﬂ N)¢ are NBS-
open sets with W§(V)(p) = C1(=V)(p) # 0, ¥5(V)(p) = C2(=V)(p) # 0 for
some V € 9 such that
max(V(V)(p), ¥5(V)(p)) = max(C1(=V)(p), (=V)(p)) = ¥(V)(p)
for all V € 9 and gJEX', and
min(¥§(V)(p), ¥5(V)(p)) =0
for all V € ¥ and p € X. Therefore, (Uy,¢1,9, N)€ and (Vy, (2,9, N)¢ form an

N BS-separation of (¥, (,9, N). Thus, (¥,¢, 9, N,JY) is an NBS-connected
space. [l

Remark 3.6. The union of two N BS-connected spaces over the same N B.S-
set need not to be an N BS-connected space.

Example 3.7. Let X = {p1,p2} and ¥ = {V,Va}, =0 = {~V,-Vs}.
Consider a 5B.S soft set in Example 3.4 as follows:
(‘11, ¢, 1, 5) = {(< Vi, {(@1, 2)7 (@27 1)} >, < Vi, {(pla 1)7 (92’ 2)} >)’
< Vg, {(@17 3)7 (@27 1)} >, < Vg, {(@17 1)’ (va 2)} >)}
and
39 = (0., V,5), 6%, (¥, 01}, & = {(¥,¢,9,5), 67, (¥, ()2},
where (¥, ()1, (¥, ()2 are 5BS-subsets on 5BS-set (¥, (,1,5) defined as fol-
lows:
(¥, 1 = {(< Vi, {(p1,2), (p2, 1)} >, < =V, {(p1, 1), (92, 2)} >),
(< Vo, {(p1,3)} >, < =V, {(p1,1), (2,2)} >)}
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and

(\Ilv C)Q = {(< Vi, {(@17 2)7 (927 1)} >, <V, {(@17 1)7 (927 2)} >)7
(< Vo, {(p1,3)} >, < =V, {(p1,1)} >)}.
Then (Q,C,ﬁ,5,3g) and (\IJ,C,19,5,§g) are 5BS-connected spaces. But we

note that J5U&3 is not 5BS-connected space because (¥, ()1 and (¥, ()2 form
5BS-separation of (U, (,4,5).

Theorem 3.8. The intersection of two N BS-connected spaces over the same
NBS-set is also a NBS-connected space.

Proof. Let (V,¢, 9, N,35) and (¥, ¢, 9, N, £5) be two N BS-connected spaces.
Suppose that (¥, (, 9, N, Jgﬂﬁg) is not an N BS-connected space. Then there
exist NBS-sets (V1,(1,9, N), (¥, (2,9, N) belonging to JgﬂﬂN, which forms
an N BS-separation of (¥, ¢, 9, N) in (¥, ¢, 9, N, 3} n £).

Since (¥1,¢1,9,N), (¥2,(,9,N) € Jy N LY, (¥1,4,9,N), (¥2,(,9,N)
€ 3 and (¥1,¢1,9,N), (¥a,(2,9,N) € £l

This implies that (¥y,(1,9, N), (Ve, (2,9, N) form an N BS-separation of
(¥, ¢,9,N) in (¥,¢, 9, N, 35) and (¥1,¢1, 9, N), (Va, (2,9, N) form an N BS-
separation of (¥,(,d, N) in (¥, (, ¥, N, 2119\7), which is a contradiction to the
given hypothesis. Thus, (¥, ¢, 9, N, Y N£Y) is an NBS-connected space. [

Remark 3.9. The intersection of two N B.S-disconnected spaces over the same
N BS-set needs to not be a N BS-disconnected space.

