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Abstract. For three variables of the half-discrete Hilbert’s inequality and using the hyper-
bolic sine function, we present two new forms of the half-discrete Hilbert’s inequality in this
study. We also demonstrate that the constants on the right-hand side of the inequality are

the best. The equivalence forms of the two inequalities are also introduced.

1. INTRODUCTION

Let p > 1,% +% =1, and f € L,(0,00) and g € L4(0,00), the following
integral inequality is hold

B =

/OO/OOf(;f(yy dedy < — <£> /fp 79q(y)dy . (1)
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For {am},._1 €l and {b,},~; € lg, the discrete form of (1.1) also holds

RS e @m)(ib) 2

where the constant ﬁ in (1.1) and (1.2) is the best possible.
smyi —
p

The following inequality was presented by Yang in a half-discrete form [8]:
oo

/f Z d$<B()\1,)\2) /gjp(l A1)-— 1fp (anl A2)— ) ’
0 n=1

:L‘+n
0

(1.3)
where A\j + Ao = A\, A1, A2 >0, 0 < \; < 1, also, the constant B(\q, \2) is the
best possible.

Through the last two decades, inequalities (1.1), (1.2) and (1.3) formed the
basis of the process of extensions of integral, discrete, and half-discrete forms
of Hilbert inequality ([1, 3, 5, 6, 7]). For three variables in the preceding five
years, Batbold and Azar established the following two half-discrete inequalities

_ianjff(x,y) s dzdy (1.4)
00

1

[o olNe o] 00 P
<c| [ [wrprmp sy (an+q+1az>
0 0 n=1

D=
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S [
m=1n=1 0 (‘T—i_m—i_n)

:/f(a:) (Z ZM) dw (1.5)
0
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q
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where the constant C' = B(% -, % +7) in (1.4) and (1.5) is the best possible.

In 2022, Al-Oushoush gave the integral form of the main result in this
manuscript [2].

2. PRELIMINARIES AND LEMMAS

The following special functions are important and needed to prove the main
result in this paper:

IN(w) = /tw_le_tdt, w >0, (2.1)
0

(a, B) :/ ——dt, a,5>0. 2.2
) (t+1) (t+ 1) (2:2)

Also, for T'(ww) and B(a, ), we will need another useful representation for
them as follows:

t te?tdt, (2.3)

il
o\g

(2.4)
Additionally, in order to completely prove our main result, we will need the
following inequality

coshw >1, |w| < co. (2.5)

Next, we state the following lemmas which are the main tools for proving
our results.

Lemma 2.1. Suppose that p > 1, %—i—% =1,t>0,n< % and f(z,y) is a
non-negative function defined and integrable on (0,00) x (0,00). Then, we get

oo 00 . . p
</ / f(fL’, y)e—(smh z+sinh yﬁd:ndy)
0 0

) 0 roo —(sinh z+sinh y)t
< tMTET(2 — / / P dxd 2.6
< (2 —mnq) ; (Simhz + sinhy) —o [P (@, y)dzdy.  (2.6)
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Proof. Using Holder’s inequality, and making the substitutions sinh y = wsinh «,
and sinhz = -, v > 0, (to evaluate the first double integral on the right-
hand-side of the inequality below), this yields

00 p
(/ / f ” y) (mnhr—‘—smhy)tdxdy)
0

_ (sinhz4sinhy) a:+smh y) ¢ _ (sinhz4sinh y) t p
(& P

= dxdy T, dxd
/ / Slnhx + sinh y)" (sinhx + sinhy) ™" f@:9) Y
1
/ / e~ sinha(l+u)t sinh zdvdu ‘
(sinh )" (1 + )" \ vcoshxcoshy

oo —(sinh z+sinh y) tfp( ) %
dxd
(sinhx + sinhy)™ " Y

IN

p

(1+u)™ cosh x cosh y

p

1
{ smh a:)l nqp— sinh z(14u)t dvdu } q

1
oo —(sinh z+sinh y) tfp(fL’ y) " d P
(sinhz + sinhy) ™"

