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Abstract. Let V and W be real vector spaces, in this paper, we prove that a mapping
f:V — W satisfies a specific functional equation (1.1) if and only if there exist mappings

fisfo,o ooy fn: V= W satisfying f(z) = > fe(z) and fr(az) = ar fr(z) for all x € V and
k=1

ke {1,2,...,n}, where a is a real number with a > 1 and 0 < a1 < a2 < -+ < an.

1. INTRODUCTION

Albert and Baker mentioned in their paper [1] the following theorem, which
was later proved by Djokovié¢ [3]:
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Theorem 1.1. (Albert and Baker) Let V' and W be some real vector spaces.
For every n € N and mapping f: V. — W, the following are equivalent.

(i) nzlf(x) = nil (”jl)(—l)”“*if(a: +iy) =0 forallz,y € V.
Y i=0

n

(ii) There exist mappings fo, f1,.-., fn such that f(x) = > fr(z) and
k=0

k
Afx(z) — Elfi(y) =0 for all z,y € V and all k € {0,1,...,n}.
y

n
Every solution to the functional equation A f(x) = 0 is said to be a general-

y
ized polynomial mapping (or GP mapping) of degree at most n—1 (see [2]) and

n
every nonzero solution mapping to the functional equation A f(z)—n!f(y) =0
y

is said to be a monomial mapping of degree n.

Throughout this paper, let V' and W be real vector spaces, n be a fixed
positive integer, a be a real number greater than 1, and A = {aj,az,...,a,}
satisfy 0 < a1 < as < -+ < ap.

We now present the main theorem of this paper, which is a direct conse-
quence of Corollary 2.7 and Lemma 2.9.

Theorem 1.2. For every n € N and mapping f : V. — W, the following are
equivalent.

(i) A mapping f:V — W satisfies the functional equation

fla"z) + Z(—l)m Z iy iy iy, f(a" ) =0 (1.1)
m=1

1<11 <2< <tm<n

forallz eV.
(ii) There exist mappings f1, fo, ..., fn: V — W such that f(z) = > fr(x)
k=1
and
filaz) = ay fi(x) (1.2)
foranyx €V and k € {1,2,...,n}.
In particular, the mappings f1, fo, ..., fn can be expressed as

n—1

f(a”—la:) + Z (—1)m Z Qi) Qi * * * aimf(an_m_lx)

m=1 1<i] <ig<-<im<n

fk‘('x) — 015825005 im#k (13)
[I (ak—ai)

1<i<n, i#k
forallx €V and k € {1,2,...,n}.
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k
Remark: If f. satisfies the functional equation A fr(x) — k! fi(y) = 0 for all
y

z,y €V and all k € {0,1,...,n}, then fr(rz) = r¥fu(x) for allz € V and
all rational numbers r € Q (see Theorem 3 and Corollary 3 in [3] and the
introductory section of [2]).

Therefore, by Theorem 1.1 and Remark, if a mapping f : V — W satisfies
n+1
the functional equation A f(x) =0 for all z,y € V and f(0) = 0, then there
Y

exist mappings f1, fo, ..., fn such that f(z) = kil fe(x) and fip(rz) = r¥ fr ()

whenever x € V and r € Q. And, by our main theorem, f satisfies the
functional equation

n
f(r"z) + Z (=)™ Z ript2 ... rimf(rnfmx) =0
m=1 1<i1 <ig < <im<n

for all x € V and rational numbers r > 1.
As a result, if a mapping f : V — W satisfies the functional equation

n+1 n
K f(z)=0for all z,y € V and f(0) = 0, then we can have f(x) = > fr(z),
y k=1

where
nil . . .
f(r”_ll‘) + > (=)™ > riipt2 .. -T”"f(r"_m_lz)
m=1 1<iy] <ig<--<im<n

_ 1,020 sim 2k
fk(x) B H (Tk — m’)

1<i<n, i£k

for all x € V and for any fixed rational constant r > 1.
The advantage of our paper is that it provides clearer information about
the function fx(x) than previous papers.

