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Abstract. For three variables of the half-discrete Hilbert’s inequality and using the hyper-

bolic sine function, we present two new forms of the half-discrete Hilbert’s inequality in this

study. We also demonstrate that the constants on the right-hand side of the inequality are

the best. The equivalence forms of the two inequalities are also introduced.

1. Introduction

Let p > 1, 1p + 1
q = 1, and f ∈ Lp(0,∞) and g ∈ Lq(0,∞), the following

integral inequality is hold

∞∫
0

∞∫
0

f(x)g(y)

x+ y
dxdy <

π

sin
(
π
p

)
 ∞∫

0

fp(x)dx

 1
p
 ∞∫

0

gq(y)dy

 1
q

. (1.1)
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For {am}∞m=1 ∈ lp and {bn}∞n=1 ∈ lq, the discrete form of (1.1) also holds

∞∑
m=1

∞∑
n=1

ambn
m+ n

<
π

sin
(
π
p

) ( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

, (1.2)

where the constant π

sin
(
π
p

) in (1.1) and (1.2) is the best possible.

The following inequality was presented by Yang in a half-discrete form [8]:

∞∫
0

f(x)
∞∑
n=1

an

(x+n)λ
dx<B(λ1, λ2)

∞∫
0

xp(1−λ1)−1fp(x)dx

1
p(∞∑
n=1

nq(1−λ2)−1aqn

)1
q

,

(1.3)
where λ1 + λ2 = λ, λ1, λ2 > 0, 0 < λ1 < 1, also, the constant B(λ1, λ2) is the
best possible.

Through the last two decades, inequalities (1.1), (1.2) and (1.3) formed the
basis of the process of extensions of integral, discrete, and half-discrete forms
of Hilbert inequality ([1, 3, 5, 6, 7]). For three variables in the preceding five
years, Batbold and Azar established the following two half-discrete inequalities
[4]:

∞∫
0

∞∫
0

f(x, y)

∞∑
n=1

an

(x+ y + n)λ
dxdy

=
∞∑
n=1

an

∞∫
0

∞∫
0

f(x, y)

(x+ y + n)λ
dxdy (1.4)

< C

 ∞∫
0

∞∫
0

(x+ y)2p−λ−pγ−2fp(x, y)dxdy

 1
p ( ∞∑

n=1

nγq+q−λ−1aqn

) 1
q

and

∞∑
m=1

∞∑
n=1

am,n

∞∫
0

f(x)

(x+m+ n)λ
dx

=

∞∫
0

f(x)

( ∞∑
m=1

∞∑
n=1

am,n

(x+m+ n)λ

)
dx (1.5)

< C

( ∞∑
m=1

∞∑
n=1

(m+ n)2p−λ−pγ−2apm,n

) 1
p (∫ ∞

0
xγq+q−λ−1f q(x)

) 1
q

,
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where the constant C = B(λq −γ,
λ
p +γ) in (1.4) and (1.5) is the best possible.

In 2022, Al-Oushoush gave the integral form of the main result in this
manuscript [2].

2. Preliminaries and lemmas

The following special functions are important and needed to prove the main
result in this paper:

Γ($) =

∞∫
0

t$−1e−tdt, $ > 0, (2.1)

B (α, β) =

∞∫
0

tα−1

(t+ 1)α+β
dt, α, β > 0. (2.2)

Also, for Γ($) and B(α, β), we will need another useful representation for
them as follows:

1

z$
=

1

Γ ($)

∞∫
0

t$−1e−ztdt, (2.3)

B (α, β) =
Γ(α)Γ(β)

Γ(α+ β)
. (2.4)

Additionally, in order to completely prove our main result, we will need the
following inequality

cosh$ ≥ 1, |$| <∞. (2.5)

Next, we state the following lemmas which are the main tools for proving
our results.