Example 3.10. Let X = {p1, 92, p3} and ¥ = {V1,Va}, -V = {=V1,~Va}.
Consider a 5BS-set as follows:

(\IJ7C7797 5)
= {(< v17{(9172)7 (9273)7 (@37 1)} >, < _‘vla{(ph 1)7 (K‘)?a 1)7 (@373)} >)7
(< v27 {(Pl, 1)7 (9272)7 (9373)} >, < _\Vg, {(@1, 2)7 (927 1)7 (937 1)} >)}
and
3159 = {(\P7<71975)¢¢g7 (\Ilagha (\I/aC)Q}v §159 = {(\117<7197 5)1 qb?g, (\117C)37 (‘I/,C)4},

where (U, ()1, (P, ()2, (¥,()s3, (¥,()s are 5BS soft subset on 5BS’ soft set
(¥, (,9,5) defined as follows:

(\IJ7€)1
= {(< V1, {(91,2), (92,0), (3, 1)} >, < =V1,{(p1,1), (p2,4), (03,3)} >),
(< V2,{(p1,1), (92, 0), (p3,3)} >, < =V2,{(p1,2), (p2,4), (03, 1)} >)},
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(‘ljvg)Q
= {(< V1, {(91,0), (p2,3), (3, 0)} >, < =V1,{(p1,4), (2, 1), (p3,4)} >),
(< v27{(p170)’ (@2’2)7 (93,0)} >, < _‘v27{(pla4)7 (@2a 1)7 (@3a4)} >)}7

(\:[17()3
= {<< V1,{(p1,2), (@273)7 (@370)} >, < _‘V1,{<@17 1), (927 1)7 (@374)} >>7
(< Va, {(phO)v (9270)7 <p373)} >, < 2V, {(p174)7 (9274% (937 1)} >)}

and

(\Ij7<)4
= {(< Vi, {(pho)v (pg,O), (937 1)} >, < Vi, {(9174% (9274)7 <p373)} >),
(< v27 {(@17 1)7 (9272)7 (p3,0)} >, < _'v27 {(@172)7 (@27 1)7 (p370)} >)}

Then (W,C,ﬂ,’é,ﬁg) and (\I’,C,ﬁ,’é,ﬁg) are 5BS-disconnected spaces. But we
note that 3159 N 5159 is not 5B.S-disconnected space.

Theorem 3.11. The union of two NBS disconnected spaces over the same
NBS-set is a NBS disconnected.

Proof. The proof is obvious. U

Theorem 3.12. Let (\P,C,ﬂ,N,Jq@V) be an NBSTs over (V,(,9,N). And
let the NBS-sets (Va,(2,9,N) and (V3,(3,9,N) form an N BS-separation

of (¥,(,9,N). If (\Pl,Cl,ﬁ,N,ﬁé\\; C)1) is an N BS-connected subspace of
(0, ¢, 9, N, 35), then U1(V)(p) C Ua(V)(p) for all V € ¥ and p € X or

U1 (V)(p) CU3(V)(p) for all V €V and p € X.

Proof. Since (Vy,(2,9,N) and (¥s,(3,9, N) form an N BS-separation of
(U, ¢, 9, N), we have

min(¥(V)(p), max(¥a(V)(p), ¥3(V)(p))) = ¥(V)(p) (3.1)

for all V € ¥ and p € X, U5(V)(p) # 0 and U3(V)(p) # 0 for some V € 9
and

min(¥5(V)(p), ¥3(V)(p)) =0 (3.2)

for all V € 9 and p € X.
As (Uq,(,9,N) C (V,(,9,N), and (\Ill,Cl,ﬁ,N,JfYI, C)l) is an NBSTsg

of (¥,¢,9,N,JY), then we have (¥y,¢1,9,N) N (¥, (2,9, N) € 3?&, n and
(\1117C17’197N) N (\113’<27?97N) € 3?{1}701 SO,

min(¥1(V)(p), max(¥2(V)(p), ¥3(V)(p))) = ¥1(V)(p)
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for all V € ¢ and p € X. But

min(¥1(V)(g), max(¥2(V)(p), ¥3(V)()))
= max(min(¥1V(p), ¥2(V)(p), min(¥1(V)(p), ¥3(V)(p))))

= Vi (V)(p). (3-3)
Since min(V2(V)(p), ¥3(V)(p)) = 0, then
(min(min(¥1(V)(p), ¥2(V)(p), min(¥1(V)(p), ¥3(V)(9)))))