2. MAIN RESULT
From now on, let A = {aj,a9,...,a,} be a set of real numbers satisfying
O<ap <as <---<ay,and let a > 1.
For convenience, we first introduce the abbreviations and definitions that
will be used in this paper.
Definition 2.1. Let wi(A) be the real numbers defined by
1 ... 1 1 ... 1
(_1)n—k al N Akp—1  Qk+1 e G,

wk(A) =
w(A) : : . :
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for every k € {1,2,...,n}, where the symbol w(A) denotes the Vandermonde
determinant defined by

W= (ai — ;)
w = . . . . = H a; — a;j).
: : 1<j<i<n
a? 1 ag 1 . az—l

For a given mapping f : V — W, we define the mappings I'y o f, fraa : V —
W by

Loaf(z) :=f(a"x —I—Z Z iy @iy - - ag,, f(a"T) (2.2)

1<i1 <ia< - <im<n
and

(2.3)

X Z @jy Qg - - - aimf(a"_m_lx)>

1<iy <ig<--<im<n
i1,090 . im Ak

forall z € V and k € {1,2,...,n}.

Lemma 2.2. If there exist mappings fi,fo,- -, fn + V. — W such that
Z fr(z) = 0 and each fi has the property fr(ax) = axfr(x) for all x € V,
thenfk( )=0 forallz €V and k € {1,2,...,n}.

Proof. We note that > a} fr(z) = Z fr(a’z) = 0 for all z € V, k €
k=1
(12 n and i € (0,12, 0 — 1}, Thus, (file), fo(a), .., fule)) is
the solution to the system of 1inear equations
fHilz)  + falx) + -4+ falx) =0,
arfi(z) + azfo(x) + - 4+ anfalz) =0,

At t(x) + ab M a(x) + oo+ al T () = 0.
Due to the Cramer’s rule, the mapping fi is determined by
1 ... 1 0 1 - 1
1 T R R

f’f(w)zf : : : : : =0

~—

n—1 n—1 n—1 n—1
ay ap_q 0 Qg q a,



Functional equations related to GP mappings
for all x € V and k € {1,2,...,n}, which completes the proof.
Lemma 2.3. Ifm €{0,1,2,...,n — 2}, then
n
Z ap'wi(A) =0
k=1
and
n
> aplwp(A) = 1.
k=1

In particular, the identity

1
Wi A) =
) [T (ax—ai)
1<i<n, ik
holds for all k € {1,2,...,n}.
Proof. We note that
1 ... 1 1
” i air o Gk—1 Akl
w(A) Y a(A) = S ap - -k T
k=1 k=1 ' ) ) '
LR i g
1 1 0 1
n | a1 ag-1 0 agpp
T g 0 ey e
0 0 am 0
1 1
n a ak—1 ag  Qg+1
0 0 ap 0
1 1 1
al a9 Ay,
a711—2 a72’L—2 . a272
a  a - a?

{O (for m € {0,1,...,n—2}),
w(A) (form=mn-—1).

59
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Moreover, using (2.1) and the identity

1 1 1 1
ai Ap—1  Qkt1 an
H (a; —aj) = ;
e : :
Fev n-2 -2 _n-2 . _n-2
ay Op_1  Qpyq an,

we easily get

(=" % T (ai—ay)

1<j<i<n (—1)"—k
wk(A) — 1,j7#k — ,
II (ai—a) 1 (ar—aj) I (ai—ax)
1<j<i<n 1<j<k k<i<n

which completes the proof.

Example 2.4. For A = {a1,a2,a3} = {2,3,7}, we have

1 1
A - — = —
w1 (4) 2-3)(2-7 5
1 1
A = = ——
()= 52557 ’
1 1
A) = -
W= mF—57=3 ~ 20
and
> 1 1 1
_ o0 0. = 0 -
g apwi(A) =2 3 3 4—|-7 20 0,
k=1
5 1 1 1
1.7_ 17 1.7_
E apwi(A) =2 5 3 4+7 50 0,
k=1
5 1 1 1
_ 02 - 92 2‘7_
kgl ajwi(A) =2 z 3 1 +7 50 1