Lemma 2.1. Suppose that p > 1, 1
p + 1

q = 1, t > 0, η < 2
q and f(x, y) is a

non-negative function defined and integrable on (0,∞)× (0,∞). Then, we get(∫ ∞
0

∫ ∞
0

f(x, y)e−(sinhx+sinh y)tdxdy

)p
≤ tηq−2Γ(2− ηq)

∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)t

(sinhx+ sinh y)−ηp
fp(x, y)dxdy. (2.6)
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Proof. Using Hölder’s inequality, and making the substitutions sinh y = u sinhx,
and sinhx = v

1+u , v ≥ 0, (to evaluate the first double integral on the right-

hand-side of the inequality below), this yields(∫ ∞
0

∫ ∞
0

f(x, y)e−(sinhx+sinh y)tdxdy

)p
=

∫ ∞
0

∫ ∞
0

 e
− (sinh x+sinh y)

q
t

(sinhx+ sinh y)η
dxdy


 e

− (sinh x+sinh y)
p

t

(sinhx+ sinh y)−η
f(x, y)

 dxdy

p

≤

{∫ ∞
0

∫ ∞
0

e− sinhx(1+u)t

(sinhx)ηq (1 + u)ηq

(
sinhxdvdu

v coshx cosh y

)} 1
q

×

{∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)tfp(x, y)

(sinhx+ sinh y)−ηp
dxdy

} 1
p

p

=

{∫ ∞
0

∫ ∞
0

(sinhx)1−ηqe− sinhx(1+u)t

(1 + u)ηq
dvdu

coshx cosh y

} 1
q

×

{∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)tfp(x, y)

(sinhx+ sinh y)−ηp
dxdy

} 1
p

p

≤
(∫ ∞

0

∫ ∞
0

v1−τqe−vt

(1 + u)2
dudv

) p
q
∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)t

(sinhx+ sinh y)−ηp
fp(x, y)dxdy

=

(∫ ∞
0

1

(1 + u)2
du

∫ ∞
0

v1−ηqe−vtdv

) p
q

×
∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)t

(sinhx+ sinh y)−ηp
fp(x, y)dxdy

= t
ηp−2 p

q Γ
p
q (2− ηq)

∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)t

(sinhx+ sinh y)−µp
fp(x, y)dxdy.

�

Lemma 2.2. Let p > 1, 1
p + 1

q = 1, λ > 0 and an > 0. Then for t > 0 and

µ < 1
p , we have:

∞∑
n=1

e−(sinhn)tan ≤ tµ−
1
pΓ

1
p (1− µp)

( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn

) 1
q

. (2.7)
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Proof. Using Hölder’s inequality, and using the substitution ω = sinh z, then
∞∑
n=1

e−(sinhn)tan

=
∞∑
n=1

(
(sinhn)−µ e

− (sinhn)
p

t
)(

(sinhn)µ e
− (sinhn)

q
t
an

)

≤

( ∞∑
n=1

(sinhn)−pµ e−(sinhn)t

) 1
p
( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn)

) 1
q

≤
(∫ ∞

0
(sinh z)−pµ e−(sinhn)tdz

) 1
p

( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn)

) 1
q

=

(∫ ∞
0

ω−pµe−ωt
dω

coshω

) 1
p

( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn)

) 1
q

≤
(∫ ∞

0
ω−pµe−ωtdω

) 1
p

( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn)

) 1
q

= t
µ− 1

pΓ
1
p (1− pµ)

( ∞∑
n=1

(sinhn)qµ e−(sinhn)taqn

) 1
q

.

�

Lemma 2.3. Let p > 1, 1
p + 1

q = 1, λ > 0 and am,n > 0. Then for t > 0 and

µ < 2
q , we have( ∞∑
m=1

∞∑
n=1

am,ne
−(sinhm+sinhn)t

)p

≤ tµp−2
p
q Γ

p
q (2− µq)

∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)µp e−(sinhm+sinhn)tapm,n. (2.8)

Proof. Using Hölder’s inequality, and the substitutions sinh y = u sinhx and
sinhx = v

1+u , we get( ∞∑
m=1

∞∑
n=1

am,ne
−(sinhm+sinhn)t

)p

=

 ∞∑
m=1

∞∑
n=1

 e
− (sinhm+sinhn)t

q
t

(sinhm+ sinhn)µ


{

(sinhm+ sinhn)µ e
− (sinhm+sinhn)

p
t
am,n

}p
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≤

( ∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)t

(sinhm+ sinhn)µq

) p
q

×
∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)µp e−(sinhm+sinhn)tapm,n

≤

(∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)t

(sinhx+ sinh y)µq
dxdy

) p
q

×
∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)µp e−(sinhm+sinhn)tapm,n