(
—mln(%(v)(p),mm( 2(V)(9), ¥3(V)(p)))
= min(¥,1(V)(p),0) =

for all V € ¢ and p € X. Since (Uq,(1,9,N) is a NBS connected subspace
of (¥,(,9, N), we have either

min(¥1(V)(p), ¥2(V)(p)) =0
min(¥1(V)(p), ¥3(V)(p)) =0
forall V € ¥ and p € X. If min(¥(V)(p), ¥2(V)(p)) = 0, then from equation
(3.3)
min(¥1(V)(p), ¥3(V)(p)) = ¥1(V)(p)

for all V € ¥ and p € X. So U1 (V)(p) C U3(V)(p) for all V € ¥ and p € X.
SO (\Illaglaﬁ N) = (\1]374'3;29 N)
Similarly, if min(¥1(V)(p), ¥3(V)(p)) = 0, then from equation (3.3)

min(¥1(V)(p), ¥2(V)(p)) = ¥1(V)(p)

for all V € ¢ and p € X. So, U1(V)(p) C Uy(V)(p) for all V € 9 and
peX. U

4. N-BIPOLAR SOFT COMPACT SPACES

We discuss and explore in this section a new compact space called the V-
bipolar compact and investigate certain characteristics of them.

Definition 4.1. A family U = (Vq,(a, ¥, N)aec of NBS-sets is called N-
bipolar soft cover (N BS-cover) of an NBS-set (V,(,d, N) if

<\II7 C7 197 N) g UO&EC(\I/OU ch 197 N)
Also, it is called the N BS-open cover of an NBS-set (U, (, 9, N) if every

member of U is an NBS-open set. An N-bipolar soft subcover of U is a
subfamily of U which is also a N-bipolar soft cover.
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Definition 4.2. A NBSTs (V,(, 9, N, 3119\7) is called an N BS compact space,
if each N BS-open cover of (¥, (, 9, N) has a finite N-bipolar soft subcover.

Example 4.3. Let X = {p1, p2, p3} and 9 = {V1,Va}, =9 = {~V1, -V}
Consider a 5BS-set as follows:
(V,¢,9,5)
= {(< Vi, {(@17 2)7 (@27 3)’ (937 1)} >, < Vi, {(@17 1)’ (927 1)’ (@37 3)} >)v
(< Va, {(pla 1)7 (WQ, 2)7 (937 3)} >, < 2V, {(pla 2)7 (927 1)7 (@3’ 1)} >)}

and

3159 = {(\Ija Ca 29, 5)7 ¢159’ (\IJ7 C)l? (\IJ7 C)Q? (\Ija C)3}a
v,

where (U, ()1, (¥, ()2, (¥,()s are 5BS-subsets on 5BS-set (¥, (,9,5) defined

as follows:
(\I}7C)l
={(< V1,{(p1,2), (92,0), (03, 1)} >, < =V1,{(p1,1), (92,4), (03,3)} >),
(< Va, {(91,1), (92,0), (93,3)} >, < =V, {(p1,2), (2,4), (3, 1)} >)},

(IIJ7C)2
= {(< V1, {(p1,2), (92,0), (p3,0)} >, < =V, {(p1,1), (p2,4), (93,4)} >),
(< Va2, {(p1,1), (92,0), (p3,0)} >, < =V2,{(1,2), (92, 4), (03,4)} >)}

and

(\IJ7C)3
={(< V1, {(p1,2), (92,3), (93,0)} >, < =V1,{(p1,1), (02, 1), (03,4)} >),
(< Va, {(91,1), (92,2), (93,0)} >, < =V, {(p1,2), (92, 1), (p3,4)} >)}.

Then (\IJ,C,19,5,3?9) is 5BS soft space over (¥,(,d,5). Hence, it is easy to
show that (¥, (,d, 5,3159) is 5BS-compact space, since every 5BS-open cover
of (¥, (,d,5) has a finite 5BS-subcover.