Theorem 2.5. If f:V — W is a mapping, then
f(.’IJ) = Z fk’,a,A(w)
k=1

and

fra,a(az) — ag fraa(®) = wp(A)Tgaf(z)
forallk e {1,2,....,n} andx € V.
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Proof. 1t follows from (2.3) and (2.4) that

" n n—1
$ = oo+ S
k=1 k=1 m=1

X Z @iy Qi -+ - aimf(a”_m_lx)>

1<i] <ig<--<im<n
0146, im#k

n—1 n
=D (=)™ wr(4)
m=1 k=1

X Z @iy Qg -+ - aimf(a”_m_lx)

1<iy <ig<--<im<n
01519500 im#Ek

forall z € V.
In the case of m € {1,2} we use (2.4) to obtain

Zwk(A) Z ail = Zwk(A) (Zaz — ak>
k=1 k=1 =1

1<i;<n
i1 7k

and

Zwk(A) Z ailaigzzwk(A) Z @iy Qig
k=1 k=1

1<iy<ig<n 1<i1<ia<n
1,97k

= wi(A) Z iy Qg

k=1 1<iy <ig<n
i1,i97#k

= wp(Dar > ai + Y wi(A)aj
k=1

k=1 1<i1<n

61
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On the other hand, for 3 < m < n — 1, we again use (2.4) and (2.5) for
calculation

(1™ wr(A) > iy iy - iy,
k=1

1<y <ig < <im<n
01,0, im#k

= (=)™ wi(4) > iy Wiy "+ * iy,
k=1

1<t << <tm<n

+ (_]‘)mil Zwk‘(A)ak Z ai1ai2 T aim,1
k=1

1<i) <ig<-+<ipm_1<n
11,095 yigy—1 £k

n
= (=)™ wr(A)a > iy Qi+~ Wi,y
k=1

1<i1 << <tm-1<n

n
+ (—1)m2 Z wi(A)ag Z N R
k=1

1< <ig <+ <ipy_g<n
115225 stm 27k

And hence, we further have

(=)™ wr(A) > iy iy~ iy,
k=1

1<iy <ig<--<im<n
1,0, im#k

n n
= (_1)2 Zwk(A)aZL_Q Z @y @iy + (_1)1 ZWk(A)aZ"_l Z Qg
k=1 1<i1<2<n k=1 1<i;<n
i1#k
n
= ('@t Y a
k=1 1<i|<n
i1#k
n
= wi(A)ay

k=1
0 (for3<m<n-—2),
1 (form=n-1).

By (2.9), we have shown that ) fiq a(xz) = f(z). Moreover, we compute
k=1



Functional equations related to GP mappings 63

Fa,Af(m)

n

ST Y anan (@) + (")
m=1 1<11 <2< <tm<n

n—1

I
T
—_
~—
3

> @iy -+ ag, f(a" ") + f(a”)

m=1 1<iq <ig<-<im<n
01,09, im #Zk

Y e f@ )

m=2 1<iq <ig <+ <ip_1<n (2.10)
61,09 rigy 1 £k

= (=" > aiy -~ @iy, f(a""x) + f(a"z)

m=1 1<i) <ig<--<im<n
1109, im £k

n—1
_ak<2(_1)€ Z az‘l"'ailf(a"*blx) —i—f(a”lx)),
=1 1<iq <ig<---<ig<n

1169, rig#k

from which follows that wi,(A)Lq af(2) = fra,a(ax)—ay frea(z) forallz e V.

Hence, we obtain (2.8). O
Example 2.6. If A = {2,4}, then wi(4) = —3 and wy(A4) = 3. For the
function f: R — R given by
f(z) = 53 + 42% + 8z,
we have
1
fraa(x) = ) (f(ax) - 4f(55))
5a° 4 2,2 3 2
:—Tx 2a°x” — 4dazr + 102° + 8z* 4 16z,
1
Fraa(@) = 5 (flax) = 2f ()
5a°

= 73:3 + 2a%2? + dax — 5z — 42% — 8z,
Toaf(z) = f(a’z) — 6f(ax) + 8f(x)
= 5a52% + 4a*2? + 8a%x — 30023 — 24022

—48a'x + 4023 + 4222 + 64z
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In this case we can verify the previous theorem as follows:
f(@) = fra,a(@) + faaa(2),

Faaa(02) ~ 4fsaa(x) = STuaf(@),

1

Jra,A(ar) —2f144(7) = _ira,Af(x)

for all € R. However, the mapping fi 4 4(z) does not have the property
fraa(az) = agfraa(z) for all z € R and k € {1,2}.