=

(∫ ∞
0

∫ ∞
0

e− sinhx(u+1)t

((sinhx) (1 + u))µq

(
sinhxdvdu

(1 + u) coshx cosh y

)) p
q

×
∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)t

(sinhm+ sinhn)−µp
apm,n

=

(∫ ∞
0

∫ ∞
0

(sinhx)1−µqe− sinhx(u+1)t

(1 + u)1+µq
dvdu

coshx cosh y

) p
q

×
∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)t

(sinhm+ sinhn)−µp
apm,n

=

(∫ ∞
0

∫ ∞
0

v1−µqe−vt

(1 + u)2 coshx cosh y
dudv

) p
q

×
∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)t

(sinhm+ sinhn)−µp
apm,n

≤
(∫ ∞

0

1

(1 + u)2
du

∫ ∞
0

v1−µqe−vtdv

) p
q

×
∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)t

(sinhm+ sinhn)−µp
apm,n

= t
µp−2 p

q Γ
p
q (2− µq)

∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)µp e−(sinhm+sinhn)tapm,n.

�
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Lemma 2.4. Let p > 1, 1
p + 1

q = 1 and f(x) > 0 on (0,∞). Then for t > 0

and η < 1
p , we have∫ ∞

0
e− sinhxtf(x)dx ≤ tη−

1
pΓ

1
p (1− pη)

(∫ ∞
0

(sinhx)qη e− sinhxtf q(x)dx

) 1
q

.

(2.9)

Proof. Using Hölder’s inequality, and the substitution sinhx = ω, we get∫ ∞
0

e− sinhxtf(x)dx =

∫ ∞
0

{
(sinhx)−η e

− sinh x
p

t
}

×
{

(sinhx)η e
− sinh x

q
t
f(x)

}
dx

≤
(∫ ∞

0
(sinhx)−pη e− sinh ztdx

) 1
p

×
(∫ ∞

0
(sinhx)qη e− sinhxtf q(x)dx

) 1
q

=

(∫ ∞
0

ω−pηe−ωt
dω

coshx

) 1
p

×
(∫ ∞

0
(sinhx)qη e− sinhxtf q(x)dx

) 1
q

≤ tη−
1
pΓ

1
p (1− pη)

×
(∫ ∞

0
(sinhx)qη e− sinhxtf q(x)dx

) 1
q

.

�

Remark 2.5. Note that if 0 < p < 1 and 1
p + 1

q = 1, then by using the reverse

form of Hölder’s inequality and use the same previous method, we can prove
the reverse forms of (2.6), (2.7), (2.8) and (2.9) which are needed to prove
Theorems 4.1 and 4.2.

3. Main results

Theorem 3.1. Let p > 1, 1
p + 1

q = 1, λ > 0,−λ
p < ξ < λ

q . Define f(x, y) > 0

on (0,∞)× (0,∞) and an > 0. If∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
−λ−pξ+2 p

q fp(x, y)dxdy <∞

and
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∞∑
n=1

(sinhn)ξq+q−λ−1 aqn <∞,

then ∫ ∞
0

∫ ∞
0

f(x, y)
∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

dxdy

≤ C
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)
−λ−pξ+2 p

q fp(x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)ξq+q−λ−1 aqn

) 1
q

, (3.1)

where the constant C = B(λp + ξ, λq − ξ) is the best possible.

Proof. Using the representation of the gamma function given in (2.3), and
using Hölder’s inequality, finally by Lemmas 2.1 and 2.2 , we get

I =

∫ ∞
0

∫ ∞
0

f(x, y)

∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

dxdy

=
1

Γ(λ)

∫ ∞
0

∫ ∞
0

f(x, y)
∞∑
n=1

an

(∫ ∞
0

tλ−1e−(sinhx+sinh y+sinhn)tdt

)
dxdy

=
1

Γ(λ)

∫ ∞
0

(
t
λ−1
p

+ξ
∫ ∞
0

∫ ∞
0

e−(sinhx+sinh y)tf(x, y)dxdy

)
×

(
t
λ−1
q
−ξ
∞∑
n=1

e−(sinhn)tan

)
dt

≤ 1

Γ(λ)

(∫ ∞
0

tλ−1+pξ
(∫ ∞

0

∫ ∞
0

e−(sinhx+sinh y)tf(x, y)dxdy

)p
dt

) 1
p

×

(∫ ∞
0

tλ−1−qξ

( ∞∑
n=1

e−(sinhn)tan

)q
dt

) 1
q

≤ Γ
1
q (2− ηq)Γ

1
p (1− µν)

Γ(λ)

×
(∫ ∞

0

∫ ∞
0

fp(x, y)

