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Abstract. Let V and W be real vector spaces, in this paper, we prove that a mapping

f : V → W satisfies a specific functional equation (1.1) if and only if there exist mappings

f1, f2, . . . , fn : V → W satisfying f(x) =
n∑

k=1

fk(x) and fk(ax) = akfk(x) for all x ∈ V and

k ∈ {1, 2, . . . , n}, where a is a real number with a > 1 and 0 < a1 < a2 < · · · < an.

1. Introduction

Albert and Baker mentioned in their paper [1] the following theorem, which
was later proved by Djoković [3]:
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Theorem 1.1. (Albert and Baker) Let V and W be some real vector spaces.
For every n ∈ N and mapping f : V →W , the following are equivalent.

(i)
n+1
∆
y
f(x) =

n+1∑
i=0

(
n+1
i

)
(−1)n+1−if(x+ iy) = 0 for all x, y ∈ V .

(ii) There exist mappings f0, f1, . . . , fn such that f(x) =
n∑

k=0

fk(x) and

k
∆
y
fk(x)− k!fk(y) = 0 for all x, y ∈ V and all k ∈ {0, 1, . . . , n}.

Every solution to the functional equation
n
∆
y
f(x) = 0 is said to be a general-

ized polynomial mapping (or GP mapping) of degree at most n−1 (see [2]) and

every nonzero solution mapping to the functional equation
n
∆
y
f(x)−n!f(y) = 0

is said to be a monomial mapping of degree n.

Throughout this paper, let V and W be real vector spaces, n be a fixed
positive integer, a be a real number greater than 1, and A = {a1, a2, . . . , an}
satisfy 0 < a1 < a2 < · · · < an.

We now present the main theorem of this paper, which is a direct conse-
quence of Corollary 2.7 and Lemma 2.9.

Theorem 1.2. For every n ∈ N and mapping f : V → W , the following are
equivalent.

(i) A mapping f : V →W satisfies the functional equation

f(anx) +
n∑

m=1

(−1)m
∑

1≤i1<i2<···<im≤n
ai1ai2 · · · aimf(an−mx) = 0 (1.1)

for all x ∈ V .

(ii) There exist mappings f1, f2, . . . , fn : V →W such that f(x) =
n∑

k=1

fk(x)

and

fk(ax) = akfk(x) (1.2)

for any x ∈ V and k ∈ {1, 2, . . . , n}.
In particular, the mappings f1, f2, . . . , fn can be expressed as

fk(x) =

f
(
an−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimf
(
an−m−1x

)
∏

1≤i≤n, i 6=k

(ak − ai)
(1.3)

for all x ∈ V and k ∈ {1, 2, . . . , n}.
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Remark: If fk satisfies the functional equation
k
∆
y
fk(x) − k!fk(y) = 0 for all

x, y ∈ V and all k ∈ {0, 1, . . . , n}, then fk(rx) = rkfk(x) for all x ∈ V and
all rational numbers r ∈ Q (see Theorem 3 and Corollary 3 in [3] and the
introductory section of [2]).

Therefore, by Theorem 1.1 and Remark, if a mapping f : V → W satisfies

the functional equation
n+1
∆
y
f(x) = 0 for all x, y ∈ V and f(0) = 0, then there

exist mappings f1, f2, . . . , fn such that f(x) =
n∑

k=1

fk(x) and fk(rx) = rkfk(x)

whenever x ∈ V and r ∈ Q. And, by our main theorem, f satisfies the
functional equation

f(rnx) +
n∑

m=1

(−1)m
∑

1≤i1<i2<···<im≤n
ri1ri2 · · · rimf(rn−mx) = 0

for all x ∈ V and rational numbers r > 1.
As a result, if a mapping f : V → W satisfies the functional equation

n+1
∆
y
f(x) = 0 for all x, y ∈ V and f(0) = 0, then we can have f(x) =

n∑
k=1

fk(x),

where

fk(x) =

f
(
rn−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ri1ri2 · · · rimf
(
rn−m−1x

)
∏

1≤i≤n, i 6=k

(
rk − ri

)
for all x ∈ V and for any fixed rational constant r > 1.

The advantage of our paper is that it provides clearer information about
the function fk(x) than previous papers.

2. Main result

From now on, let A = {a1, a2, . . . , an} be a set of real numbers satisfying
0 < a1 < a2 < · · · < an, and let a > 1.

For convenience, we first introduce the abbreviations and definitions that
will be used in this paper.

Definition 2.1. Let ωk(A) be the real numbers defined by

ωk(A) :=
(−1)n−k

ω(A)

∣∣∣∣∣∣∣∣∣
1 · · · 1 1 · · · 1
a1 · · · ak−1 ak+1 · · · an
...

. . .
...

...
. . .