The following corollary is easily derived from Theorem 2.5.
Corollary 2.7. If f satisfies the functional equation
Fa,Af(x) =

for all x € V', then we have
) =Y fraal®) and fraalaz) = ag fraa(z)
k=1

forallz € V and k € {1,2,...,n}.
Proof. Let frqa4 :V — W be the mappings as in (2.3) for k € {1,2,...,n}.

According to Theorem 2.5, f(z) = > fraa(z) and fiq a(ax) = a frq,.4(2)
k=1
forallz € V and k € {1,2,...,n}. O

We introduce an example for Corollary 2.7 when A = {2,3,7}.

Example 2.8. For A = {2,3,7}, let f: V — W satisfy the functional equa-
tion

f(@®z) —(2+3+7)f(a’x) +(2-3+3-7+7-2)f(ax) —2-3-7f(z) =

for all z € V. Then we can use (2.7) to get

fraal®) = £ (£ (a*r) = 10f(az) +211(2)),
Foaale) = 1 (F(a2) — 9f(az) + 14f(x),
f3a.4(z) = i(f(aQ:C) —5f(ax) + 6f(a:))

20
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3
such that f(z) = Y fraa(x) and
k=1

J1,0,A(22) = 2f1,4,4(x),
f2,0,A(22) = 3 f2,4,4(7),
f3,a,A(2x) = 7f3,a,A(x)

forallz e V.

From now on, we use f; to denote an arbitrary mapping independent of the
mapping fi q 4, which is defined as (2.3). The following lemma is the inverse
of Corollary 2.7.

Lemma 2.9. If there exist mappings fi, fo, ..., fn: V. — W such that
f@) =" felx) and filax) = afi(x),
k=1

then f satisfies the functional equation

Loaf(z) =0
and fy, is equal to fq.4 given in Definition 2.1 for all k € {1,2,...,n}.
Proof. Since fi(ax) = ay fr(x) for all z € V| we have

n

Fa,Afk(x) = Z (—1)m Z Ay Aoy - aimfk(an_mx)

m=0 1<i1 << <tm<n

n—1
= Z(_l)m Z @iy iy - -+ iy, fr (@)
m=0

1<i] <in<-<im<n
01,89, rim £k

n—1
— ag Z(_l)m Z iy Qi ...aimfk(anfmflm)
m=0

1<i1 <ig<--<im<n
11,09 im £k

=0

n

forallk € {1,2,...,n} and hence 'y o f(z) =Tq 4 > fr(z) = 0. By Corollary

T k=1
2.7, we have

f@) =" fraal@) with frqa(az) = agfraa(z)
k=1

for all z € V, and so, according to Lemma 2.2, f; is equal to f;, 4 for
ke{l,2,...,n}. O
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Example 2.10. For A ={2,3,7}, let f: R — R be a function defined as
f(ﬂ?) — 5|:1}’10g“7 _ 4’x‘loga3 +8‘$|10ga2.

Put fi(z) = 8|z['°8<2, fo(z) = —4|z[°83 and f3(x) = 5|z|'8«7 for all z € R,
then we have

filaz) =2f1(z), falax) =3fa(x), fs3(azx)=Tf3(x)

and
Loaf(z) = f(a3x) — 12f(a2x) +41f(ax) —42f(x) =0
for all x € R. Together with (2.7), we can check that

fi(z) = 1(f(a%;) —10f(az) + 21f(z)) = fi,0,.4(2),

5
Fale) =~ (F(%2) = 97 (ax) + 14 (2)) = fra(x),
f3(x) = %(f(a%) —5f(az) +6f(x)) = f30,4(2)

for all z € R.

The following main theorem is a consequence of Corollary 2.7 and Lemma
2.9.