×
∫ ∞
0

(sinhx+ sinh y)ηpt
λ+pη+pξ−2 p

q
−1
e−(sinhx+sinh y)tdtdxdy

) 1
p
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×

( ∞∑
n=1

(sinhn)qµ aqn

∫ ∞
0

t
λ+qµ−1− q

p
−qξ

e−(sinhn)tdt

) 1
q

= C

(∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
−λ−pξ+2 p

q fp(x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)
ξq+ q

p
−λ
aqn

) 1
q

dt,

where

C =
Γ

1
q (2− ηq)Γ

1
p (1− µp)Γ

1
p (λ+ pξ + ηp− 2pq )Γ

1
q (λ+ qµ− q

p − qξ)
Γ(λ)

= B(
λ

p
+ ξ,

λ

q
− ξ).

Next, we want to show that the constant C is the best constant. Let ε be so
small real number, define the function

fε(x, y) = (sinhx+ sinh y)
λ+pξ−2

p
q−ε−2

P (cosh y)
1
p

on (0,∞)× (0,∞) and

ãn = (sinhn)
λ−ξq− q

p−ε−1

q (coshn)
1
q , n ≥ 1.

Assume that our constant C is not the best possible, then there exists T ,
where 0 < T < C, and again as in Lemmas 2.1 and 2.2, use the substitutions
sinh y = u sinhx, sinhx = v

1+u , and sinh z = ω respectively, such that:

I ≤ T
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)
−λ−pξ+ 2p

q fpε (x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)ξq+q−λ−1ãqn

) 1
q

= T

(∫ ∞
0

∫ ∞
0

coshx cosh y

(sinhx+ sinh y)ε+2
dxdy

) 1
p

×

(
(sinh 1)−ε−1 cosh z +

∞∑
n=2

(sinhn)−ε−1 coshn

) 1
q
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= T

(∫ ∞
0

∫ ∞
0

(
(sinhx)−ε−2 dv

coshx (1 + u)

)(
sinhx

(1 + u)ε+2du

)) 1
p

×
(

cosh 1

(sinh 1)ε+1 +

∫ ∞
ω=1

ω−ε−1 cosh zdω

cosh z

) 1
q

< T

(∫ ∞
0

v−ε−2
(∫ ∞

0
(1 + u)−1du

)
dv

) 1
p

×
(

cosh 1 (sinh 1)−ε−1 +

∫ ∞
1

ω−ε−1dω

) 1
q

=
T
(

cosh 1
(sinh 1)ε+1 + 1

ε

) 1
q

(ε)
1
p

=
T

ε
(1 +

ε cosh 1

(sinh 1)ε+1 )
1
q .

Moreover, to estimate the left-hand side of (3.1), use the substitution

$ =
sinh z

(sinhx+ sinh y) (2 coshx cosh y)
λ−ε
q −ξ−1

,

and let

k =
sinh 1

(sinhx+ sinh y) (2 coshx cosh y)
λ−ε
q −ξ−1

and suppose that

2
λ−ε
q
−ξ−1

(coshx cosh y)
1
p
+λ−ε

q
−ξ−1

> cosh z,

we obtain

I =

∫ ∞
0

∫ ∞
0

fε(x, y)
∞∑
n=1

ãn
(sinhx+ sinh y + sinhn)λ

dxdy

=

∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
λ+pξ−2

p
q−ε−2

P (coshx cosh y)
1
p

×
∞∑
n=1

(sinhn)
λ−ξq− q

p−ε−1

q (coshn)
1
q

(sinhx+ sinh y + sinhn)λ
dxdy



Half-discrete Hilbert’s inequality for three variables 123

≥
∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
λ−ε
p

+ξ−2
(coshx cosh y)

1
p

×

∫ ∞
0

(sinh z)
λ−ξq− q

p−ε−1

q (cosh z)
1
q

(sinhx+ sinh y)λ(1 + sinh z
sinhx+sinh y )λ

dz

 dxdy

=

∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
λ−ε
p

+ξ−2−λ+λ−ε
q
−ξ−1

(coshx cosh y)
1
p

×


∫ ∞
k

[
($ (sinhx+ sinh y) (2 coshx cosh y)

λ−ε
q −ξ−1

]λ−ε
q
−ξ−1

(1 + (2 coshx cosh y)
λ−ε
q −ξ−1

$)λ

×

(sinhx+ sinh y) (2 coshx cosh y)
λ−ε
q −ξ−1

cosh z
d$

 dxdy

≥
∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)−ε−2 (2 coshx cosh y)