...
an−21 · · · an−2k−1 an−2k+1 · · · an−2n

∣∣∣∣∣∣∣∣∣ (2.1)
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for every k ∈ {1, 2, . . . , n}, where the symbol ω(A) denotes the Vandermonde
determinant defined by

ω(A) =

∣∣∣∣∣∣∣∣∣
1 1 · · · 1
a1 a2 · · · an
...

...
. . .

...
an−11 an−12 · · · an−1n

∣∣∣∣∣∣∣∣∣ =
∏

1≤j<i≤n
(ai − aj).

For a given mapping f : V → W , we define the mappings Γa,Af, fk,a,A : V →
W by

Γa,Af(x) :=f(anx)+

n∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
ai1ai2 · · · aimf(an−mx) (2.2)

and

fk,a,A(x) := ωk(A)

(
f
(
an−1x

)
+

n−1∑
m=1

(−1)m

×
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimf
(
an−m−1x

)) (2.3)

for all x ∈ V and k ∈ {1, 2, . . . , n}.

Lemma 2.2. If there exist mappings f1, f2, · · · , fn : V → W such that
n∑

k=1

fk(x) = 0 and each fk has the property fk(ax) = akfk(x) for all x ∈ V ,

then fk(x) = 0 for all x ∈ V and k ∈ {1, 2, . . . , n}.

Proof. We note that
n∑

k=1

aikfk(x) =
n∑

k=1

fk(aix) = 0 for all x ∈ V , k ∈

{1, 2, . . . , n}, and i ∈ {0, 1, 2, . . . , n − 1}. Thus, (f1(x), f2(x), . . . , fn(x)) is
the solution to the system of linear equations

f1(x) + f2(x) + · · · + fn(x) = 0,

a1f1(x) + a2f2(x) + · · · + anfn(x) = 0,

...
...

. . .
...

...

an−11 f1(x) + an−12 f2(x) + · · · + an−1n fn(x) = 0.

Due to the Cramer’s rule, the mapping fk is determined by

fk(x) =
1

ω(A)

∣∣∣∣∣∣∣∣∣
1 · · · 1 0 1 · · · 1
a1 · · · ak−1 0 ak+1 · · · an
...

. . .
...

...
...

. . .
...

an−11 · · · an−1k−1 0 an−1k+1 · · · an−1n

∣∣∣∣∣∣∣∣∣ = 0
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for all x ∈ V and k ∈ {1, 2, . . . , n}, which completes the proof. �

Lemma 2.3. If m ∈ {0, 1, 2, . . . , n− 2}, then
n∑

k=1

amk ωk(A) = 0 (2.4)

and
n∑

k=1

an−1k ωk(A) = 1. (2.5)

In particular, the identity

ωk(A) =
1∏

1≤i≤n, i 6=k

(ak − ai)
(2.6)

holds for all k ∈ {1, 2, . . . , n}.
Proof. We note that

ω(A)

n∑
k=1

amk ωk(A) =

n∑
k=1

amk · (−1)n−k

∣∣∣∣∣∣∣∣∣
1 · · · 1 1 · · · 1
a1 · · · ak−1 ak+1 · · · an
...

. . .
...

...
. . .

...
an−21 · · · an−2k−1 an−2k+1 · · · an−2n

∣∣∣∣∣∣∣∣∣
=

n∑
k=1

∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 0 1 · · · 1
a1 · · · ak−1 0 ak+1 · · · an
...

. . .
...

...
...

. . .
...

an−21 · · · an−2k−1 0 an−2k+1 · · · an−2n

0 · · · 0 amk 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
=

n∑
k=1

∣∣∣∣∣∣∣∣∣∣∣

1 · · · 1 1 1 · · · 1
a1 · · · ak−1 ak ak+1 · · · an
...

. . .
...

...
...

. . .
...

an−21 · · · an−2k−1 an−2k an−2k+1 · · · an−2n

0 · · · 0 amk 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
a1 a2 · · · an
...

...
. . .

...
an−21 an−22 · · · an−2n

am1 am2 · · · amn

∣∣∣∣∣∣∣∣∣∣∣
=

{
0 (for m ∈ {0, 1, . . . , n− 2}),
ω(A) (for m = n− 1).



60 S.-S. Jin, S.-M. Jung, Y.-H. Lee and J. Roh

Moreover, using (2.1) and the identity

∏
1≤j<i≤n

i,j 6=k

(ai − aj) =

∣∣∣∣∣∣∣∣∣
1 · · · 1 1 · · · 1
a1 · · · ak−1 ak+1 · · · an
...

. . .
...

...
. . .