IN

1 —Tqp—ut 6—(sinh z+sinh y)t
—————dudv Plx,y)dxd
< o Jo (1+u)? > / / smh:r+sinhy)_”pf (,y)dedy

</ du/ 1=nqo— ”tdv>
o (14w 0

e —(sinh z+sinh y)t .
[T [P y)drdy

(sinhx + sinhy)~
=" Qqu (2 —nq) / / e 1P (z,y)dzdy.
(sinh z + sinhy) ™ "*
g
Lemma22 Letp > 1, %%—ézl, A >0 and ay, > 0. Then fort > 0 and

w < 7, we have:

1
Ze (sinhn)ty < ph= ppp(l_up) (Z(sinhn)q#e_(sinhn)ta%> . (27)

n=1 n=1
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Proof. Using Holder’s inequality, and using the substitution w = sinh z, then

00
Z e—(sinh n)ta
n=1
9]
_ (sinhn) _ (sinhn)
= Z <(sinh n) e t> <(sinhn)“ e a tan)

n=1
1 1
00 P 00
< (sinhn) ~PH e~ (sinhn)t ) (Z (sinh n) % ¢~ (sinh ")ta%)>
n=1 n=1
1
[e%e) = 0 q
/ (sinh z) PH ¢~ (sinh mtdz) (Z sinh )% ¢~ (sinh ")ta‘fl)>
0 n=1

1 1
oo dw 1/ . q
_ _ —wt . —(sinhn)t
= /0 wPle COShOJ> <E (sinhn)™e a%))

1
/ wPle™ ‘”tdw> <Z (sinhn)? _(Sinh”)ta%)>
0

1
0o q
= "5 (1 - pp) (Z (sinh )™ 6_(5“’}1")%%) :

n=1

0

Lemma 2.3. Letp > 1, %—l—% =1, A>0 and apy > 0. Then for t >0 and
B < %, we have

0o 00 p
Z Z amme—(smhm—s—smhn)t

m=1n=1

oo oo

< tﬂp—2§F§(2 — 1q) Z Z (sinhm + sinh n)*? 6_(Sinhm+smh”)tafn’n. (2.8)
m=1n=1

Proof. Using Holder’s inequality, and the substitutions sinhy = wsinhz and

sinhx = 1+u’ we get

e8] p
(Z Z amme—(smhm—&—smh n)t)

m=1n=1
_ (sinh m+smh n)t p

. . , (sinhmsinnn),
Z Z Sll’lhm + sinh ’I’l) (Slnh m 4+ sinh n) e P Am.n

m=1n=1
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P
—(sinh m+sinh n)t ) q

o0 [e.e] (
e
(Z Z (sinh m + sinh n)"?

m=1n=1

oo oo
X E E (sinh m + sinh n)/P ¢~ (sihmsinhn)t

m,n

m=1n=1

0o 00 6—(sinh z+sinh y)t g
< dzd
- /0 /0 (sinh z + sinh y)" vy

o o
X g g (sinh m + sinh n)*P ¢~ (sinhmsinh ")tafn’n

—sinha(ut1)t sinh zdvdu
/ / smhx (1+u))H ((1 + u) cosh x cosh y

—(sinh m+sinh n)¢

P
> Z 5

= 51nhm+51nhn)

smh $ 1 g o= sinh z(u+1)¢ dvdu
/ / (14 u) I+uq cosh z cosh y
—(sinh m+sinh n)t

P
> Z =

== 51nhm+81nhn)

]- /‘LqE—vt g
< / / dudv)
(1+u) 2 cosh z cosh Y

—(sinh m+sinh n)t

p
S Z 7

= smhm+smhn)

P

o0 1 o0 q
</ 2du/ vl_“qe_”tdv)
0o (14w 0

—(sinh m+sinh n)t

o o
p
P 5
m=1

(sinhm + sinhn)™
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Lemma 2.4. Let p>1, %—k % =1 and f(x) >0 on (0,00). Then fort >0

and n < %, we have

/Oo e S f (1) dy < 77T (1 - pn) </OO (sinh )™ fﬁnhﬁf(](x)dx) E
0 0
(2.9)

