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Abstract. This study delves into the intricate properties of analytic functions within the
unit disk, specifically focusing on classes s*(a, 8,€,7v) and K*(«, 8,&,7) characterized by
symmetric properties with negative coefficients. We present the findings on key aspects such
as coefficient inequalities establishing bounds on the coefficients of functions belonging to
the classes. Also, determine the convexity radius for functions in a class and distortion the-
orems. Distortion theorems will be presented to provide bounds within the unit disk. These
bounds are critical for understanding the behavior and geometric properties of these func-
tions. Symmetric Classes with Negative Coeflicients: Classes are defined by their symmetry
and negative coefficients. Functions in these classes exhibit specific geometric properties that

are crucial for applications in complex analysis.

1. INTRODUCTION

Let A be a class of functions which is analytic and univalent in the unit
disk U = {S: 3| < 1} provided by

) =S+ aS, (1.1)
T=2

and made common by A(0) = 0, #/(0) = 1. Let S be the subclass of A that
has the following analytic and univalent function type (1.1). We designate the
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subclass of S as represented by S*(a)) and K («), which includes all functions
that are starlike and convex of order, respectively. a(0 < a < 1) in U, that is

S*(a) = {hes;Re (%ZS;) >a;0<a<1,3e U} (1.2)
and
K(a):{hes;Re<1+SZ((§))>>a;0§a<1%eU}. (1.3)

We say that the function i(S) is in the class S(«, 5,&,v) if and only if

B (S
(\,
SRS)

v
|
—

(1.4)

for|%\<1,where0<ﬂ<1%<§<10§a§%,%<’y§1.

A function f(z) is said to belong to the class k(a,,&,y) if and only if
2f'(z) € S(a, B3,&,7). Several subclasses of analytic function classes A have

been introduced and studied by numerous researchers (see, for example, [8],
and [12]).

Several subclasses of A were introduced, and various studies (see [3], [4], [7],
[9], [10], [11] and [13]) looked into some of the geometric properties of these
subclasses.

Let T denote the subclass of S consisting of functions of the form,
o0
- a8, (ar-20). (1.5)
T=2

Now let S*<OZ,B,§,7) = S(CV?Bvé.afy)mT and k*(a7ﬁ7€7’7) = k‘(Oé,,B,{,")/)QT

In this work, we derive analytical solutions for the distortion theorem, radius
of convexity, coefficient inequality, and related conclusions with respect to
symmetric for the classes s*(a, 3,€,v) and k*(a, 3,&,v) and shall be denoted

by classes sk(«, 8,€,7) and kX («, 3,€,7).

These functions were studied by Al-Amiri and Mocanu [1], Alsoboh and
Darus [2], Ghanim and Darus [5, 6], Sakaguchi [9], and Sudharsan et al.[13].
We refer to them as starlike with respect to symmetric points. E1-Ashwah
and Thomas [4] have presented two new function classes: the class of functions
that are starlike concerning conjugate points and the class of functions that
are starlike concerning symmetric conjugate points. We say that the function
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R(S) is the class sk(a, §,€,7) if and only if

e
S a1

Next, we find the coefficient inequality for the class s¥(a, 8,&,7).

< B. (1.6)

2. COEFFICIENT INEQUALITY
Theorem 2.1. A function by € T given by (1.1) is in the class si(a, B,&,7)
if and only if

o0

> l(r—2) = B(yr — 2y + 46a — 279 |a.| < 4B5(1—).  (2.1)

T=2

Proof. Suppose

o0

> l(r—2) = B(yr — 2y + 4éa — 278)] [az] < 4B4(1 — ).

T=2
Then, we have

ISH(S) — (M) = W(=I)[| = BlI2E(SH () — (W) — 7(=3)))
— (S () = (W(S) = W(=)))|l < 0.
Given that

o0

Z(T —2)a; 3"

T=2

o
Blae(1 - a) +Z T — 2y + 4€a — 276)S7| < 0

for |3| = r — 1, then the circumstance ( .1) is surrounded above by

> (r=2)|ar| —4BE(1 —a) = B (7 — 2y + 4€a — 27E) [a|
T=2 T=2

o

{(T=2) = B(y7 = 2y + 46a = 27) } as [ 7 — 4B8(1 — a)

3
I|

T

My

{(t—=2) = B(yT — 27+ 4a — 27E)} |ar| — 4BE(1 — )

INA
oA
[\o}

Therefore, A(S) € sk(a, 5,€,7).