×

(∫ ∞
k

$
λ−ε
q
−ξ−1

(1 +$)λ

(
2
λ−ε
q
−ξ−1

(coshx cosh y)
1
p
+λ−ε

q
−ξ−1

cosh z
d$

))
dxdy

= 2

∫ ∞
0

∫ ∞
0

v−ε−2 (1 + u)−1
(

coshxdv

coshx

)(
cosh y sinhx

(1 + u) cosh y
du

)
×

(∫ ∞
0

$
λ−ε
q
−ξ−1

(1 +$)λ
d$ −

∫ k

0

$
λ−ε
q
−ξ−1

(1 +$)λ
d$

)

> 2

(∫ ∞
1

v−ε−1dv

(∫ ∞
1

(1 + u)−2 du

)
dκ
)

×

(∫ ∞
0

$
λ−ε
q
−ξ−1

(1 +$)λ
d$ −

∫ k

0
$

λ−ε
q
−ξ−1

d$

)

= 2

(∫ ∞
1

v−ε−1dv

(∫ ∞
0

(1 + u)−2 du

)
dκ
)

×
(
B(

λ− ε
q
− ξ, λ

p
+
ε

q
+ ξ)−

∫ k

0
$

λ−ε
q
−ξ−1

d$

)
=

2

2ε
B(

λ− ε
q
− ξ, λ

p
+
ε

q
+ ξ)−O(1)

>
B(λ−εq − ξ,

λ
p + ε

q + ξ)

ε
−O(1).
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Clearly, when ε→ 0+, from the last two inequalities, we will get a contradic-
tion, therefore, this lead to the proof of the Theorem 3.1. �

Theorem 3.2. Let p > 1, 1
p + 1

q = 1, λ > 0, −λ
p < ξ < λ

q . Define

f(x) > 0 on (0,∞) and am,n > 0. If
∫∞
0 (sinhx)ξq+q−λ−1 f q(x)dx < ∞ and∑∞

m=1

∑∞
n=1(sinhm+ sinhn)

−λ−pξ+2 p
q apm,n <∞, then

∞∑
m=1

∞∑
n=1

am,n

∫ ∞
0

f(x)

(sinhm+ sinhn+ sinhx)λ
dx

=

∫ ∞
0

f(x)

( ∞∑
m=1

∞∑
n=1

am,n
(sinhm+ sinhn+ sinhx)λ

)
dx

≤ C̃

( ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)
−λ−pξ+2 p

q apm,n

) 1
p

×
(∫ ∞

0
(sinhx)ξq+q−λ−1 f q(x)dx

) 1
q

, (3.2)

where the constant C̃ = B(λp + ξ, λq − ξ) is the best possible.

Proof. Using formula (2.3), and applying the Hölder’s inequality, we get

J =

∫ ∞
0

f(x)

( ∞∑
m=1

∞∑
n=1

am,n
(sinhm+ sinhn+ sinhx)λ

)
dx

=

∫ ∞
0

f(x)

( ∞∑
m=1

∞∑
n=1

am,n
(sinhm+ sinhn+ sinhx)λ

)
dx

=
1

Γ(λ)

∞∑
m=1

∞∑
n=1

am,n

∫ ∞
0

f(x)

(∫ ∞
0

tλ−1e−(sinhm+sinhn+sinhx)tdt

)
dx

=
1

Γ(λ)

∫ ∞
0

(
t
λ−1
p

+ξ
∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)tam,n

)

×
(
t
λ−1
q
−ξ
∫ ∞
0

e−(sinhx)t f(x)dx

)
dt

≤ 1

Γ(λ)

(∫ ∞
0

tλ−1+pξ

( ∞∑
m=1

∞∑
n=1

e−(sinhm+sinhn)tam,n

)p
dt

) 1
p

×
(∫ ∞

0
tλ−1−ξq

(∫ ∞
0

e−(sinhx)t f(x)dx

)q
dt

) 1
q

. (3.3)



Half-discrete Hilbert’s inequality for three variables 125

Substituting (2.8) and (2.9) in (3.3), we obtain

J ≤ Γ
1
q (2− qµ)Γ

1
p (1− pη)

Γ(λ)