Proof. Using Holder’s inequality, and the substitution sinhz = w, we get

/ 6_Sinhwtf($)d$:/ {(Sinhx)fne_%t}
0 0

_ smhzt

x{(sinhx)"e a f(x)}dx

o0 . p
< (/ (sinhz) P"e™ Sthtdx>
0

> . qn _—sinhxt pq
X (/0 (sinhx)e f (x)dx)

1
— / WP wt dw \7
0 coshz
1
X (/ (sinh )% esmh”fq(a;)d:v> ’
0

1 1
<t »I# (1 —pn)

> . qn _—sinhxt pq
X (/0 (sinhx)e f (w)dx)

Q=

O

Remark 2.5. Note that if 0 <p < 1 and %—Fé = 1, then by using the reverse

form of Holder’s inequality and use the same previous method, we can prove
the reverse forms of (2.6), (2.7), (2.8) and (2.9) which are needed to prove
Theorems 4.1 and 4.2.

3. MAIN RESULTS

Theorem 3.1. Let p > 1, %—i— % =1, x> O,—% <E< %. Define f(xz,y) >0
on (0,00) x (0,00) and a, > 0. If

/ / (sinh z + sinh y)_)‘_p5+2§fp(:c, y)dzdy < oo
0 0

and
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o0

—A—1
E (sinh )57 al < oo,

then

SIS & ap
dxd
/0 /0 f(z,y) n;l (sinh x + sinh y + sinh n)? v

<C </ / (sinh 4 sinh y)f/\fperz%fp(x, y)dxdy)
0 0

1
o q
X ( E (sinh n)¢7Ta—A! a%) , (3.1)

n=1

=

where the constant C = B( + f, 2 — &) is the best possible.

Proof. Using the representation of the gamma function given in (2.3), and
using Holder’s inequality, finally by Lemmas 2.1 and 2.2 , we get

I—/ / f(@y) 2.7 smh:v-i—&niily_,_smhn) dxdy
_ F(l)\) /OO /OO f(z,y) Zan (/ t)‘le(sinhx+sinhy+sinhn)tdt> dndy
= ( )/ < +£/ / smhm+Smhytf(q;,y)dxdy>
tT_gz (st )dt
) </OO A1+ (/ / Slnhw+81nhy)tf(x7y)dmdy>pdt)p
0
/OOOtA 1-g¢ (Ze (sinhn)t,, ) dt>q

F% 2 - nq Fp(l—/W)

x (/Om/ooofp(x,y)

1
X / (sinh z + sinh y)”pt)‘+pn+p£_2§_le_(smhx"'smh y)tdtdxdy> g
0

‘ -

—
>

N

‘ -

<

,1

R
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1
& 00 A 14 ) q
Z Slnhn / ¢ +qp— —;—lﬁe—(smhn)tdt
1 0
1

:C</ / @MM+mmWr*ﬁ”wwawM@Op
0 0

1

q
X <Z (sinhn) faty—A a%) dt,

n=1
where

1 1 1 1
[a(2=ng)I'» (1 — pp)I'» (A +p§ +mp — 22)Te (A + qu — 1 — ¢€)
I'(A)

C =

A A
=B +65-9).
p q
Next, we want to show that the constant C is the best constant. Let € be so
small real number, define the function

A+p§—2%—e—2

fe(z,y) = (sinh x 4 sinh y) P (cosh y)%
n (0,00) x (0,00) and

/\7&]7%7671 1
an = (sinhn) a (coshn)a, n>1.