Now, we prove the converse result.
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Let

Z?Q( _2)“7%7

<
= ‘4&(1 S0 T2 (7 — 2y + 4 — 2rE)as|
as | Re(Q)| < |S] for all &, we have
. 23 (r — 2)a, 3 s
46(1 —a) + > 2 5 (7 — 2y + 4éa — 278)a 7

We select values on the real axis so that #}%(‘y)) is real, and after removing

the denominator from the previous equation and allowing real values & — 1
to pass through we have

Z{ T—2) = B(y7 — 2y + A€o — 27€) } |az| — 4BE(1 — a) < 0.
[l
Remark 2.2. If i(3) € s¥(a, §,€,7), then
lar| < 45E(1 — a) for 7=2,3,....  (22)

{(r=2) = B(yT — 2v + 4€a — 27¢)}
Equality holds for
4B¢(1 — o)
{(=2) = B(yr — 2y + 46 — 278)}
Corollary 2.3. If () € s¥(a, 5,€,1), that is, replacing v = 1, then we get
T H{(r—2) - BT - 2+ 46 - 27€)}

The same applies to

A(S) =S —

forT=2,3,.... (2.3)

1B¢(1 - a) .
{(r=2) =By =2y + 46— 27¢)}
Corollary 2.4. If () € s¥(a, 5,1,1), we get
46(1 — «)
{(r=2)+B8(r+2—-4a)}

BS) =S —

(2.4)

lar| <

FEquality holds for

) Cx 46(1_04) Q7
M) =S Ty Bt 2 —da))




Certain class of analytic and univalent function 103

Corollary 2.5. If i(J) € si(a), that is, starlike in relation to the symmetric
order point, if and only if

o0

> (1 —2a)lar| < (1-a). (2.5)

T=2

Theorem 2.6. A function h given by (1.1) is in kX («, 5,€,7), if and only if

o0

Z (= 2) = B(yr — 2y + 460 — 27¢)] |ar| < 4B¢(1 — ).

Proof. The function with regard to symmetric points of order makes the proof
of this theorem similar to that of Theorem (2.1). A(S) € kX (o, B,&,7) if and
only if S (S) € sk(a, B,€,7), therefore, replacing it is sufficient a, in the
Theorem 2.1 with Tas. O

Corollary 2.7. If i(S) € kX («, 8,&,7), that is, replacing v =1, we get

456(1_05) T or T —
R T e T TR 2.3,.... (26

Equality holds for

466(1_05) C\}T‘
{(r=2) = B(VS — 2y + 4€a — 27€)}

hS) =S —

Corollary 2.8. If i(S) € k}(«a, 5,1,1), we get

) =S — 46(1_(1) Q7
A (PET (=) M 27

FEquality holds for
s -0)
{(r=2)-pda—-7-2)}

Corollary 2.9. If i() € ki(«) that is starlike with respect to symmetric
point of order «, if and only if

WS =S —

o0

Z (1 —2a)|a,] < (1 —a). (2.8)

T=2
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3. DISTORTION THEOREM
Next, we consider the distortion theorem.

Theorem 3.1. If i(Y) € s (a, 5,&,7) then

r—1r? <) <7+ (3.1)
FEquality holds for

M) =S-9% at =7
Proof. By Theorem 2.1, we have
M) € sg(a, 5,€,7)

if and only if

o0

D [(r = 2) = Blyr — 2y + 4€a — 27€)] |ar| < 2B¢(1 — @),

T=2
or equivalently,
- 4B€(1 — o) 4B¢(1 — o)
;‘GT’{T_@_H?BE—W)}S1+2B€—’yﬁ’ (32)
so h(N) € s%(a, 8,€,7) if and only by (3.2), we get