×
(∫ ∞

0
tλ+ξp+pµ−2p+1

×

( ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)µp e−(sinhm+sinhn)tapm,n

)
dt
) 1
p

×
(∫ ∞

0
tλ−1−ξq−µq−q

(∫ ∞
0

(sinhx)−qµe−(sinhx)tf q(x)dx

)
dt

) 1
q

= C̃

( ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)2p−λ−pξ−2 apm,n

) 1
p

×
(∫ ∞

0
(sinhx)

ξq+ q
p
−λ
e−(sinhx)tf q(x)dx

) 1
q

,

where

C̃ = C̃η,µ

=
Γ

1
q (2− µq)Γ

1
p (1− ηp)Γ

1
p (λ+ ξp+ pµ− 2pq )Γ

1
q (λ− ξq + µq − ηq − q

p)

Γ(λ)

= B(
λ

p
+ ξ,

λ

q
− ξ),

where η = λpq−λ−pζ
pq and µ = λpq−λ+qζ+q

pq .

Our next goal is to show that the constant C̃v,µ is the best possible. Let ε
be very small real number, define the function

fε(z) = (sinh z)
λ−ξq− q

p−ε−1

q (cosh z)
1
q

on (0,∞), and the sequence

ãm,n = (sinhm+ sinhn)
λ+pξ−2

p
q−ε−2

P (coshm coshn)
1
p

for m,n ≥ 1. Assume that our constant C̃ is not the best possible. Then there

exist K, where 0 < K < C̃, and again as in Lemmas 2.3 and 2.4, use the
substitutions sinh y = u sinhx, sinhx = v

1+u and sinh z = ω such that
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J ≤ K

( ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)
λ−pξ+ 2p

q ãpm,n

) 1
p

×
(∫ ∞

0
(sinh z)ξq+q−λ−1 f qε (z)dz

) 1
q

= K

( ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)−ε−2 coshm coshn

) 1
p

×
(∫ ∞

0
(sinh z)−ε−1 cosh zdz

) 1
q

≤ K
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)−ε−2 coshx cosh ydxdy

) 1
p

×
(∫ ∞

0
(sinh z)−ε−1 cosh zdz

) 1
q

= K

(∫ ∞
0

∫ ∞
0

(sinhx)−ε−2(1 +
sinh y

sinhx
)−ε−2 coshx cosh ydxdy

) 1
p

×
(∫ ∞

0
(sinh z)−ε−1 cosh zdz

) 1
q

= K

(∫ ∞
1

∫ ∞
1

(
v

1 + u

)−ε−1
(1 + u)−ε−2

cosh ydu

cosh y

coshxdv

(1 + u) coshx

) 1
p

×
(∫ ∞

1
ω−ε−1

dω

cosh z

) 1
q

≤ K
(∫ ∞

1
v−ε−1dv

∫ ∞
1

(1 + u)−2du

) 1
p
(∫ ∞

1
ω−ε−1dω

) 1
q

= K

(
1

ε

) 1
p
(

1

ε

) 1
q

=
K

ε
.

Now use the same method in Theorem 3.1 to estimate the left side of (3.2),
and setting

sinh z

sinhx+ sinh y
= (cosh l)

m
λ−ε
q −ξ−1$,

and l > x, l > y, l > z, choose m > 5 such that

(cosh l)
m−2

(cosh l)

m

λ−ε
q −ξ−1

cosh z
> 1,
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and let

k =
(cosh l)

m

ε−λ
q +ξ+1

sinhx+ sinh y
,

we obtain:

J =

∫ ∞
0

fε(z)

( ∞∑
m=1

∞∑
n=1

ãm,n
(sinhm+ sinhn+ sinh z)λ

)
dz

=

∫ ∞
0

(sinh z)
λ−ξq− q

p−ε−1

q

 ∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)
λ+pξ−2

p
q−ε−2

P

(sinhm+ sinhn+ sinh z)λ

 dz

≥
∫ ∞
0

(sinh z)
λ−ξq− q

p−ε−1

q

×

∫ ∞
1

∫ ∞
1

(sinhx+ sinh y)
λ+pξ−2

p
q−ε−2

P

(sinhx+ sinh y + sinh z)λ
dxdy

 dz

=

∫ ∞
1

∫ ∞
1

(sinhx+ sinhx)
λ+pξ−2

p
q−ε−2

P

×

∫ ∞
a

(sinh z)
λ−ξq− q

p−ε−1

q

(sinhx+ sinh y + sinh z)λ
dz

 dxdy

=

∫ ∞
1

∫ ∞
1

(sinhx+ sinh y)
λ+pξ−2

p
q−ε−2

P

×


∫ ∞
k

(
(sinhx+ sinh y) (cosh l)