Definition 4.4. Let (¥, (,9, N,3%) and (¥,¢, 9, N,£Y) be two NBSTs over
(¥,(,9,N). If 31]9V C 5119\7 or {1]9\[ - 3]7;[ then Jg is said to be comparable with
&'

Theorem 4.5. Let (V,(,9, N, 5119\7) be an N BS-compact space and 31];[ C fév.
Then (\II,C,ﬁ,N,Jfgv) is an N BS-compact.
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Proof. Let (Vq,Ca, ¥, N)aec be the NBS-open cover of (¥,(, 9, N) in
(¥, ¢, 9, N,3%). Since 35 C &, (Wa, (a9, N)aec is the NBS-open cover of
(¥, ¢, 9, N) by NBS-open sets of (¥,¢, 9, N,&Y). But (U,¢, 9, N,£Y) is an
N BS-compact space,

(¥, (,9,N) C (Yo, Cays I, N)U (Yo, Cag, ¥, N) U ... U (Py,, Cay s U, N)

for some aq, ao, ..., an € (. Hence, (\II,C,ﬁ,N,fjl,Jy) is an N BS-compact. O

Theorem 4.6. Let (V1,(1,7, N,ﬁf\&, C)1) be an NBSTsg of (\II,C,ft?,N,Jf;[).
Then (V1, ¢, 9, N, Jafp Ol) 1s an N BS-compact space if and only if every NBS
cover of (¥1,(1,9,N) by NBS-open sets in (V,(,9, N) contains a finite sub-

COver.

Proof. Let (¥q, (o, ¥, N)ace be a cover of (Vy,(1,9,N) by NBS-open sets
in (V,¢,9,N). Now, (V1,¢1,9,N) C Upec(¥a,Ca, ¥, N). Then there exists
. € ( such that
(\Illa 417197 N) g UaEC(\IlOU Cavﬁa N) g (\Il()éca Cac7197 N)
Since (Vq,, Ca,, 9, N) € I, we have
(\IthlvﬁaN) - (\II17C17197N) N (\Ilawgacaﬁa N)
g Uae((qjla Clv 197 N) N (\I/On COM ’197 N)
Then (¥(w.¢),0>(w,¢)1a> V> IV) is an NBS open cover of (¥1,(1,, V). Since
(¥1,¢1,9, N, 3?{11 4)1) is an N BS-compact space, we have

(1, G0 N) C (P (w,0)10, 0 G010y 9 V)

U (\I](\I’7C)1a2 ’ C(\D7C)1a2 ) 19’ N) U---u (‘Ij(qjvg)lan ) C(\II,C)lan ’ 19’ N)
for some aq, g, ..., a, € (. This implies that {(Vq,, (s, ¥, N)}, is an NBS
subcover of (¥y, (1,9, N) by NBS open sets in (¥, (, 9, N).

Conversely, suppose that {(V(p ¢),.,C(w,0)1as ¥ V) }aec is an NBS-open
cover of (¥, (1,9, N). We see that {(¥q, (a,?, N)}aec is an NBS open cover
of (¥1,¢(1,9, N) by NBS-open sets in (¥,(,9, N). Therefore, by the given
hypothesis we have

(‘IJ17<1,19,N) - (‘I’a1aCa1»19,N) U (\Ilazvcoéz’ﬁ,N) U---u (\IlanacanaﬁaN)
for some aq, g, -+, an € ¢. Thus, {(V(y ), Cw,)n. >V V), is an NBS
subcover of (¥q,(1,9, N). Hence, (\Ifl,Cl,ﬁ,N,fjéYp C)1) is an N BS-compact
space. O

Theorem 4.7. An NBSTs (V,¢,9,N,3Y) is an NBS-compact space if and
only if there is an N-bipolar basis A for 31]9\7 such that every N BS-cover of
(¥, ¢, 9, N) by the elements of A has a finite N BS-subcover.
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Proof. Let (V,¢, 9, N,3%) be an NBS-compact space. Then, J3 is an NBS
basis for 31]9\7 . Therefore, every NBS-cover of (¥,(,¥, N) by elements of J{?V
has a finite N BS-subcover.