S 4Bl —a)
7—§:2|G7—‘(7——t)§(2_t) where t—m

But
=03 lar <3 lard (r—8) < (2—#).
T=2 T=2

The final disparity originates from (3.2); we retain

0 00
RS <r+ > lar|r™ <r+r7 Y ac|rT <r o

T=2 T=2

In like manner

oo o0
B =7+ arlr™ =7 +17 Y Jarr” = v+ 0%
T=2 T=2
So,
r—1r? < W) < r 412

this completes the proof. O



Certain class of analytic and univalent function 105

Corollary 3.2. If i(S) € si(a, 5,&,1), that is, replacing v = 1, then
r—1r? < W) < r 4+
Equality hold for,
M) =38 —9Q7
at &= Fr.
Corollary 3.3. If () € s¥(«, 5,1,1), that is, replacing v = 1 and £ = 1,
then
r—1? < W) < r 412
Equality holds for,
M) =S8 -9 at =Fr
Theorem 3.4. If i(Y) € ki («, 5,&,7), then
r—2r2 < |R(Q)| <7+ 202 (3.4)
Proof. This theorem’s proof is comparable to Theorem 3.1, since a function
() € ki(a, 8,€,7) if and only if SH () € sk(a, B,&,7), it will suffice to swap
it out a, in Theorem 3.1 with 7a.. O
Corollary 3.5. If i(S) € kX (a, B,&,1), that is, replacing v = 1, then
r—2r2 < |B(Q)| <+ 22
Equality holds for
MS) =3-237  at S=Fr.
Corollary 3.6. If h(S) € kX(a, 8,1,1), that is, replacing v = 1,§ = 1, then
r—2r2 < WS <7+ 21
FEquality holds for,
RS) =3 —2%"  at S =Fr.
Theorem 3.7. If i(Y) € s (a, 5,&,7), then
1—r < |H(S)| <1+ (3.5)
Proof. Since () € si(a, 8,€,7), we have

TZ_QIaTI(T_t)S(Q—t), where t:m.

Now, considering Theorem 3.1, we have

[e.9] oo

Yorlard =) (r=tlar|+tY lar| < (2—t)+t=2.

T=2 T=2 T=2
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Consequently, we have
o0 o0
W) <D Slar IS <147 Tlar] <1+ 2r
T=2 T=2
Similarly, we have

oo o0
()] =D rlarl IS =147 ) 7lar > 142 (3.7)
T=2 T=2
Therefore, we have
r—2r2 < WS <7+ 21
This completes the proof. O
Corollary 3.8. If () € s¥(a, B,&,1), that is, replacing v = 1, then
r—2r2 < |R(S)| < 7+ 22

Corollary 3.9. If i(S) € sk(a, 5,1,1), that is, replacing & = 1,y =1, then
r—2r? <|WS)| < r 4 212

Theorem 3.10. If Ai(Q) € kX (o, 8,€,7), then
r—4r? < |R(Q)| <7+ 42 S =7
Proof. This theorem’s proof is comparable to Theorem 3.1, since a function
h e kX(a,B,&, ) if and only if i € s¥(a, 8,&,7). O
Corollary 3.11. If i() € kX («, 5,&,1), then
r—4r? < WS < 7+ 4

Corollary 3.12. If i(3) € ki («, 5,1,1), then
r—4r? < ()] < r+4r?, | = £

4. RADIUS OF CONVEXITY

Theorem 4.1. If h(3) € si(a, B,€,7), then h is convex in the unit disc with
0<|| <r, and
—92)— — 2y +4éa —2 /-1
g [T =D =B =2 ¢ da—mg) o
2 [T2(1+486 —18) +7(7 8 - (1 - a)

This outcome is acute, exhibiting the extremal function
4p¢(1 — a)
MS) =9 — 37 4.2
®) {( =2) = B(y7 — 2y + 46 — 278)} 42)

for some .
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Proof. We know that h(S) € k2(0,8,&,7), if SH () € s%(0,8,€,7). Therefore,
it is sufficient to show that

@wE)y
Ssme -5y !

7 7 < B for |%’ S 1,
G Y e _
2% (Ssuitar ey — @) — 7 (Ssworacsy 1)

(4.3)
we retain,
CC
SsmE -y 1
CLC)) ) (W)
5{25 (gg(h(g)*h(*g))’ @ ’7<%8(h($),h(,g))/ 1)}
R

BISH"(F)) (26 = 7) + E43(A(S) — (=S))']
— (1) lar| ST
Bl=22707(r = 126 =) lar| ST+ 48 — 32725 47¢ Jar [ ST
— >y T(r—1)la.[ ST
4BE — 322, T°((48 = 7)B +y7f] lar | ST

< — o= 1) |ar| S
T ABE =320, (A6 = )8 + 7B as| ST
Thus, (4.1) is hold, if

D or(r=1) e[S < 48¢ - ZT [(46 = )8 + 78] lar| ST
=2 T—2

That is
i [P2(1+48¢ = 18) + 7(v8 = 1)] |a- ST~ < 4B¢. (4.4)
But -
i[(f —2) + B(yT — 27 + 48a — 27E)] |ar | < 4B¢(1 - a).