m
λ−ε
q −ξ−1$

)λ−ξq− q
p−ε−1

q

(sinhx+ sinhx)λ (1 + (cosh l)
m

λ−ε
q −ξ−1$)λ

× (sinhx+ sinh y) (cosh l)
m

λ−ε
q −ξ−1d$

cosh z

 dxdy

=

∫ ∞
1

∫ ∞
1

(sinhx+ sinh y)−ε−2

×

∫ ∞
k

(cosh l)m$
λ−ξq− q

p−ε−1

q

(1 + (cosh l)
m

λ−ε
q −ξ−1$)λ

(cosh l)
m

λ−ε
q −ξ−1d$

cosh z

 dxdy
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=

∫ ∞
1

∫ ∞
1

(sinhx)−ε−2

×
(

1+
sinh y

sinhx

)−ε−2∫ ∞
k

(cosh l)m$
λ−ξq− q

p−ε−1

q

(1 + (cosh l)
m

λ−ε
q −ξ−1$)λ

(cosh l)
m

λ−ε
q −ξ−1d$

cosh z

dxdy
=

∫ ∞
sinh 1
1+u

∫ ∞
sinh 1
sinh x

(
v

1 + u

)−ε−2
(1 + u)−ε−2

cosh3 l sinhxdu

cosh y

dv

(1 + u) coshx

×

∫ ∞
k

$
λ−ξq− q

p−ε−1

q

(1 + (cosh l)
m

λ−ε
q −ξ−1$)λ

(cosh l)m−3(cosh l)
m

λ−ε
q −ξ−1d$

cosh z


≥
∫ ∞
1

v−ε−1dv

(
cosh l

∫ ∞
1

(1 + u)−2 du

)

×

∫ ∞
0

$
λ−ξq− q

p−ε−1

q

(1 +$)λ
d$ −

∫ k

0

$
λ−ξq− q

p−ε−1

q

(1 +$)λ
d$


≥ cosh l

ε2

(
B(

λ− ε
q
− ξ, λ

p
+
ε

q
+ ξ)−

∫ k

0
$

λ−ξq− q
p−ε−1

q d$

)

≥
B(λ−εq − ξ,

λ
p + ε

q + ξ)

ε
−O(1).

From the above two inequalities, when ε → 0+, we get a contradiction, by
this, our second theorem is completely proved. �

4. Equivalent forms

In this part, we give the following equivalent forms of our main theorems
(Theorems 3.1 and 3.2), and the constant in all inequalities is the same con-
stant.

Theorem 4.1. Under the same conditions of Theorem 3.1, we have the fol-
lowing two inequalities

∞∑
n=1

(sinhn)(p−1)λ−ξp−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p
≤ Cp

∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)2p−λ−pξ−2fp(x, y)dxdy (4.1)

and
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0

∫ ∞
0

(sinhx+ sinh y)(q−1)λ+ξq−2p
∞∑
n=1

(
an

(sinhx+ sinh y + sinhn)λ

)q
dxdy

≤ Cq
∞∑
n=1

(sinhn)ξq−λ+q−1aqn. (4.2)

The inequalities (4.1) and (4.2) are equivalent to (3.1) and the constants Cp

and Cq are the best possible.

Proof. In order to prove (4.1), let

an = (sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p−1
.

By using inequality (3.1), we find

∞∑
n=1

(sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p
=
∞∑
n=1

(sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p−1
×
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)
=

∫ ∞
0

∫ ∞
0

∞∑
n=1

f(x, y)an
(sinhx+ sinh y + sinhn)λ

dxdy

≤ C
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)2p−λ−pξ−2fp(x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)q−λ+ξq−1aqn

) 1
q

= C

(∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)2p−λ−pξ−2fp(x, y)dxdy

) 1
p

×

( ∞∑
r=1

(sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p) 1
q

.