...
an−21 · · · an−2k−1 an−2k+1 · · · an−2n

∣∣∣∣∣∣∣∣∣ ,
we easily get

ωk(A) =

(−1)n−k
∏

1≤j<i≤n
i,j 6=k

(ai − aj)∏
1≤j<i≤n

(ai − aj)
=

(−1)n−k∏
1≤j<k

(ak − aj)
∏

k<i≤n
(ai − ak)

,

which completes the proof. �

Example 2.4. For A = {a1, a2, a3} = {2, 3, 7}, we have

ω1(A) =
1

(2− 3)(2− 7)
=

1

5
,

ω2(A) =
1

(3− 2)(3− 7)
= −1

4
,

ω3(A) =
1

(7− 2)(7− 3)
=

1

20

(2.7)

and
3∑

k=1

a0kωk(A) = 20 · 1

5
− 30 · 1

4
+ 70 · 1

20
= 0,

3∑
k=1

a1kωk(A) = 21 · 1

5
− 31 · 1

4
+ 71 · 1

20
= 0,

3∑
k=1

a2kωk(A) = 22 · 1

5
− 32 · 1

4
+ 72 · 1

20
= 1.

Theorem 2.5. If f : V →W is a mapping, then

f(x) =
n∑

k=1

fk,a,A(x)

and

fk,a,A(ax)− akfk,a,A(x) = ωk(A)Γa,Af(x) (2.8)

for all k ∈ {1, 2, . . . , n} and x ∈ V .
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Proof. It follows from (2.3) and (2.4) that

n∑
k=1

fk,a,A(x) =

n∑
k=1

ωk(A)

(
f
(
an−1x

)
+

n−1∑
m=1

(−1)m

×
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimf
(
an−m−1x

))

=
n−1∑
m=1

(−1)m
n∑

k=1

ωk(A)

×
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimf
(
an−m−1x

)
(2.9)

for all x ∈ V .
In the case of m ∈ {1, 2} we use (2.4) to obtain

n∑
k=1

ωk(A)
∑

1≤i1≤n
i1 6=k

ai1 =

n∑
k=1

ωk(A)

(
n∑

i=1

ai − ak

)

= −
n∑

k=1

ωk(A)ak

= 0

and

n∑
k=1

ωk(A)
∑

1≤i1<i2≤n
i1,i2 6=k

ai1ai2 =

n∑
k=1

ωk(A)
∑

1≤i1<i2≤n
ai1ai2

−
n∑

k=1

ωk(A)ak
∑

1≤i1≤n
i1 6=k

ai1

=
n∑

k=1

ωk(A)
∑

1≤i1<i2≤n
i1,i2 6=k

ai1ai2

−
n∑

k=1

ωk(A)ak
∑

1≤i1≤n
ai1 +

n∑
k=1

ωk(A)a2k

= 0.
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On the other hand, for 3 ≤ m ≤ n − 1, we again use (2.4) and (2.5) for
calculation

(−1)m
n∑

k=1

ωk(A)
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aim

= (−1)m
n∑

k=1

ωk(A)
∑

1≤i1<i2<···<im≤n
ai1ai2 · · · aim

+ (−1)m−1
n∑

k=1

ωk(A)ak
∑

1≤i1<i2<···<im−1≤n

i1,i2,...,im−1 6=k

ai1ai2 · · · aim−1

= (−1)m−1
n∑

k=1

ωk(A)ak
∑

1≤i1<i2<···<im−1≤n
ai1ai2 · · · aim−1

+ (−1)m−2
n∑

k=1

ωk(A)a2k
∑

1≤i1<i2<···<im−2≤n

i1,i2,...,im−2 6=k

ai1ai2 · · · aim−2 .

And hence, we further have

(−1)m
n∑

k=1

ωk(A)
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aim

= · · ·

= (−1)2
n∑

k=1

ωk(A)am−2k

∑
1≤i1<i2≤n

ai1ai2 + (−1)1
n∑

k=1

ωk(A)am−1k

∑
1≤i1≤n
i1 6=k

ai1

= (−1)1
n∑

k=1

ωk(A)am−1k

∑
1≤i1≤n
i1 6=k

ai1

=
n∑

k=1

ωk(A)amk

=

{
0 (for 3 ≤ m ≤ n− 2),

1 (for m = n− 1).

By (2.9), we have shown that
n∑

k=1

fk,a,A(x) = f(x). Moreover, we compute
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Γa,Af(x)

=
n∑

m=1

(−1)m
∑

1≤i1<i2<···<im≤n
ai1 · · · aimf(an−mx) + f(anx)

=

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1 · · · aimf(an−mx) + f(an)

+
n∑

m=2

(−1)mak
∑

1≤i1<i2<···<im−1≤n

i1,i2,...,im−1 6=k

ai1 · · · aim−1f(an−mx)

− akf
(
an−1x

)
=

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1 · · · aimf(an−mx) + f(anx)

− ak

(
n−1∑
`=1

(−1)`
∑

1≤i1<i2<···<i`≤n
i1,i2,...,i` 6=k

ai1 · · · ai`f
(
an−`−1x

)
+ f

(
an−1x

))
,

(2.10)

from which follows that ωk(A)Γa,Af(x) = fk,a,A(ax)−akfk,a,A(x) for all x ∈ V .
Hence, we obtain (2.8). �

Example 2.6. If A = {2, 4}, then ω1(A) = −1
2 and ω2(A) = 1

2 . For the
function f : R→ R given by

f(x) = 5x3 + 4x2 + 8x,

we have

f1,a,A(x) = −1

2

(
f(ax)− 4f(x)

)
= −5a3

2
x3 − 2a2x2 − 4ax+ 10x3 + 8x2 + 16x,

f2,a,A(x) =
1

2

(
f(ax)− 2f(x)

)
=

5a3

2
x3 + 2a2x2 + 4ax− 5x3 − 4x2 − 8x,

Γa,Af(x) = f
(
a2x
)
− 6f(ax) + 8f(x)

= 5a6x3 + 4a4x2 + 8a2x− 30a3x3 − 24a2x2

− 48a1x+ 40x3 + 42x2 + 64x.
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In this case we can verify the previous theorem as follows:

f(x) = f1,a,A(x) + f2,a,A(x),

f2,a,A(ax)− 4f2,a,A(x) =
1

2
Γa,Af(x),

f1,a,A(ax)− 2f1,a,A(x) = −1

2
Γa,Af(x)

for all x ∈ R. However, the mapping fk,a,A(x) does not have the property
fk,a,A(ax) = akfk,a,A(x) for all x ∈ R and k ∈ {1, 2}.

The following corollary is easily derived from Theorem 2.5.

Corollary 2.7. If f satisfies the functional equation

Γa,Af(x) = 0

for all x ∈ V , then we have

f(x) =

n∑
k=1

fk,a,A(x) and fk,a,A(ax) = akfk,a,A(x)

for all x ∈ V and k ∈ {1, 2, . . . , n}.

Proof. Let fk,a,A : V → W be the mappings as in (2.3) for k ∈ {1, 2, . . . , n}.

According to Theorem 2.5, f(x) =
n∑

k=1

fk,a,A(x) and fk,a,A(ax) = akfk,a,A(x)

for all x ∈ V and k ∈ {1, 2, . . . , n}. �

We introduce an example for Corollary 2.7 when A = {2, 3, 7}.

Example 2.8. For A = {2, 3, 7}, let f : V → W satisfy the functional equa-
tion

f
(
a3x
)
− (2 + 3 + 7)f

(
a2x
)

+ (2 · 3 + 3 · 7 + 7 · 2)f(ax)− 2 · 3 · 7f(x) = 0

for all x ∈ V . Then we can use (2.7) to get

f1,a,A(x) =
1

5

(
f
(
a2x
)
− 10f(ax) + 21f(x)

)
,

f2,a,A(x) = −1

4

(
f
(
a2x
)
− 9f(ax) + 14f(x)

)
,

f3,a,A(x) =
1

20

(
f
(
a2x
)
− 5f(ax) + 6f(x)

)
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such that f(x) =
3∑

k=1

fk,a,A(x) and

f1,a,A(2x) = 2f1,a,A(x),

f2,a,A(2x) = 3f2,a,A(x),

f3,a,A(2x) = 7f3,a,A(x)

for all x ∈ V .

From now on, we use fk to denote an arbitrary mapping independent of the
mapping fk,a,A, which is defined as (2.3). The following lemma is the inverse
of Corollary 2.7.

Lemma 2.9. If there exist mappings f1, f2, . . . , fn : V →W such that

f(x) =

n∑
k=1

fk(x) and fk(ax) = akfk(x),

then f satisfies the functional equation

Γa,Af(x) = 0

and fk is equal to fk,a,A given in Definition 2.1 for all k ∈ {1, 2, . . . , n}.

Proof. Since fk(ax) = akfk(x) for all x ∈ V , we have

Γa,Afk(x) =
n∑

m=0

(−1)m
∑

1≤i1<i2<···<im≤n
ai1ai2 · · · aimfk(an−mx)

=

n−1∑
m=0

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimfk(an−mx)

− ak
n−1∑
m=0

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ai1ai2 · · · aimfk
(
an−m−1x

)
= 0

for all k ∈ {1, 2, . . . , n} and hence Γa,Af(x) = Γa,A

n∑
k=1

fk(x) = 0. By Corollary

2.7, we have

f(x) =

n∑
k=1

fk,a,A(x) with fk,a,A(ax) = akfk,a,A(x)

for all x ∈ V , and so, according to Lemma 2.2, fk is equal to fk,a,A for
k ∈ {1, 2, . . . , n}. �
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Example 2.10. For A = {2, 3, 7}, let f : R→ R be a function defined as

f(x) = 5|x|loga 7 − 4|x|loga 3 + 8|x|loga 2.