Hence, (4.2) will be true, if

e}

D [PP+4BE—B) +T(vB- D] ST <

T—2

[(7—=2)+B(yT —2y+4Ea—27E))
(I—-a) '

Solving for ||, we obtain

3| < [ (1 —2) + B(yT — 2y + 4€a — 27€) /=1
[(T2(1 + 488 —9B) + 7(v8 = 1)) (1 — a)]
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The desired result is followed by more substitution of |§| = 7 in the above
expression. [l

Corollary 4.2. If i(8) € sk(a, 5,&, 1), then f is convez in the disc 0 < || <
r, and

. (r—2)—B(r —2+4éa—2r¢) |V
) [ e By Ty ) R
The result is sharp with the extremal function,
4/85(1 — Oé) %2
[(T—2) = B(T — 2+ 4€a — 27¢)]

) =3 —
for some T.

Corollary 4.3. If () € s¥(a, ,1,1), then h is convex in the disc 0 < || <
r, and

- (1 —2) + B(r +2 — 4a) /-1
= in

722 | (T2(1+ 48 —yB) +7(v8 - 1)) (1 — o)
This outcome is acute, exhibiting the extremal function

45(1 B Oé) Q7

[(T—2)—B(r — 2+ 4a — 27)]

T2

(4.6)

AS) =S —

for some T.

Corollary 4.4. If i() € s%(0,1,1,1) then, f is convex in the disk 0 < || <
r.

5. CLOSURE THEOREM

Theorem 5.1. Let h;(S) = & and
4B€(1 — a)

[(T—=2) = B(T — 27 + 4 — 27E)]
Then W) € kX (o, 8,€,7), if and only if A(S) can be expressed in the forms,
W) =m(S) =Y Ahe(S)  where A\r >0 and > A =1.

T—2

he () =S — ST, fort=2,3,4,.... (5.1)

Proof. Suppose,

M) == M () =S - )

T—2 T=2

19601 — ) .
[(T—2) = B(T — 2+ 4o — 27E)]
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Then
> 4B£(1 — ) (1 —2) — B(T — 2+ 4éa — 27¢)
; (T —2) = B(T — 2+ 48a — 278)] . 4B£(1 — )

=> A=1-M<L
T=2

Therefore, () € kX (a, 5,&,7).
On the other hand, let us assume A(SJ) € k¥(a, 8,€,7) that theorem’s re-
mark provides us with
4B£(1 — )
lar| <
{(r=2) = Byt — 27y + 48 — 27€) }

)\’r — |:(T_2) _B(Try_2’)/+4§a_27-€):| |a'r|

for 7=23,...,

48§(1 — )
and
o0
Ar=1-> "\
T—2
Then

AS) =1- ) A (9).
T—2

Corollary 5.2. If h(J) =S and

4p6(1 — a)
(T =2) = B(7 — 27 + 46a — 27¢)]
Then W) € kX (a, B,&,1), if and only if () can be articulated as

(e 9]

AS) =1(S) = Y ANe(S), where Ar >0, 7=1,2,..., Y A =1.
T—2

he(S) =S —

ST fort=2,3,4,....

Corollary 5.3. If 11 (3) =S and

) v 4,8(1—&) X7 =
he(3) =S =9 = B(r =27+ da —27) forT=2,3,4,...

Then h(S) € ki (a, B), if and only if h() can be articulated as

AS) =h1(S) = YA (S), where A >0, 7=1,2,..., 3 A =1.
T—2
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Corollary 5.4. If 11 () =S and

1
KS) =3 —|=|3".
T

Then h(S) € kX(0,1,1,1), if and only if A(]) can be expressed in the form

A(S) =7 (S) = Y Ahe(S), where A >0, 7=1,2,..., 3 A =1.
T—2

6. Conclusion

In this study, we have thoroughly examined the properties of analytic func-
tions within the unit disk, specifically focusing on the symmetric classes A and
B with negative coefficients. Our investigation has led to several significant
findings: coefficient inequalities, convexity radius, distortion theorems, and
symmetric classes with negative coefficients. These findings contribute signif-
icantly to the field of geometric function theory, offering new insights into the
behavior and properties of functions with negative coefficients within the unit
disk. These results not only enhance the theoretical understanding of such
functions but also provide a robust foundation for future research in various
areas of geometric function theory and its applications.
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