Theorem 2.11. A mapping f: V — W is a solution to the functional equa-
tion

FmAf(J}) =0
if and only if there exist mappings fi, fo, ..., fn: V — W such that

f(x) =) filx) and fi(ax) = ayfi(z)
k=1

forallz € V and k € {1,2,...,n}. In particular, each fi : V — W is the
same as frq.a gwen in Definition 2.1 for k € {1,2,...,n}.

3. APPLICATIONS

For any given mapping f : V — W, we will use the following notations:
~ 1 1
f(@) = @)= 1(0), folw) = 5(f(@)=f(=2)), fe(z) := 5(f(2)+f(=2))

forallz € V.

For convenience, some definitions of Definition 2.1 can be slightly modified.
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Definition 3.1. For any given mapping f : V — W, we define

fk,a,n (I’)

= fk,a,{al,aQ,‘..,a"} (:B)

flrte) + X (1) St
m=1 1<iy < <im<n
i1,-im Ak

I =) |

1<i<n, itk

(fo)Qk—l,a,n(x)
= (fo)k,a,{al,a3,...,a2"*1} (SL’)

n—1 ) )
@)+ 5 (cm Y e g, (el
m=1 1<ip<--<im<n
D] 5ees im #k

q2k—1 _ a2i—1)
1<i<n, i#k

forallz € V and k € {1,2,...,n}.

For any given mapping f : V — W, we further define

(fe)Qk,a,n(x)
= (fe)k,a,{aQ,a4,--~7a2n} (SL’)

fo(amlz) + "il(_l)m 3 a2+ +im) £ (an—m=1g)
m=1

1<iy < <im<n
i15eeerim #k

2k _ 21 ’
1<i<n, i£k (a ¢ )

Fa1,2 ..... nf(l’)
= Fa,{al,aQ,...,a"}f(x)

= f(a"x) + Z (=)™ Z airtiztFim f(gn-my).

m=1 1< <-<tm<n

Fa1,3 ,,,,, 2n71f0($)
::Pa1,3 ,,,,, 2n71f0(.7j)

SRR D DI et}
m=1

1<i1 < <im<n
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Fa2,4,.4.,2nfe($)
= Fa2,4,4.4,2n fe (w)

=fela"o)+ D (-0 Y @ f )
m=1 1<) << <n
forall z € V and k € {1,2,...,n}.

Example 3.2. In the case of a =2 and k = 3, we get
1

f1,2,3(x) = (21 _ 22)(21 - 23) (f(4$) - 12f(2.7)) + 32.]0(1;))7

faoa(z) = e 21)1(22 5 (f(4z) — 10f(22) + 16f(x)),

Fra(w) = g —gmy gz (/4w) = 61(22) + 8/(@).
(o 2ae) = =g g =gy Uolde) = 404,(20) + 256/,(a).
(F)22a(e) = g gy Ue(4) = $01.(20) + 1024, (w).
(f0)3,2,3($) - (24_1 — 22_1)1(24_1 — 26—1) (f0(4.7}) - 34f0(2.1‘) + 64f0(1’)),
(fe)4,2,3($) = (24 — 22)1(24 — 26) (fe(4x) - 68f€(2$) + 256fe(w))7
o)s2(0) = g =gy (olde) = 107,(22) + 16/,(2)).

1

(fe)6,2,3(a7) = (26 — 22)(26 — 24) (fe(4x) - 2Ofe(2x) + 64]06(1:))7

Doz f(z) = f(4x) — 14f(4x) + 56 f(2x) — 64 f(x),
Dovas fo(x) = fo(8x) — 42fo(4x) + 336 fo(22) — 512fo(x),

Tonaofo(n) = fo(82) — 84f.(42) + 1344 f.(2x) — 4096 f.(z)

forall z € V.

For the set A = {a',a?, ...,a"}, Theorem 2.11 can be replaced by the
following theorem using Definition 3.1.
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Theorem 3.3. A mapping f : V — W is a solution to the functional equation
Fal,Q ,,,,, nf(f,U) — 0
if and only if there exist mappings f1, fo,..., fn: V. — W such that

f@)=>" fal(z) and fr(ax) = d* fi()
k=1

forallz € V and k € {1,2,...,n}. In particular, fy is the same as frqn
given in Definition 3.1 for each k € {1,2,...,n}.

