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Abstract. By using some theorems on differential subordination we get in my work‘s some
applications of second order differential subordination defined by meromorphic multivalent

functions with integral operator.

1. INTRODUCTION

The class ¥, denote of the series of the form:

fR) =27+ > s, (peN={12...}, a,>0), (1.1)
k=p+1

which are p-valent and analytic in the domain ¥ = {2 : z € C,0 < |z| < 1}.
We called that f is subordinate to g in Y, if f and g are analytic functions in
Y. We denote f < g or f(z) < g(z), if there exists a function called Schwarz
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w(z) in Y, w(0) = 0 with |w(z)| less than 1 such that

f(z) = g(w(z)), (z€Y).
In this case, if the g is univalent function in Y, then f < g, g(0) = f(0), and
f(Y) cg(Y) (1], [14]).
For all function f, we get it through the equation (1.1) and g € 1, it will
be in shape

flz)=2z"P+ Z apz®,
k=p+1
when f and g is Hadamard product of defined by

(Fro)D) ==+ 3 abish.
k

z
:p+1

All functions f are analytic and one to one on Y/E(f), we give it through
@, where

E(f) = {Ceé’p:ii_}rréf(Z)=OO}

such that f(¢) #0 for all ¢ € OY\E(f) ([15]).

Suppose 1 : C3 x Y — C, and define the univalent function h in Y with
g € Q. At the source ([10]) we assume the problem of determine acceptable
conditions functions ¢ such that

se(p(2), 2p(2), 22p(2); 2) < h(2). (12)

Leads to p(z) < q(z), for all functions p(z) belong to Lla,n] = {f € L :
f(z) = a+anz" +ans 12" 4. ..}, where L is linear space of all analytic in Y,
a € C and n is positive integer that satisfying the differential subordination
(1.2).

Furthermore, we will try to find conditions, lets on that ¢ is the last pos-
sible function with the property, named in the subordination (1.2) the best
dominant.

Suppose ¢ : C3 x Y — C, and h € £ with ¢ € L[a,n]. Over a group of
researches in the same field ([11], [12]), Miller and Mocanu studied this topic
and deepened condition the limited it ¢ such that

h(z) < @(p(2), 2p(2), 2p(2); 2) (1.3)
implies q(z) < p(z), for all functions p € @ it achieves the pervious condition
superordination. We also investigated the conditions the lead to the function

being formed ¢ the bigger function with this property, named in the superor-
dination (1.3) best subordinant. Look the others [1], [2], [3], [4], [5] and [6],
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they worked in the same filed of research as ours differential subordination
functions for different classes.

Now, we use the operator W' : W), — Wp ([14]) define in the form

\I’pf(Z)ZQ‘F Z [m] anz", (m > 0;p € N). (1.4)
k=p+1
It is easily verified from (1.4) that,
AT f(2)) = U f(z) - (P = 1)) f(2). (1.5)

Through (1.5), we will notice

e+ T)2(Up 2 f(2) = (o + p) (U f(2) = (W + p(1— (¢ + T)))(‘I/Z”QfEZ))j
1.6

In research, we identify some important properties on the acceptable func-
tions to get by the operator W}'(m, z, »).

2. PRELIMINARIES

To get some useful results, we use the important lemmas.

Lemma 2.1. ([9]) Suppose q is a univalent function in'Y,( € C and let

2p(2) o
Re{ 5 + 1} > max{0, —R (C)} (2.1)
If p(2) is an analytic function in'Y', and p(0) = q(0) and
p(2) + C2P(2) < q(z) + (z4(), (2.2)

then p(z) < q(z), and best dominant is q(z).

Lemma 2.2. ([13]) Suppose q(z) is univalent in' Y, and suppose the analytic
functions 0, in domain D contain in q(Y') and p(w) # 0 where w is long to

q(Y). Let Q(z) = 2q(2)p(q(2)) and h(z) = 0(q(2)) + Q(2). Let
(1) Q is the starlike univalent in'Y .
(2) Re{Z: (Z))} is grater than zero for all z € Y.

Q)
If the analytic p and p(0) = q(0),p(Y") € D and
0(p(2)) + 2p (2)p(p(2)) < 0(a(2)) + 24 (2)(a(2)), (2.3)

then p < q, and the best dominant is q(z).
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Lemma 2.3. ([7]) Suppose q(z) is a convex function in Y,q(0) = a and ¢ €
C,Re(¢) > 0. If p € L[a,1] and p(2) +~vzq (2) is univalent function in'Y then

4(2) + ¢4 (2) < p(2) + P (2). (2.4)
Leads to q(z) < p(z), it best subordinant is q(z).