Conversely, let {(La, Ko, ¥, N)}acc be anNBS open cover of (¥,(,9,N).
We can write (L, Ko, 9, N) as a union of basis elements for each a € . These
elements form an N BS-open cover of (U, ¢, ¢, N) such that {(Ua, (o, P, N)}acr-

Now, by given hypothesis, for some A1, Ao, ..., A, € I, we have

Y (0)(p) = max(Ua, (9)(p), Ya, (9)(9), ., ¥a,, (9)())

for each ¥ € ¥ and ¢(=9)(p) = min(Ca1(=0) (), Cas (79)(9); -+ Ca, (29 () =
0 for each =¥ € ¥ and p € X. That is,

(m7 C? /197 N) = (lPA17CA17197 N) U (WA27 CA27197 N) U A U (\PATL7 CAn7197 N)

for some A1, As, ..., A, € 1.

Now, (¥a,,Ca, W N) C (Lay, Koy, 9, N) for each 1 < i < n. This implies
that {(Lq,, Kq,, Y, N)}, is a finite NBS subcover of (¥,(,9,N). Hence,
(U, ¢, 9, N, 3@7) is an N BS-compact space. O

5. N-BIPOLAR SOFT COVERS AND INFINITELY LONG GAME

In this section, we define a new game by N B.S open covering and study the
characterizations and properties of this game. We denoted to the N-bipolar
game by NBSG.

Definition 5.1. Let (¥, ¢, 9, N,J)) be an NBSTs and U be a collection of all
N BS-open covers of (¥,(,9, N). We define infinitely long game NBSG(U)
as follows: play an inning for every positive integer. In the v —th inning, ONE
chooses an NBS open cover (¥, (), of U and TWO responds by selecting a
finite subset (M, (), of (¥, (), such that

(B, 0w = U{(S,€) : (5:€) € (M, ()}

is an N BS-open set. ONE wins the play (¥, ()1, (8,01, , (¥, ), (B,() v, - - -
of game if {(8,¢),,v € N} is an NBS-open cover of (¥, (,9, N). Otherwise,
TWO wins.

Corollary 5.2. If (U, ¢, 9, N, 31];[) is an N BS-compact topological space, then
TWO has a losing strategy in the game NBSG.

Proof. Obviously, from Definition 5.1. O
Definition 5.3. Let (¥, (, 9, N, 31]9\7) be an NBSTg and U be a collection of all

N BS-open covers of (¥, (,9, N). We define infinitely long game NBSGp(U)
(resp. NBSGp(U)) as follows: They play an inning for each positive integer.
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In the v-th inning ONE chooses an NBS open cover (¥, (), of U and TWO
responds by selecting a nonempty finite subset (M, (), of (¥, (), such that

(8, 0w = U{(S,0) : (5,€) € (M, ()}

is an N BS-open set. ONE wins the play (¥, ()1, (B, )1, 5 (¥, )wy (B, )vy - -
of this game NBSGp(U) (resp. NBSGo(U)) if cl(U{(8,{)v,v € N}) €
(¥, ¢, 9, N) (resp. U{cl(B,()y,v € N} € (U,(,9,N)). Otherwise, TWO wins.

Lemma 5.4. If (¥, (,9, N, 31%[) is an NBSTs, then the following statements
are held:

(1) ONE has a winning strategy in the game N BSG(U) implies ONE has
a winning strategy in the game NBS Go(U).

(2) ONE has a winning strategy in the game NBSGo(U) implies ONE
has a winning strategy in the game NBSGp(U).

Proof. This is derived from the fact that
{(B7C)U’U S N} g UCl{(ﬁv C)U)U S N} g Cl U {(Bv <)U?U € N}
and by the hereditary property of an NBSTg. 0

Lemma 5.5. If (\I’,g‘,ﬁ,N,Jg) is an NBSTg such that for each NBS open
subset of (U, (, 9, N) is an N-bipolar closed, then the following statements are
held:

(1) ONE has a winning strategy in the game N BS G(U).
(2) ONE has a winning strategy in the game NBSGp(0).
(3) ONE has a winning strategy in the game N BS Gp(U).