Assume that our constant C is not the best possible, then there exists T,
where 0 < T < C, and again as in Lemmas 2.1 and 2.2, use the substitutions
sinhy = usinhz, sinhz = 7, and sinhz = w respectlvely, such that:

3=

I<T / / (sinhx + sinhy) "~ APty fP(x, y)da:dy)

o0
g (sinhn) §atg—A— 1~q
n=1

(
(
T( cosh 2 cosh y
(

1

1
P

dxd

(sinh z + sinh y)<+2 v y)

1

(sinh 1)~ “leoshz + Z (sinhn)™ " L cosh n)
n=2
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1
(sinhz) "2 dv sinh du ?
coshx(l +u) (14 u)t?

1
cosh 1 /°° w™ L cosh zdw) q
w

X
—1 cosh z

(I
< 1
([ ([amor)e)
< %
T (G

N

<

X

o0 q
cosh1 (sinh1)™ +/ w_e_ldw>
1

T

)p
ecosh1
(sinh 1)™!

—~
—

)a.

Moreover, to estimate the left-hand side of (3.1), use the substitution

sinh z
w = A—€e_, 4
(sinhz + sinh g) (2 coshx coshy) © !
and let
sinh 1
k = A—e¢ —e—1

(sinh 2z + sinh y) (2 cosh x cosh y) *
and suppose that

1, A—e€
9%t (coshxcoshy)5+77§71 > cosh z,

we obtain

S dzdy

Ape—2h—c—2 1
(sinh z + sinh y) P (coshz coshy)r

oo oo o
=
/0 /0 Jelwy ; smh:p—l—smhy—i—smhn)
Il

A—gq—2d—c—1
oo

" Z (sinhn) a (coshn)
(sinh x + sinh y + sinh n)?

Q=

dxdy
n=1
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0 o0 . . A:£+§_2 1
> / / (sinh z + sinhy) » (cosh z coshy)r
o Jo

A—étqg—d_e—1

1
o0 inh q q
" / ( (sinh 2) (cosh z) iz | dedy
0

sinhz + sinhy)M (1 + m))\

R By . Azeye 9 NpA=e ¢ ] 1
= / / (sinhz + sinhy) » q (coshz coshy)r
o Jo

A—€ )\767&-71

(w (sinh z 4 sinh y) (2 cosh z coshy) * T

> [
X
/k B_g_lw))\

(14 (2coshz coshy) *

A—e
7 ¢t

inh inh y) (2 cosh h
y (sinh x + sinh y) (2 cosh  cosh ) doo dzdy
cosh z

o0 oo
> / / (sinh 2 + sinh ) "2 (2 cosh z cosh )
o Jo

A—e A—e A—e
" /°° wa ¢t 27_5_1(<:osh36(:osh34)%Jr 7 _5_1(1 dzd
w x
. (1+w)? cosh z Y

Sl e _ h zdv cosh ¢ sinh
_ 9 2 (1 1 [ cos J
Y (1+v) ( cosh x (1 + u)coshy “

0o w)\;e_g_l E w/\;e_g_l
X / 7)\dw — 7)\6173
o (1+w) o (1+m)

oo A7t €61 koo,
X / WiAdw — @ Tldw
0o (1+w=) 0

Aze_ AL g [
X<B( . Sptatd /ow dw)
2 A—¢€ A€

:?eB( p —575‘1'54‘5)—0(1)
B(2=€ _¢ 2 L €

> % 5”’+q+£)—0(1).

€
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Clearly, when € — 07, from the last two inequalities, we will get a contradic-
tion, therefore, this lead to the proof of the Theorem 3.1. [l

Theorem 3.2. Let p > 1, %4—% =1, X > 0, —% < €< E Define
f(@) >0 on (0,00) and amn > 0. If [;°( (sinh )51 £4(2)de < 0o and
Yooy > (sinhm +sinhn)~ A p§+2qafnn < o0, then

Z Zamn/ f(z) dzx
L= (sinhm + sinh n + sinh x)A

o0 oo
Am,n
= 7 d
/0 f(@ (Z Z (Sinhm+sjnhn—|—sinhx))‘> v
m=1n=1
A— 22 %
Z Z (sinhm + sinhn) "l

m=1n=1

X ( /0 ” (sinh z)otaA-1 fq(x)dm) ’ (3.2)

where the constant C = B( + f, 2 — &) is the best possible.