Put f1(x) = 8|x|loga 2, f2(x) = −4|x|loga 3 and f3(x) = 5|x|loga 7 for all x ∈ R,
then we have

f1(ax) = 2f1(x), f2(ax) = 3f2(x), f3(ax) = 7f3(x)

and

Γa,Af(x) = f
(
a3x
)
− 12f

(
a2x
)

+ 41f(ax)− 42f(x) = 0

for all x ∈ R. Together with (2.7), we can check that

f1(x) =
1

5

(
f
(
a2x
)
− 10f(ax) + 21f(x)

)
= f1,a,A(x),

f2(x) = −1

4

(
f
(
a2x
)
− 9f(ax) + 14f(x)

)
= f2,a,A(x),

f3(x) =
1

20

(
f
(
a2x
)
− 5f(ax) + 6f(x)

)
= f3,a,A(x)

for all x ∈ R.

The following main theorem is a consequence of Corollary 2.7 and Lemma
2.9.

Theorem 2.11. A mapping f : V → W is a solution to the functional equa-
tion

Γa,Af(x) = 0

if and only if there exist mappings f1, f2, . . . , fn : V →W such that

f(x) =
n∑

k=1

fk(x) and fk(ax) = akfk(x)

for all x ∈ V and k ∈ {1, 2, . . . , n}. In particular, each fk : V → W is the
same as fk,a,A given in Definition 2.1 for k ∈ {1, 2, . . . , n}.

3. Applications

For any given mapping f : V →W , we will use the following notations:

f̃(x) := f(x)−f(0), fo(x) :=
1

2

(
f(x)−f(−x)

)
, fe(x) :=

1

2

(
f(x)+f(−x)

)
for all x ∈ V .

For convenience, some definitions of Definition 2.1 can be slightly modified.
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Definition 3.1. For any given mapping f : V →W , we define

fk,a,n(x)

:= fk,a,{a1,a2,...,an}(x)

=

f
(
an−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<···<im≤n
i1,...,im 6=k

ai1+···+imf
(
an−m−1x

)
∏

1≤i≤n, i 6=k

(
ak − ai

) ,

(fo)2k−1,a,n(x)

:= (fo)k,a,{a1,a3,...,a2n−1}(x)

=

fo
(
an−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<···<im≤n
i1,...,im 6=k

a2(i1+···+im)−mfo
(
an−m−1x

)
∏

1≤i≤n, i 6=k

(
a2k−1 − a2i−1

)
for all x ∈ V and k ∈ {1, 2, . . . , n}.

For any given mapping f : V →W , we further define

(fe)2k,a,n(x)

:= (fe)k,a,{a2,a4,...,a2n}(x)

=

fe
(
an−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<···<im≤n
i1,...,im 6=k

a2(i1+···+im)fe
(
an−m−1x

)
∏

1≤i≤n, i 6=k

(
a2k − a2i

) ,

Γa1,2,...,nf(x)

:= Γa,{a1,a2,...,an}f(x)

= f(anx) +
n∑

m=1

(−1)m
∑

1≤i1<···<im≤n
ai1+i2+···+imf(an−mx),

Γa1,3,...,2n−1fo(x)

:= Γa1,3,...,2n−1fo(x)

= fo(a
nx) +

n∑
m=1

(−1)m
∑

1≤i1<···<im≤n
a2(i1+···+im)−mfo(a

n−mx),
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Γa2,4,...,2nfe(x)

:= Γa2,4,...,2nfe(x)

= fe(a
nx) +

n∑
m=1

(−1)m
∑

1≤i1<···<im≤n
a2(i1+···+im)fe(a

n−mx)

for all x ∈ V and k ∈ {1, 2, . . . , n}.

Example 3.2. In the case of a = 2 and k = 3, we get

f1,2,3(x) =
1

(21 − 22)(21 − 23)

(
f(4x)− 12f(2x) + 32f(x)

)
,

f2,2,3(x) =
1

(22 − 21)(22 − 23)

(
f(4x)− 10f(2x) + 16f(x)

)
,

f3,2,3(x) =
1

(23 − 21)(23 − 22)

(
f(4x)− 6f(2x) + 8f(x)

)
,

(fo)1,2,3(x) =
1

(22−1 − 24−1)(22−1 − 26−1)

(
fo(4x)− 40fo(2x) + 256fo(x)

)
,

(fe)2,2,3(x) =
1

(22 − 24)(22 − 26)

(
fe(4x)− 80fe(2x) + 1024fe(x)

)
,

(fo)3,2,3(x) =
1

(24−1 − 22−1)(24−1 − 26−1)

(
fo(4x)− 34fo(2x) + 64fo(x)

)
,

(fe)4,2,3(x) =
1

(24 − 22)(24 − 26)

(
fe(4x)− 68fe(2x) + 256fe(x)

)
,

(fo)5,2,3(x) =
1

(26−1 − 22−1)(26−1 − 24−1)

(
fo(4x)− 10fo(2x) + 16fo(x)

)
,

(fe)6,2,3(x) =
1

(26 − 22)(26 − 24)

(
fe(4x)− 20fe(2x) + 64fe(x)

)
,

Γ21,2,3f(x) = f(4x)− 14f(4x) + 56f(2x)− 64f(x),

Γ21,3,5fo(x) = fo(8x)− 42fo(4x) + 336fo(2x)− 512fo(x),

Γ22,4,6fe(x) = fe(8x)− 84fe(4x) + 1344fe(2x)− 4096fe(x)

for all x ∈ V .