Lemma 5.6. If (¥,(,9, N,3%) is an NBSTs such that for every NBS open
subset of (¥,(, ¥, N) is dense, then the following statements are held:

(1) TWO has no winning strategy in the game NBSGp(U).
(2) TWO has no winning strategy in the game N BS Go(0).

Proof. Omitted. O

Theorem 5.7. Let (V1,(1,9,N) be an NBS open subset of an NBSTs
on (\P,C,ﬁ,N,CjQ’) and Uy ), be a collection of all NBS-open covers for
(U1, (1,9, N) with respect to the NBSTss. Then the following statements are
held:

(1) ONE has a winning strategy in the game NBSG(Uy ¢),) on
(U1, (1,9, N) implies ONE has a winning strategy in the game
NBSG(0).
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(2) ONE has a winning strategy in the game NBSGp(U(y ¢),) on
(U1,(1,9, N) implies ONE has a winning strategy in the game
NBSGp(U).

(3) ONE has a winning strategy in the game NBSGo(Uy ¢),) on
(U1,¢1,9, N) implies ONE has a winning strategy in the game
NBSGp(0).

Proof. (1) Let £’ be a winning strategy for ONE in NBSG(Uy,¢),) on (V1,¢1,9, N).
Define £ to be a winning strategy for ONE in NBSG(U) on (V¥,(, ¢, N).
Player ONE aims to make the first step (\D,C)ll = £(¢) of player ONE in
NBSG(U(\I!,C)l) on (Vq,(;,9,N) and take

(\Ij7 C)l - £<¢) = (\Ij7 g)ll U ((@7 C:ﬂv N) - (\1117 C17Q97N))
to be the first step in NBSG(U) on (¥, (, ¥, N). TWO responds by selecting
a nonempty N-bipolar soft finite subset (M, ()1 of (¥, ()1 such that

(ng)l = U{(Sv C) : (S, C) € (M, C)l}
Now,
(ML) = {(8,0) U (¥1,61,9, V) = (5.¢) € (ML)} € (€)1,
where (8,¢); = U{(L,¢) : (L,¢) € (M,¢)}} is a reasonable step for TWO in
NBSG(Op,),) on (¥1,(1,9, N). Player ONE aims to make the second step
(¥, = £ (¥, )7, (8:0)7)
of player ONE in NBSG(U(y,¢),) on (¥1,(1,9, N) and take
(\I/, C)2 = S((\II, C)h (Bv C)l) = (\IJ7 C)/Z U ((\IJ7 ¢, N) - (\1117 1,7, N))

to be the second step in NBSG(U) on (¥, (,9, N). TWO responds by selecting
a non-empty finite subset (M, ()2 of (¥, ()2 such that

(37<)2 = U{(Sv C) : (57 C) € (M7 C)Q}
Now,
(M, )3 = {(S,¢) U (W1,¢1,9,N) : (8,¢) € (M, )2} € (T,C)s,

where (8,¢)s = U{(L,¢) : (L,¢) € (M, ()} is a reasonable step for TWO in
NBSG(Op,¢),) on (¥1,¢1,9,N). In v-th inning, Player ONE aims to make
the v — th step

(U, C)y = £((W, Q)1 (8,15 (U, Qs (B,C)y)

of Player ONE in NBSG(U(y ¢),) on (¥1,1,9, N) and takes
(‘Ijv C)Q = 2((\1” C)la (ﬁ’ C)l? ) (\Ilv C)vfl’ (Ba C)U*l)

= (\117<);1 U ((\1174.1197]\[) - (\IllvclaﬁvN))
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to be the v-th step in NBSG(U) on (¥, (,9, N). TWO responds by selecting
a nonempty N BS finite subset (M, (), of (¥, (), such that

(B7 C)U = U{(Sa C) : (Sa C) € (Mag)v

Now,

(M )y = {(8.Q) U (W1, G0, N) = (5,€) € (M, O} € (W,0)y,
where (8,¢),, = U{(L,¢) : (£,0)} € (M, ()., is a reasonable step for TWO in
NBSG(Op,0),) on (V1,¢1,9, N). Now, since £’ is a winning strategy for ONE
in NBSG(O(w,),) on (¥1,1,9, N) implies

U{(B,¢),, v € N} € (¥, 1,9, N).