Proof. Using formula (2.3), and applying the Holder’s inequality, we get

[e%S) x> Am,n

[e%S) x> Am,n
_ , d
/0 f(z) (Z z_: (Sinhm+sinhn—|—sinhx))‘) v

F(l)\ Z Zamn/ f </ 2f)\le(sinhersinhrH»sinh:n)tdt) dr
m=1n=1
o 1 Azl e (sinh m+sinhn)t
wl, (FEE i

y <t>\q1§/ ef(sinhx)t f(x)dgj> dt
0

00 x© X p %
< 111 </ A 14Dg (Z Ze(sinhm+sinhn)tam7n> dt)

m=1n=1

Y
( 1o ( G f(ac)d:c)th>q. (3.3)
0
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Substituting (2.8) and (2.9) in (3.3), we obtain
4 (2 — qu)l# (1
g < 12— aqI» (1 —pn)
a r'(A)

oo
/ A TEptpu—2p+1
0

oo o0 1
X (Z Z (sinh m + sinh n)HP ¢~ (sinhmsinh ”)tapm’n> dt) ?

1
=C Z Z (sinh m + sinh n) %P~ 7P 2 a%n>
m=1n=1
X (/ (sinh :c)éﬁg)‘e(smhm)tfq(x)dx) ’ ,
0
where
C= éﬁw
1 1 1 1
CTa@2 = pg)P (L= np)Ir (A + Ep+ pp = 2800 (X = g + pg —mq — 1)
- I'(A)
A A
:B(7+§ai 76)7
p q
Apg—A+q(+q

Apg—A—p(¢
pq Pq _
Our next goal is to show that the constant C, ,, is the best possible. Let €

be very small real number, define the function

where n = and p =

/\7§q7%7671

fe(z) = (sinh z) a (cosh z)%
on (0,00), and the sequence

A+P$—2%—e—2 1
am,n = (sinhm + sinhn) P (coshm coshn)?»

for m,n > 1. Assume that our constant C is not the best possible. Then there
exist K, where 0 < K < C, and again as in Lemmas 2.3 and 2.4, use the

substitutions sinhy = usinh, sinhz = 7 and sinh z = w such that
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hSA

J<K ZZsmhm—i—smhn))‘ p5+qafnn>

=1n=1
1

X (sinh 2)%0FTAL pa( ) z)q

B =

N

M8°

Z (sinh m 4 sinh n) ~~2 cosh m cosh n)

0 q
X / (sinh z) ~“lcosh zdz)
0

3
,!\
=

1

£
([

.l

<

<k ([ [ i sinh) <2 oshs cosh oy )
d

<

<

o

<

N

1
/ (sinh z)™ " ! cosh zdz> !
0

1
OO 3 h ’
=K / (sinhz)™2(1 + S,mh Y )~¢2 cosh x cosh ydmdy) ’
0 sinh
00 @
X / (sinh z) "~ ! cosh zdz)
0
1
Kk °° —et (14 )2 coshydu  coshxdv P
u
1 N 1+u coshy (1+ u)coshzx

X

o 1
q
/ W 1 )
1 coshz
P q
<K (/ Ul 1dU (1+u)_2du> (/ w_e_ldw>
1 1 1
1\? (1\7 K
() (-5
€ € €

Now use the same method in Theorem 3.1 to estimate the left side of (3.2),
and setting
% = (coshl) ey,
sinh z 4 sinhy
and [ >z, >y, | > z, choose m > 5 such that

(cosh )™ *(cosh) At
cosh z

> 1,
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and let

sinhx + sinhy ’

we obtain:

Zim,n
/ fe(z (ZZ smhm+sinhn+sinhz)A> dz

Apg—28 —e—2

o0 A—gg—T -1 (sinhm + sinhn) P
— inh E E d
/0 (sinh 2) (sinhm + sinh n 4 sinh 2) )