For the set A = {a1, a2, . . . , an}, Theorem 2.11 can be replaced by the
following theorem using Definition 3.1.
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Theorem 3.3. A mapping f : V →W is a solution to the functional equation

Γa1,2,...,nf(x) = 0

if and only if there exist mappings f1, f2, . . . , fn : V →W such that

f(x) =
n∑

k=1

fk(x) and fk(ax) = akfk(x)

for all x ∈ V and k ∈ {1, 2, . . . , n}. In particular, fk is the same as fk,a,n
given in Definition 3.1 for each k ∈ {1, 2, . . . , n}.

Example 3.4. Let f1, f2, f3, f : R→ R be the functions defined by

f1(x) :=

{
3x (for x ∈ Q),

−x (for x 6∈ Q),

f2(x) :=

{
x2 (for x ∈ Q),

0 (for x 6∈ Q),

f3(x) :=

{
x3 (for x > 0),

0 (for x ≤ 0)

and f(x) :=
3∑

k=1

fk(x) for all x ∈ R. Then we see that
4
∆
y
f(x) 6= 0 for all

x, y ∈ R. However, since fk(rx) = rkfk(x) for all x ∈ R and r ∈ Q with r > 1,
f satisfies the functional equation

f
(
r3x
)
−
(
r + r2 + r3

)
f
(
r2x
)

+
(
r3 + r4 + r5

)
f(ax)− r6f(x) = 0

as well as the equations

f1(x) =
f(r2x)− (r2 + r3)f(rx) + r5f(x)

(r − r2)(r − r3)
,

f2(x) =
f(r2x)− (r + r3)f(rx) + r4f(x)

(r2 − r)(r2 − r3)
,

f3(x) =
f(r2x)− (r + r2)f(rx) + r3f(x)

(r3 − r)(r3 − r2)
hold for all x ∈ R and r ∈ Q with r > 1.

Example 3.5. If f : V →W is a solution to the functional equation
n+1
∆
y
f(x) =

0 (for all x, y ∈ V ) and f(0) = 0, then there exist mappings f1, f2, . . . , fn :
V →W such that

f(x) =

n∑
k=1

fk(x) and fk(rx) = rkfk(x)
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for any r ∈ Q with r > 1. According to Theorem 2.11, the mapping f : V →W
satisfies the functional equation Γr1,2,...,nf(x) = 0 and fk’s are given by

fk(x) :=

f(rn−1x) +
n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

ri1+i2+···+imf
(
rn−m−1x

)
∏

1≤i≤n, i 6=k

(
rk − ri

)
for all x ∈ V .

Corollary 3.6. Let f : R → R be a polynomial function of degree at most n

with f(0) = 0, that is, there exist α1, α2, . . . , αn ∈ R such that f(x) =
n∑

k=1

αkx
k

for all x ∈ R. Then f satisfies the functional equation Γa1,2,...,nf(x) = 0 and
f has the properties

αkx
k = fk,a,n(x)

for all x ∈ R and a > 1.

Proof. If we put fk(x) := αkx
k for all x ∈ R, x ∈ R, and for each k ∈

{1, 2, . . . , n}, then it is obvious that

f(x) =
n∑

k=1

fk(x) and fk(ax) = akfk(x)

for any a ∈ R with a > 1. According to Theorem 3.3, we obtain the desired
results. �

For A = {a1, a3, . . . , a2n−1}, Theorem 2.11 is transformed as follows:

Theorem 3.7. An odd mapping fo : V →W satisfies functional equation

Γa1,3,...,2n−1fo(x) = 0

if and only if there exist mappings f̂1, f̂2, . . . , f̂n : V →W such that

fo(x) =
n∑

k=1

f̂k(x) and f̂k(ax) = a2k−1f̂k(x).

In particular, f̂k is equal to (fo)2k−1,a,n given in Definition 3.1 for every k ∈
{1, 2, . . . , n}.

Corollary 3.8. Let fo : R → R be an odd polynomial function of degree
at most 2n − 1, that is, there exist α̂1, α̂2, . . . , α̂n ∈ R such that fo(x) =
n∑

k=1

α̂kx
2k−1 for all x ∈ R. Then fo satisfies the functional equation

Γa1,3,...,2n−1fo(x) = 0
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and fo has the properties

α̂kx
2k−1 = (fo)2k−1,a,n(x)

hold for all x ∈ R and a > 1.

The following example is for n = 3.