So, U{(8, (v,v € N} € (¥,(,9, N). Hence, £ is a winning strategy for ONE in
NBSG(D) on ¥, ¢, 9, N).
In a similar way, we can prove (2) and (3). O

Definition 5.8. Let (¥,(,9, N,3J%)) be anNBSTs. We define the infinitely
long game NBSG((V,(,9, N)) as follows: They play an inning for each pos-
itive integer. In the n-th inning, ONE chooses N BS-compact subset (¥, (),
of (¥,(,9, N) and TWO responds by selecting and choosing N BS-compact
subset (M, (), of (¥, (, ¥, N) such that

(\Ij? C)U N (M7 C)v =0.

ONE wins the play (\117 C)l? (Bv C)l: T (\Ij7 g)Uv (B7 C)Ua T the game lf {(Bv C)’U :
v € N} is locally finite; else, TWO wins.

Now, we can use the natural game NBSG1(7y,A) to explain the status of
the two Players’ odds of winning in the game NBSG(V, {, 9, N), where v and
A are defined as follows:

A family v = (M,(), : v € N of nonempty N BS-compact subsets of
(U, , ¥, N) satisfying that for every N BS-compact subsets (¥, ¢); of (¥, ¢, ¥, N),
there exists (¥, ()2 € (M, (), such that (¥,¢); N (¥,()2 =0.

If (U,¢,9,N) is non-N BS-compact space, then for every N BS-compact
subset (¥,(); of (V,(,¥, N), there exists {z} C (¥,(,9,N) — (¥,(); such
that {z} N (¥,{); = 0.

Let A = {(S,({) : v € N} be an infinite NBS locally finite family of N BS-
compact subsets of (U, (, ¥, N).

Theorem 5.9. For any non-N BS-compact of NBSTs (V,(,9,N), TWO has
a winning strategy in NBSG((V,(,9,N)) if and only if ONE has a winning
strategy in NBSG1(7, \).
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Proof. Let J be a winning strategy for TWO in NBSG(V,(, ¥, N). Define £
to be a winning strategy for ONE in NBSG1 (v, A).
Let (¥, ()1 be the first step of ONE in NBSG(V, (,v, N) and

(8,0)1 ={(S,¢) : (S,¢) is NBS-compact subset of (¥, (,9, N) such that
I, 01) = (5,0}
I am playing that (8,(); € v and (8B, ()1 is a reasonable step to be the first se-
lecting of ONE in NBSG1(v,A). TWO, in NBSG1 (7, \) responds by selecting
(Ma C)l = j((ﬁ7 C)l) since (MaC)l € (B7 C)l? then
(¥, )1 N (M, )1 =0and I((¥,0)1) = (M, (1

is the first step for TWO in NBSG(V,(, 9, N).
Second step, let (¥, ()2 be the second step of ONE in NBSG(WV,(, ¥, N)
and

(8,0)2 = {(S,¢) : (S, ¢)is NBS-compact subset of(¥, {, ¥, N) such that
j((\I/, C)la (M: C)h (\Ilv C)Q) - (57 C)}
Implies, (8,()2 € v and (8,()2 is a reasonable step to be the second select-

ing of ONE in NBSG1(v,A). TWO, in NBSG1(~, ), responds by selecting
(Ma C)Q = 2((67 C)la (M: C)b (Ba C)?): since (Ma C)Q € (Bv <)27 then

(P, )1, (M, Q)15 (P, ¢)2) = (M, ()2 and (¥, ()2 N (M, ()2 = 0.