Example 3.4. Let f1, fo, f3, f : R = R be the functions defined by

[ 3z (forzeQ),
wo={ %, s go)
2?2 (for x € Q),
Rle)s= { 0 (fora¢Q)
2% (forz>0),

fa(a) = { 0 (forx <0)

3 4
and f(z) == Y fr(z) for all z € R. Then we see that Af(x) # 0 for all
k=1 y

z,y € R. However, since fi(rz) = r* fi(z) for all z € R and » € Q with » > 1,
f satisfies the functional equation

f(7“3$) —(r+ r? 4 7“3)f(r2x) + (7“3 + 74 7“5)f(am) —rSf(z)=0
as well as the equations

_ f%2) — (P 4 %) f(ra) + 10/ (2)

fi(z) = (r —r2)(r —13) )
r2x) — (r+ ) f(rz) + rif(x

pta) - LR = o) )
r2x) — (r+r2) flrz) + B f(x

fal) = f(r z) (r(i” _Jrr)(zé(_ 722;_ f(z)

hold for all z € R and r € Q with r > 1.

+1
Example 3.5. If f : V' — W is a solution to the functional equation A fz) =
y

0 (for all z,y € V) and f(0) = 0, then there exist mappings fi, f2,..., fn :
V — W such that

n

f@)=>_ felx) and fi(rz) =r* fu(x)

k=1
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for any r € Q with » > 1. According to Theorem 2.11, the mapping f : V — W
satisfies the functional equation I',12,..» f(z) = 0 and fi’s are given by

Fer 4 S cym Y g pnomey)
m=1 1§z‘_1<¢2<~;<;n;§n
11,8950+, im
T) = :
I() M (F )
1<i<n, ik
forallz € V.

Corollary 3.6. Let f : R — R be a polynomial function of degree at most n
n

with f(0) = 0, that is, there exist oy, ..., € R such that f(z) = > aga®
k=1

for all x € R. Then f satisfies the functional equation T'j1,2,...n f(x) = 0 and

f has the properties

arz® = fran(z)
forallz € R and a > 1.

Proof. If we put fi(z) := agzz® for all z € R, z € R, and for each k €
{1,2,...,n}, then it is obvious that

fx) =Y file) and fi(ax) = " fi(2)
k=1

for any a € R with a > 1. According to Theorem 3.3, we obtain the desired
results. 0

For A= {a',a?,...,a®" 1}, Theorem 2.11 is transformed as follows:
Theorem 3.7. An odd mapping f, : V — W satisfies functional equation
Lyrs.zn-1 fo(x) =0

if and only if there exist mappings fl, fg, e ,fn :V = W such that

folz) = ful(z) and  fi(az) = o™ fi(a).
k=1

In particular, fk is equal to (fo)2k—1,an given in Definition 3.1 for every k €
{1,2,...,n}.

Corollary 3.8. Let f, : R — R be an odd polynomial function of degree
at most 2n — 1, that is, there exist &q,Qa,...,0, € R such that f,(z) =

n
S Ggw? 7L for all x € R. Then f, satisfies the functional equation
k=1

Fa1,3 ..... 2n71f0(x) =0
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and f, has the properties

dkakil = (fO)Qk:fl,a,n (CC)

hold for all x € R and a > 1.

The following example is for n = 3.
Example 3.9. Consider a function f, : R — R defined by
folx) = —4a® + 523 + 8.

Then we have

Loras fo(z) = fola’z) — (a+ a® + a°) fo(a’z)

+ (a4 +ab + aS)fo(aa:) —adf,(x)
=0

for all x € R and any fixed @ > 1. Thus, it follows from Corollary 3.8 with

n = 3 that there exist functions fl, fg, fg : R — R such that
3
Jolw) =) _Ju(x) and  fy(az) = a® " fi(2)
k=1
for each k € {1,2,3}.
It is easy to show that fi(z) = 8x, fa(z) = 523 and f3(r) = —42°, and

a2x — a3 a5 ax CL8 X -
(f0)17a73(w) = fO( ) (<a3 j_a)()Ci;O(— a))+ fO( ) =8z = fl(w)7

a2x —la a5 ax a6 T ~
(Fsaale) = - T OB T _ 505 fy(a),

fola®a) = (a+ @) folaz) + a' fo(2)
(@ — a)(® — a¥)

(fo)s,a3(x) = = —42° = f3(x)

for all z € R.