00 A—tq—Z—e—1
. Atamy et
> / (sinh z) q
Ape—2h—c—2

(sinhx +sinhy)™ 7
dxdy | d
/ / (sinh x + sinh y + sinh 2)A e

0o o0 Apg—2h —e—2
. . 9 -
= / / (sinh z + sinh ) P
1 N1

/\—Eq—%—f—l

o0 (sinhz) " @
dz | dzd
% /a (sinh z + sinh y + sinh 2)A o B

oo [e’) ApE—2L —c—2
. . > 9 @
= / / (sinhz + sinh y) P
1 N1
A—gg—g—e—1

X /
k

y (sinh z + sinh y) (cosh l)%dw
cosh z

:/ / (sinh:v—l—sinhy)fﬁ*2
1 N1

/\,gq,ﬂ7571 #
([t )
k

D h
(1 + (coshl) AT_E_lw))‘ o

(sinh z + sinh x)’\ (1+ (Coshl)%w))‘

dxdy
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- /1 h /1 " (sinhz)

A—€qg—d—e—1 m
y <1+s‘iniy>_e_2 /OO (coshl)"w e (coshl) . “ldw dedy
sinh z e 5 cosh z
P (14 (coshl) "7 L)
_/ / o2 (14 u)=2 cosh® I sinh zdu dv
N sinhl fsinh1 1+u coshy (1 4+ u)coshz
A*iqfﬁfefl #
y /OO w a (cosh)™=3 (coshl) “dw
k cosh z

(1 + (coshl) fgoe w)A

z/ v Lo <coshl/ (1+u)2du>
1 1

A*qu%fefl A*E(}*%*&*l

*® w q d ko q d
X /0 1+ o) w_/o 1+w)r 7

hi (o A— A S o
> 500 B €—§,+6+§)—/w T dw
€2 q P oq 0

B(A2E — 6,2+ £ +0)
€

>

—0(1).

From the above two inequalities, when ¢ — 0T, we get a contradiction, by
this, our second theorem is completely proved. [

4. EQUIVALENT FORMS

In this part, we give the following equivalent forms of our main theorems
(Theorems 3.1 and 3.2), and the constant in all inequalities is the same con-
stant.

Theorem 4.1. Under the same conditions of Theorem 3.1, we have the fol-
lowing two inequalities

Z(smh n)(P=A=Ep—1 / / f(@.y) Y drdy ’
(sinh z + sinh y + sinh n)?

< CP / / (sinh 2 4 sinh )P~ A"P=2 fP (2, y)dxdy (4.1)
o Jo

and



Half-discrete Hilbert’s inequality for three variables 129

R (g—1)A+€q—2p N &n q
- ko) O - dzd
/0 /0 (sinh z + sinh y) T; <(sinhx+sinhy+Sith))‘> ray

o0
< C7) (sinhp)sa A Frlgl (4.2)
n=1
The inequalities (4.1) and (4.2) are equivalent to (3.1) and the constants CP
and C? are the best possible.

Proof. In order to prove (4.1), let

p—1
apn = (sinh n)P~DA=PEL (z,9) s dxdy :
(sinhz + smh y + sinhn)?

By using inequality (3.1), we find

Z(smhn ) (=DA=pe-1 / / f(z,y) dady ?
(sinh z + sinh y 4 sinh n)?

= ( f(z,y) P
hn)(P=DA=PEL / / dad
Z sinh ) (sinh z + sinh y + sinhn)A v

=1

f(z,y)
(/ (sinh z + sinh y + sinh n)? xdedy
B > f(z,y)an
N / / (sinh x + sinh y + sinh n)* xdrdy
1
<C / (sinh & + sinh y)2P~A"PE=2 P (g, y)dxdy) ’

Q=

D=

1

(
(i:: (sinhn)d~*ea—1g )
U
(5

smhn (p=DA=pE—1 / / f(@.y) s dxdy ’ q.
(sinh z + sinh y + sinh n)?