Now, in the v-th step of NBSG(¥,(, 9, N), ONE chooses (¥, ().
Let

(8,0)2 = {(S,¢) : (S,¢) is NBS compact subset of (¥, (,9, N) such that
j(<\I}7 C)la (M7 C)l'} ) (\117 C)v—la (Ma C)U—lv (\117 C)v) = (S7 C)}

Implies, (8,(), € v and (8,(), is a reasonable step to be the v-th select-
ing of ONE in NBSGi(v,A). TWO, in NBSG1(v,\), responds by selecting

(M7 C)”U - 2((87 C)la (Ma C)lv M) (Ba C)U—la (M7 C)’U—h (Ba C)'U) since (Ma C)’U S
(8,¢)w, then

j((\lla C)la (M7 C)l) T (\Ija C)v—l: (Ma C)v—lv (\Ija C)v) = (Ma C)v
and
(\Ijv C)U N (M) C)U =0.

Since 7 is a winning strategy for TWO in NBSG(V, ¢, 9, N), then {(M, (), :
v € N} is not a locally finite family. Therefore, {(M, (), : v € N} ¢ A. Hence,
£ is a winning strategy for ONE in NBSG (v, A).

Conversely, let £ be a winning strategy for ONE in NBSG1(y,A). Define
J to be a winning strategy for TWO in NBSG(V,(, 9, N).

Player ONE in NBSG(¥,(,9, N) choose an NBS compact subset (¥, (),
of (¥,¢(,9,N). TWO in (NBSG(¥,(,9, N) aims to make the first step for
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player ONE in NBSG (v, A), say (8,()1 = £(¢), and choose (M, ()1 € (8,¢):
such that

(\Ijv C)l N (M? C)l = ¢7
which is possible by definition of v, J((V, {)so) = (M, ¢)oo which is reasonable
to be the first step for TWO in NBSG1 (7, A).

In the second step, Player ONE in NBSG(WV,(, ¥, N) chooses an NBS
compact subset (U,()2 of (¥,(,9,N). TWO in NBSG(V,(, 9, N), aims
to make the second step for player ONE in NBSGi(vy,)\), say (8,()2 =
L£((8,0)1, (M, ¢)1), and choose (M, ()2 € (8,()2 such that

(\Ij? C)2 N (M: C>2 =0

and J((V, )1, (M, )1, (¥,¢)2) = (M, ()2 is reasonable to be the second step
for TWO in NBSGi(v, \).

In the v-thinning, Player ONE in NBSG(¥, (,9, N) chooses an NBS com-
pact subset (U, (), of (¥,(,9,N). TWO in NBSG(¥,(,¥,N) aims to make
the v-th step for player ONE in NBSG1(~, \), say

(Bv C)’U = 2((85 C)Qu (M) C)l) R} (ﬁ7 C)U—la (M) C)U—l)
and choose (M, (), € (B, (), such that

(\117 C)U N (Ma C)v =0

and j((\If7 C)l) (Ma C)la ceey (\Ila C)U—lv (M7 C)U—lu (\Ila C)U = (M7 C)’U is reasonable
to be the v-th step for TWO in NBSG;(y,A). Since £ is a winning strategy
for ONE in NBSG/(v,\), then {(M, {), : v € N} is not a locally finite family.
Therefore, £ is a winning strategy for TWO in NBSG(¥,(, 9, N). O

6. CONCLUSION

In this work, we study and about defining and finding out the properties of
N-bipolar soft connected spaces and N-bipolar soft disconnected spaces. We
show that the N-bipolar soft union of N-bipolar soft connected spaces are not
necessarily N BS connected. Moreover, we define the N-bipolar soft compact
space. We introduce a new game by using N-bipolar soft open covering and
study some of the characterizations and properties of this game.

Adding this concept will also help strengthen the foundation of the NBS
topologies toolkit. It is expected that the results of this paper will be applied
to problems in many domains that contain uncertainties and will encourage
further research on N-bipolar soft topology to provide a general framework
for practical life applications.
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