On the other hand, for the set A = {a?,a*,...,a?"}, the following functional
equation can be considered.

Theorem 3.10. An even mapping fo : V — W satisfies the functional equa-
tion

| P 2nf6(1') =0 (1‘ c V)
if and only if there exist mappings fi, fo, ..., fn:V — W such that

fe(x) = fulx) and  fi(az) = a® fi(x)
k=1

for allz € V. In particular, fy is equal to (fe)ok.an for each k € {1,2,... ,n}.
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Corollary 3.11. Let f. : R — R be an even polynomial function of degree at
most 2n, and let f(0) = 0, that is, there exist &, da,...,&, € R such that

felz) = Zn: apx® for all x € R. Then f. satisfies the functional equation
L2, gnjl‘ie:(la:) =0 and f. has the properties

ape™ = (fe)akan(x)
forallz € R and a > 1.

We introduce an example for the case of n = 3 in Corollary 3.11.
Example 3.12. We consider an even function f. : R — R defined by
folz) = 25 — 422
and then
Lyzasfe(z) = fe(a’z) — (a® + a* + a°) fo(a’2)
+ (a6 +a® + am)fe(aa:) —a'?f.(x)
=0

for any fixed a > 1. We can find the mappings fi, f2, f3 : R = R:
fi(z) = —422, fo(z) =0 and f3(z) =2
which satisfy

3
fol@) = ful@) and  fi(az) = a** fiy(x)
k=1

for each k € {1,2,3}. We verify that
_ fe(a®z) — (a* + a®) fe(az) + a0 fo(z)

(fe)?,a,?»(x) ((14 — a2)(a6 — CL2) = —da” = fl(x)v
a’x) — (a® + a®) f.(ax) + a®f.(x .
(Faate) = TR Et LD LI o o)
a’z) — (a® + a*) f.(azx) + abf.(x .
(fe)G,a,3(x) = fe( ) (CE() —22)()(‘;(— a)4)+ J ( ) =20 = f3($)
for all z € R.

Now we can easily prove the following theorem using Theorems 3.7 and
3.10.

Theorem 3.13. Let f:V — W be a mapping.
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(i) f satisfies the functional equations
Fa1,3 ,,,,, 2n—1f0({L‘) =0 and Fa2,4 ,,,,, ane(l') =0
if and only if there exist mappings f1, fo, ..., fon : V. — W such that

2n
f=>fe flax) = a'fo(x), and fo(—z) = (=1)" fo(x)

(=1

for all x € V.. In particular, forp—1 is equal to (fo)or—1.an and fo is
equal to (fe)ok,an—1 for each k € {1,2,...,n}.

(ii) f satisfies the functional equations
Cois,2n-1fo(x) =0 and T 24,202 fe(z) = 0

if and only if there exist mappings f1, fo, ..., fon—1: V — W such that
2n—1

f= fo folaz) = afolx), and fo(—z) = (=1)" fu(@)

(=1

for all x € V. In particular, for—1 is equal to (fo)ok—1,a,m and for is
equal to (fe)ok,an—1 for each k € {1,2,...,n —1}.

Corollary 3.14. Let f : R — R be a polynomial function.
(i) If f is a polynomial function of degree at most 2n and f(0) =0, i.e.,

2n
there exist a1, s, ..., as, € R such that f(x) = 3. oz’ for x € R,
=1

/=
then f satisfies the functional equation Tyi23,. .20 f(x) = 0 and the
equations

O‘Zk—lxmc_l = (fo)Qk—l,a,n(x) and O‘kaQk = (fe)?k,a,n(l')
forallz € R, a>1, and for any k € {1,2,...,n}.
(ii) If f is a polynomial function of degree at most 2n — 1 with f(0) = 0,

2n—1
i.e., there exist oy, o, ..., a1 € R such that f(x) = Y ozt for

(=1
all x € R, then f satisfies the functional equation T y1,2,3,....20-1 f(x) = 0
and the equations

o127 = (fo)ar—1.an(2) and gzt = (fe)or an—1(x)

forallx e R,a>1,ke{1,2,...,n}, and for all k' € {1,2,...,n—1}.