Example 3.9. Consider a function fo : R→ R defined by

fo(x) = −4x5 + 5x3 + 8x.

Then we have

Γa1,3,5fo(x) = fo
(
a3x
)
−
(
a+ a3 + a5

)
fo
(
a2x
)

+
(
a4 + a6 + a8

)
fo(ax)− a9fo(x)

= 0

for all x ∈ R and any fixed a > 1. Thus, it follows from Corollary 3.8 with
n = 3 that there exist functions f̂1, f̂2, f̂3 : R→ R such that

fo(x) =
3∑

k=1

f̂k(x) and f̂k(ax) = a2k−1f̂k(x)

for each k ∈ {1, 2, 3}.
It is easy to show that f̂1(x) = 8x, f̂2(x) = 5x3 and f̂3(x) = −4x5, and

(fo)1,a,3(x) =
fo(a

2x)− (a3 + a5)fo(ax) + a8fo(x)

(a3 − a)(a5 − a)
= 8x = f̂1(x),

(fo)3,a,3(x) = −fo(a
2x)− (a+ a5)fo(ax) + a6fo(x)

(a3 − a)(a5 − a3)
= 5x3 = f̂2(x),

(fo)5,a,3(x) =
fo(a

2x)− (a+ a3)fo(ax) + a4fo(x)

(a5 − a)(a5 − a3)
= −4x5 = f̂3(x)

for all x ∈ R.

On the other hand, for the set A = {a2, a4, . . . , a2n}, the following functional
equation can be considered.

Theorem 3.10. An even mapping fe : V → W satisfies the functional equa-
tion

Γa2,4,...,2nfe(x) = 0 (x ∈ V )

if and only if there exist mappings f̌1, f̌2, . . . , f̌n : V →W such that

fe(x) =
n∑

k=1

f̌k(x) and f̌k(ax) = a2kf̌k(x)

for all x ∈ V . In particular, f̌k is equal to (fe)2k,a,n for each k ∈ {1, 2, . . . , n}.
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Corollary 3.11. Let fe : R→ R be an even polynomial function of degree at
most 2n, and let f(0) = 0, that is, there exist α̌1, α̌2, . . . , α̂n ∈ R such that

fe(x) =
n∑

k=1

α̌kx
2k for all x ∈ R. Then fe satisfies the functional equation

Γa2,4,...,2nfe(x) = 0 and fe has the properties

α̌kx
2k = (fe)2k,a,n(x)

for all x ∈ R and a > 1.

We introduce an example for the case of n = 3 in Corollary 3.11.

Example 3.12. We consider an even function fe : R→ R defined by

fe(x) = x6 − 4x2

and then

Γa2,4,6fe(x) = fe
(
a3x
)
−
(
a2 + a4 + a6

)
fe
(
a2x
)

+
(
a6 + a8 + a10

)
fe(ax)− a12fe(x)

= 0

for any fixed a > 1. We can find the mappings f̌1, f̌2, f̌3 : R→ R:

f̌1(x) = −4x2, f̌2(x) = 0 and f̌3(x) = x6

which satisfy

fe(x) =
3∑

k=1

f̌k(x) and f̌k(ax) = a2kf̌k(x)

for each k ∈ {1, 2, 3}. We verify that

(fe)2,a,3(x) =
fe(a

2x)− (a4 + a6)fe(ax) + a10fe(x)

(a4 − a2)(a6 − a2)
= −4x2 = f̌1(x),

(fe)4,a,3(x) = −fe(a
2x)− (a2 + a6)fe(ax) + a8fe(x)

(a4 − a2)(a6 − a4)
= 0 = f̌2(x),

(fe)6,a,3(x) =
fe(a

2x)− (a2 + a4)fe(ax) + a6fe(x)

(a6 − a2)(a6 − a4)
= x6 = f̌3(x)

for all x ∈ R.

Now we can easily prove the following theorem using Theorems 3.7 and
3.10.

Theorem 3.13. Let f : V →W be a mapping.
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(i) f satisfies the functional equations

Γa1,3,...,2n−1fo(x) = 0 and Γa2,4,...,2nfe(x) = 0

if and only if there exist mappings f1, f2, . . . , f2n : V →W such that

f =

2n∑
`=1

f`, f`(ax) = a`f`(x), and f`(−x) = (−1)`f`(x)

for all x ∈ V . In particular, f2k−1 is equal to (fo)2k−1,a,n and f2k is
equal to (fe)2k,a,n−1 for each k ∈ {1, 2, . . . , n}.

(ii) f satisfies the functional equations

Γa1,3,...,2n−1fo(x) = 0 and Γa2,4,...,2n−2fe(x) = 0

if and only if there exist mappings f1, f2, . . . , f2n−1 : V →W such that

f =

2n−1∑
`=1

f`, f`(ax) = a`f`(x), and f`(−x) = (−1)`f`(x)

for all x ∈ V . In particular, f2k−1 is equal to (fo)2k−1,a,n and f2k is
equal to (fe)2k,a,n−1 for each k ∈ {1, 2, . . . , n− 1}.