Lemma 2.4. ([8]) Suppose q(z) is a convex univalent function in the disk'Y
and suppose 0, are analytic in D contain q(Y). Let
0 (q(=
(1) R%{%} >0, VzeY,
(2) zq (2) + ¢(q(2)) is univalent starlike function in'Y.
(

z
If p(z) € L[q(0),1]NQ, p(Y) C D, and 0(p(2)) + zp 2)p(p(2)) is univalent in
Y, and

0(a(2)) + 24 (2)¢(a(2)) < O(p(2)) + 2p (2)p(p(2)). (2.5)
then q(z) < p(z) and the best subordinant is q(z).

3. MAIN RESULTS

Suppose in the mention of this research that » > 0, n,T > 0; p € N,
q € No = N U{0}; 2 € Y and the powers are understood as principle values.

Theorem 3.1. Suppose q(z) is a univalent function in'Y with ¢(0) = 0,7 > 0

and let
Re{l + chl'((zj)} > max {O, —Re(m)}. (3.1)

If f € ¥, satisfies the subordination

(q/?Zf(z))aJr(\IfL”Zf(z))" (ig:;g; _ 1) < q(Z)-l-Jz(;]_:J;)zq/(z), (3.2)
then
() a0

and the best dominant is q(z).

Proof. Regarding the analytic function
2
(‘I’Z"“r f(2)

g

>,a>0,zeY. (3.3)
2P
Differentiating (3.3) and by using some logarithmically with respect to z and

use the equation (1.6) in the resulting and we get

zp (z)  o(n+p) (‘I’?Hﬂz) - )

p(z) AT \UPTf(z)

(3.4)
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that is,
T Uyt f(2)\e (vt (2)
zp(Z):< P ) ( m+2 _1>'
a(n+p) 2 b f(2)
Then, the (3.2) is equivalent to
T —+ / T + /
p(2) + ——2p (2) < q(2) + ———2q (2). 3.5
()4 s () < a(2) + s () (35
. . _ T+
By using Lemma 2.1, with { = Sin) O
We choose the convex function f(z) = %iﬁ; ,in (3.1), we get the following

corollary.

Corollary 3.2. Suppose A, Ay € C, A1 # Ag, |As] < 1, Re(¢) > 0 and
o> 0. If f(2) € ¥, satisfies the subordination

(\I’Z””“f(Z))U (‘I’Z"b+2f(2)>0(‘1’2"”+1f(2) - > 1+ A1z T+ (A — Ay2)

+

2P 2P \Il;,nJer(z) 1+ Ayz a(n+p)(1 — Agz)?’
then
(\1/;”+2f(w)>a L1+ A
2P 1+ AQZ
and A2 s the best dominant
1+ Aoz ‘

Choose ¢ =0 in (3.1), we get the next corollary.

Corollary 3.3. Suppose q(z) is a univalent function in the disk Y, q(0) =1,
o >0, and let the condition (3.1) satisfy. If f(z) € ¥, hold the subordination

V), V), () Tt
(S (F ) (G U < @)+ e ),
then
(LY <t

and the best dominant is q(z).

Choose n = 3 =1 in (3.1), we get the corollary.

Corollary 3.4. Suppose q(z) is a univalent function in Y, with q(0) = 1,
peC,n>0, and let (3.1) satisfy. If f € ¥, satisfies the subordination

LA DN LONAA L)
=) () |

2 2 Uy f(2)

~1) <)+ s (2




48 T. Al-Khafaji, A. Abdul-Rahman and I. Abood

then ,
(‘P;”* f(w)
2P

)U < q(2)

and the best dominant is q(z).

Theorem 3.5. Suppose q(z) is meromorphic in p-, ¢(0) =1 and q(z) # 0 for
all z €Y. Suppose \,o € C, f € ¥, and f, q satisfy the conditions:

m—+2 WA o
(L zpf( )) £0 (3.6)
and ,
A WGy,
Re{1+ D e }>o, (z € Y). (3.7)
If
vl f(2) (T + )24 ()
) o+ paG) 35
then
(W)U < q(2)
and the best dominant is q(z). ’
Proof. Let
m+2 WA o
p(z) = (W) , 2z €Y. (3.9)

Then p(z) is analytic in Y according to (3.4) and differentiable (3.9) logarith-
mically with respect to z, we get
zp (2)  o(®+p) <‘1’;n+1f(z) _ )
p(z) (T +30) NP2 f(2) '
To reach the desired result we will use Lemma 2.2. Let
T+ 5
o+ pw’

Then 6 is analytic function in C and ¢(w) # 0 is analytic in C.
Also, if we suppose

(3.10)

f(w) =1 and p(w) =

ey - (TR )

and )
(T + 5)2q (2)
o(n+p)g(z)
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Then by using (3.7), Q(z) will be starlike function in Y. Also we have

o0 (2) ' (2) ()
Re = Re{l 4+ — — >0, (z€Y).
Yo ) TR Gy T 1 B EY)
So, use Lemma 2.2, then we will get the subordination (3.6), this implies
p(z) < q(2).
This means that ¢(z) is the best dominant of (3.8). O

Applying ¢(z) = %(—1 < Ay < Ay <1) in this theorem, we will get the

desired result.