If we put @ = 2 and n = 3 in Corollary 3.14 (i), then we obtain the following
example.
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Example 3.15. We consider a function f : R — R defined by
f(z) = 25 — 42 + 523 — 422 + 82

for all z € R. Then fo(x) = —425 + 52 + 8z and f.(x) = 2% — 422 In
Examples 3.9 and 3.12, if we put for_1(z) = fr(x) and for(z) = fe(z) for
k € {1,2,3}, then there exist functions f1, fa,..., f¢ such that

=]

f@) = fol@) + fe(w) =D fulw) and  fo(2z) = 2" fo(x)

(=1

for each ¢ € {1,2,...,6}. In particular, fop_; is equal to (fo)2x—1,4,3 and for
is equal to (fe)ak,q,3 for each k € {1,2,3}.

2n+1
Example 3.16. If f: V — W satisfies the functional equation A f(z)=0
Y
for all x,y € V, then there exist mappings fi, fo,..., fon : V — W such that

folz) = é for—1(x), for—1(rz) = r¥* o1 (),

felz) = kil foe(@),  for(rm) = r?* for(x)

for any 7 € Q with r > 1, where f(z) := f(z) — f(0) for all z € V. Accord-
ing to Theorem 3.7, the mapping f : V — W satisfies functional equations
[i3,2n-1fo(x) =0 and [y24,..20 fe(x) = 0, and fy’s are given by

Jor—1(x)

n—1 o )
fo(Tn_lx) + 3 (=)™ = r2(z1+12+~~-+2m)—mfo(Tn—m—lx)
m=1 1<iy <ig<--<im<n
— 11,895+, im #£k
- [ (r2F1 =21
1<i<n,i#k
and
Jor ()
~ —1 B
fe (’I”n_ll‘) + nz (_1)m Z r2(i1+i2+...+im)fe (rn—m—lx)
m=1 1<i) <ig<---<im<n
_ 01509y esim #k
B T (2 —r2)
1<i<n,i#k

forallz € V.
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2
Example 3.17. If f : V — W satisfies the functional equation A f(z) =0 for
y
all x,y € V, then there exist mappings fi, f2,..., fon—1 : V — W such that

7

fol@) =3 foro1(z),  fop—1(rz) = r2* 71 for_y (),

k=1
felz) = :21 fou(®@),  for(ra) = r?* fo(z)

for any r € Q with r > 1. Hence, f : V — W satisfies both functional equa-
tions I'y13,.20-1 fo(x) = 0 and [z, 202 fe(x) = 0. Additionally, fi, fa,...,
fon—1 are given by

Jor—1(x)
n—1 ) ) )
fo(Tn_1$) + 3 (=)™ = T2(z1+zz+~~-+zm)—mfo(Tn—m—lx)
m=1 1<iq <ig<-+<im<n
i 11589,y im#Zk
- I (r2k71 _ T2i71)
1<i<n,i#k
and
for(z)
fe(’l”n_Ql‘) 4 Z (_1)m Z 7,2(11+12+...+zm)f6(,rn—m—Zx)
m=1 1<i) <ig<--<im<n-—1
_ 01,09, im#k
N 11 (r2k — r20)
1<i<n—1,i#k
forallz e V.

Acknowledgments. This work was supported by the National Research
Foundation of Korea (NRF) grant funded by the Korea government (MSIT)
(No. 2021R1A2C109489611).

REFERENCES

[1] M. Albert and J.A. Baker, Functions with bounded nth differences, Ann. Polon. Math.,
1(43) (1983), 93-103.

[2] J. Baker, A general functional equation and its stability, Proc. Natl. Acad. Sci., 133(6)
(2005), 1657-1664.

[3] D.Z. Djokovié, A representation theorem for (X1 —1)(X2—1)---(Xn — 1) and its appli-
cations, Ann. Polon. Math., 22 (1969), 189-198.