Corollary 3.14. Let f : R→ R be a polynomial function.

(i) If f is a polynomial function of degree at most 2n and f(0) = 0, i.e.,

there exist α1, α2, . . . , α2n ∈ R such that f(x) =
2n∑̀
=1

α`x
` for x ∈ R,

then f satisfies the functional equation Γa1,2,3,...,2nf(x) = 0 and the
equations

α2k−1x
2k−1 = (fo)2k−1,a,n(x) and α2kx

2k = (fe)2k,a,n(x)

for all x ∈ R, a > 1, and for any k ∈ {1, 2, . . . , n}.

(ii) If f is a polynomial function of degree at most 2n − 1 with f(0) = 0,

i.e., there exist α1, α2, . . . , α2n−1 ∈ R such that f(x) =
2n−1∑̀
=1

α`x
` for

all x ∈ R, then f satisfies the functional equation Γa1,2,3,...,2n−1f(x) = 0
and the equations

α2k−1x
2k−1 = (fo)2k−1,a,n(x) and α2k′x

2k′ = (fe)2k′,a,n−1(x)

for all x ∈ R, a > 1, k ∈ {1, 2, . . . , n}, and for all k′ ∈ {1, 2, . . . , n−1}.

If we put a = 2 and n = 3 in Corollary 3.14 (i), then we obtain the following
example.
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Example 3.15. We consider a function f : R→ R defined by

f(x) = x6 − 4x5 + 5x3 − 4x2 + 8x

for all x ∈ R. Then fo(x) = −4x5 + 5x3 + 8x and fe(x) = x6 − 4x2. In

Examples 3.9 and 3.12, if we put f2k−1(x) = f̂k(x) and f2k(x) = f̌k(x) for
k ∈ {1, 2, 3}, then there exist functions f1, f2, . . . , f6 such that

f(x) = fo(x) + fe(x) =

6∑
`=1

f`(x) and f`(2x) = 2`f`(x)

for each ` ∈ {1, 2, . . . , 6}. In particular, f2k−1 is equal to (fo)2k−1,a,3 and f2k
is equal to (fe)2k,a,3 for each k ∈ {1, 2, 3}.

Example 3.16. If f : V → W satisfies the functional equation
2n+1
∆
y
f(x) = 0

for all x, y ∈ V , then there exist mappings f1, f2, . . . , f2n : V →W such that

fo(x) =
n∑

k=1

f2k−1(x), f2k−1(rx) = r2k−1f2k−1(x),

f̃e(x) =
n∑

k=1

f2k(x), f2k(rx) = r2kf2k(x)

for any r ∈ Q with r > 1, where f̃(x) := f(x) − f(0) for all x ∈ V . Accord-
ing to Theorem 3.7, the mapping f : V → W satisfies functional equations
Γr1,3,...,2n−1fo(x) = 0 and Γr2,4,...,2n f̃e(x) = 0, and f`’s are given by

f2k−1(x)

:=

fo
(
rn−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

r2(i1+i2+···+im)−mfo
(
rn−m−1x

)
∏

1≤i≤n, i 6=k

(
r2k−1 − r2i−1

)
and

f2k(x)

:=

f̃e
(
rn−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

r2(i1+i2+···+im)f̃e
(
rn−m−1x

)
∏

1≤i≤n, i 6=k

(
r2k − r2i

)
for all x ∈ V .
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Example 3.17. If f : V →W satisfies the functional equation
2n
∆
y
f(x) = 0 for

all x, y ∈ V , then there exist mappings f1, f2, . . . , f2n−1 : V →W such that

fo(x) =
n∑

k=1

f2k−1(x), f2k−1(rx) = r2k−1f2k−1(x),

f̃e(x) =
n−1∑
k=1

f2k(x), f2k(rx) = r2kf2k(x)

for any r ∈ Q with r > 1. Hence, f : V → W satisfies both functional equa-
tions Γr1,3,...,2n−1fo(x) = 0 and Γr2,4,...,2n−2 f̃e(x) = 0. Additionally, f1, f2, . . .,
f2n−1 are given by

f2k−1(x)

:=

fo
(
rn−1x

)
+

n−1∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n
i1,i2,...,im 6=k

r2(i1+i2+···+im)−mfo
(
rn−m−1x

)
∏

1≤i≤n, i 6=k

(
r2k−1 − r2i−1

)
and

f2k(x)

:=

f̃e
(
rn−2x

)
+

n−2∑
m=1

(−1)m
∑

1≤i1<i2<···<im≤n−1
i1,i2,...,im 6=k

r2(i1+i2+···+im)f̃e
(
rn−m−2x

)
∏

1≤i≤n−1, i 6=k

(
r2k − r2i

)
for all x ∈ V .
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