Corollary 3.6. Suppose 0 € C, f(z) € ¥,, and let

U2 f(y
pzpf() #£0, (z€Y).
If
A AC) <1 (T + )2(A1 — Ag)
vt (2) o(n+p)(1+ A1z)(1+ Az2)’
then
(\I'gurzf(z))" - 1+ Az
2P 1+ Asz
and the best dominant is q(z) = %Iﬁ;j

Applying ¢(z) = %iﬁ; inside (3.2), we will get the following corollary.

Corollary 3.7. Suppose o0 € C, f(z) € ¥, and let

m—+2
M £0, z€Y.
2P
If
vt f(z) 2(T + »)z
w2 e — )i+
then
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Theorem 3.8. Suppose q(z) is meromorphic in'Y with ¢(0) = 1, let o belong
to C, se,v,Ud € Cand v+UU # 0. Let f € ¥, f and q satisfy the conditions:

v\IIZ@“f(z) + W\I/;””f(z)

CESITE #0, (z€Y) (3.11)
and .
Re{l — Z(j,((z")’)} > maz{0, —Re(x)}, (z € Y). (3.12)
If
UL f(2) + ULV T2 f(2)q0
k() :7[ (v+UA)zP
v (U f(2) + U2 (2))
e e
and
2q (2)
k(z) < vq(z) + ) (3.14)
then
U () + T2 S (2)70
[ (v+UA)zP } < a(z)
and the best dominant is q(z) in (3.11).
Proof. Let
VUL () UV 2 f(2) 70
2= vy f((v)jw)zpp / )} (zeY) (3.15)

Then p(z) is analytic in Y according to (3.8) and differentiable (3.15) loga-
rithmically to z, and we get

p'(2) _ a[vz(\lfgwl F2) +Uz(I 2 (2))
p(2) vO L (2) UL f(2)

I

—p (3.16)

and
U\Ifg”lf(z) + W\I/;”“f(z) P
(v+mn)zP
m+1 ! m+2 !
vz(UpHf(2)) + WUz 2 (2))
VI F(2) + WU f(2)
To reach the desired result, we use Lemma 2.2 and in (2.2) consider

f(w) = yw and p(w) = i,
w

zp (2) = of

then 6 is analytic in C with ¢(w) # 0 is analytic in C. And suppose
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/ vz‘lfgﬁ_lfz ,—f-WZ‘IJZH_QfZ /
Q(z) = zq (2)¢(q(z)) = 0[ (UW$+1;()3) +z,u\11(g”2f(z§ :

and
h(z) = 0(q(2)) + Q(2)
_ [U\IJ;"Hf(z) + M/I\Ifz”zf(z)]o
(v+UL)zP
[UZ(‘I’ZL“f(Z)), U (2) ]
VU (2) + W (2) '
Then, by (3.11), Q(z) is a starlike function in Y. And we have
zh/(2) zq (2)
= 1 Y
Re{ 0e) } Re{fH— o } >0, (z€Y),
we deduce that the subordination (3.14) by using Lemma 2.2, this implies
p(z) < q(2).

Use ¢q(z) = iﬁ;(—l < Ay < A1 <1) in this theorem and applying (3.4),

then the condition (3.12) will be

14 |Ay|

max{0, —Re(y)} < ¥ 4y

Now, if v =1 and UL = 0, we will get the following corollary.

Corollary 3.9. Suppose v € C and

1+ A
max{0, —Re(y)} < T :Ail

Suppose f(z) € ¥, and let

\I/m+1f(z)

P

— #0, (z€Y).

If
|:U\I/;”+1f(z)}a [vz(\IJ;”‘*‘lf(z)), B } . 1+ A12+ (A1 — Ag)z

T V() T+ Agz T (1 + Ar2)(1 + Agz)’
then

[U\Il'l’,”ﬂf(z)]w . 1+ Az

zP 14+ Aoz
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, : _ 144
and the best dominant is q(z) = 5=

Now, weuse p=v =¢q =1, U4 = 0 and ¢(z) = % by Theorem 3.8, we
will get following corollary.

Corollary 3.10. Suppose f(z) € ¥,,,

v/ (2)
p
— #0, (z€Y)
and o € C. If
W2f(2)q0 2(W2f(2)) 1+ 2 2z
P P
el e A CE A |
gl . |+ V2f(2) }—<71—z+(1—|—z)(1—z)’
then )
vef(z)1r 1
[ S f( )} - +z
z 1-=2
and the best dominant is q(z) = 1£.
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