(4.3)

To get (4.1), just divide both sides of inequality (4.3) by( ∞∑
r=1

(sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)

(sinhx+ sinh y + sinhn)λ
dxdy

)p) 1
q

.
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Moreover, by Hölder inequality and (4.1), we get∫ ∞
0

∫ ∞
0

∞∑
n=1

f(x, y)an
(sinhx+ sinh y + sinhn)λ

dxdy

=
∞∑
n=1

(
(sinhn)

λ
q
−ξ− 1

p

∫ ∞
0

∫ ∞
0

f(x, y)an
(sinhx+ sinh y + sinhn)λ

dxdy

)
×
(

(sinhn)
λ
p
+ζ+ 1

pan

)
≤

( ∞∑
n=1

(sinhn)(p−1)λ−pξ−1
(∫ ∞

0

∫ ∞
0

f(x, y)an
(sinhx+ sinh y + sinhn)λ

dxdy

)p) 1
p

×

( ∞∑
n=1

(sinhn)q−λ+ξq−1an

) 1
q

≤
(
Cp
∫ ∞
0

∫ ∞
0

(sinhx+ sinh y)
−λ−pξ+2 p

q fp(x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)ξq+q−λ−1 aqn

) 1
q

.

Next, we want to prove the equivalence between (3.1) and (4.2), we let

f(x, y) = (sinhx+sinh y)(q−1)λ+ξq−2

( ∞∑
n=1

an
(sinhx+sinh y+sinhn)λ

)q−1
.

Using the main inequality (3.1), we get

∫ ∞
0

∫ ∞
0

(sinhx+sinh y)(q−1)λ+ξq−2

( ∞∑
n=1

an
(sinhx+sinh y+sinhn)λ

)q
dxdy

=

∫ ∞
0

∫ ∞
0

(sinhx+sinh y)(q−1)λ+ξq−2

( ∞∑
n=1

an
(sinhx+sinh y+sinhn)λ

)q−1

×

( ∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

)
dxdy

=

∫ ∞
0

∫ ∞
0

f(x, y)
∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

dxdy
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≤ C
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)2p−λ−pξ−2fp(x, y)dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)ξq+q−λ−1 aqn

) 1
q

= C
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)(q−1)λ+ξq−2

×

( ∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

)q
dxdy

) 1
p

×

( ∞∑
n=1

(sinhn)ξq+q−λ−1 aqn

) 1
q

. (4.4)

If we divide both sides of (4.4) by(∫ ∞
0

∫ ∞
0

(sinhx+sinh y)(q−1)λ+ξq−2

(∞∑
n=1

an
(sinhx+sinh y+sinhn)λ

)q
dxdy

) 1
p

,

we get (4.2). Also, from the Hölder inequality and (4.2), we obtain∫ ∞
0

∫ ∞
0

f(x, y)

∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

dxdy

=

∫ ∞
0

∫ ∞
0

(
(sinhx+ sinh y)

(q−1)λ+ξq−2
q f(x, y)

)
×

(
(sinhx+ sinh y)

(q−1)λ+ξq−2
p

∞∑
n=1

an
(sinhx+sinh y+sinhn)λ

)
dxdy

≤
(∫ ∞

0

∫ ∞
0

(
(sinhx+ sinh y)

(q−1)λ+ξq−2
q

)p
fp(x, y)dxdy

) 1
p

×
(∫ ∞

0

∫ ∞
0

(
(sinhx+ sinh y)

(q−1)λ+ξq−2
p

×
∞∑
n=1

an
(sinhx+ sinh y + sinhn)λ

)q
dxdy

) 1
q

≤ C
(∫ ∞

0

∫ ∞
0

(sinhx+ sinh y)2p−λ−pξ−2fp(x, y)dxdy

) 1
p

×
( ∞∑
r=1

(sinhn)ξq+q−λ−1 aqn

) 1
q
,
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from this, we proved the equivalence relation between (4.2) and (3.1). �

Theorem 4.2. Under the same conditions as in Theorem 3.2, we have the
following two inequalities:∫ ∞

0
(sinhx)(p−1)λ−pξ−1

( ∞∑
m=1

∞∑
n=1

am,n
(sinhm+ sinhn+ sinhx)λ

)p
dx

≤ C̃p
∞∑
m=1

∞∑
n=1

(sinhn+ sinhm)2p−λ−pξ−2apm,n (4.5)

and
∞∑
m=1

∞∑
n=1

(sinhm+ sinhn)(q−1)λ+ξq−2
(∫ ∞

0

f(x)

(sinhm+ sinhn+ sinhx)λ
dx

)q
≤ C̃q

∫ ∞
0

(sinhx)ξq−λ+q−1f q(x)dx. (4.6)

The inequalities (4.5) and (4.6) are equivalent to (3.2) and the constants C̃p

and C̃q are also the best possible.

Proof. We can use the same procedure as in Theorem 4.1 (omitted). �
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