(4.3)
To get (4.1), just divide both sides of inequality (4.3) by

1

P\ g

h P“p“// Sx.v) _dady) |
<Z(sm " (sinh z + sinh y 4 sinh n)? vy
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Moreover, by Holder inequality and (4.1), we get

/ /Oo ) fl ) dzd
(sinh 2 + sinh y + sinhn)? Y

_ )€ £, y)a
; < sinhin) / / (sinh x + sinh y + sinh n)? xdrdy

Aieal
X ( sinhn) »t Pan>

1
o P\ P
< h (p 1)A—pg—1 / / [z, y)an
(; sinh ) (sinh x + sinhy + sinhn)A xdwdy
X (Z(sinhn)q_’\Jrgq_lan)

n=1

Q=

3=

< <C’p/0 /0 (sinhz + sinh y)_)‘_p5+2§fp(:c, y)dxdy)

1
0 q
X (Z (sinh n)c7Ta A1 ag> :

Next, we want to prove the equivalence between (3.1) and (4.2), we let

qg—1
f(z,y) = (sinhz+sinhy) (q DAt (Z 51nhx+81nhy+81nhn) > '

Using the main inequality (3.1), we get

q
h 2 +sinh y) 4~ DA+€a=2 o dxd
/ / sinh z+sinh y) Z (31nhm+smh y+sinh n) o
q1
/ / (sinh z+sinh y)(q DA+Eq—2 <nzl (sinh x+smal:y+s1nh n)A )
(279
x <Z (sinhz + sinhy + sinh n))‘) drdy

Qn
dxd
/ / f(@y) ot smhw—l—smhy—l—smhn) vy
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<C Smhx + sinh y)2P~ATPE2 4P (g, y)dwdy) ’

0

X (Z sinh n)*t7A! a%)
n=1

= C’(/ / (sinh z + sinh y) (@~ DA+Ea—2

Q=

S =

q
a
n dudy)
(sinhx + sinhy + sinhn)A> vy

,_.

n—

1
q
X < (sinh n)%ta—A—1 a%) . (4.4)
n=1

If we divide both sides of (4.4) by

00 00 (=DA+Eg—2 00 an q %
inh inh )\~ - dxd
/0 /0 (sinh-+sinhy) Z (sinh 2+sinh y+sinh n)* R

we get (4.2). Also, from the Holder inequality and (4.2), we obtain
dxd
/ / @y nz:l 51nhx—|—smhy+81nhn) ray

= /0 /0 ((sinhx + sinhy) <q1>2+§q2f(x,y))

(q 1)/\+£q 2

Mg

MS

inh 1h dzd
X <(sm x + sinhy) Smhg;+smhy+smhn) ) o

eo foe (g=1)A+Eq—2 »
< </ / <(sinhw + sinh y) a > 1P (x, y)dwdy)
o Jo

oo [0 (@=D)A+€q—2
X (/ / <(sinh x + sinh y) P
0 0
o0 1

a q
- drdy)"
. ; (sinhz + sinhy + sinhn)A> v y)

1

<C (/ / (sinh z + sinh y)?P~APE=2 fP (g, y)dmdy) ’
o Jo
o0 1
X (Z (sinh n)%4 A1 a%) ‘

r=1
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from this, we proved the equivalence relation between (4.2) and (3.1). O

Theorem 4.2. Under the same conditions as in Theorem 3.2, we have the
following two inequalities:

inh )P~ DA-pE-1 T d
/0 (sinh x) Z Z (sinhm + sinh n + sinh x)* !
m=1n=1
<3S (simhn + sinh )220, (4:5)
m=1n=1
and
o0 o0

q
3 (sinhm + sinhn) @ DA+Ea-2 / - f(x) .
=1 o (sinhm + sinhn + sinh z)A

m=1n

<1 /oo(sinh 2) 80T £a () e, (4.6)
0

The inequalities (4.5) and (4.6) are equivalent to (3.2) and the constants cr
and C? are also the best possible.

Proof. We can use the same procedure as in Theorem 4.1 (omitted). O
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