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Abstract. The purpose of this paper is to introduce an iterative method for finding a com-

mon solution to fixed point problems and split generalized equilibrium problems of demi-

metric mappings in real Hilbert spaces. We are motivated by the convergence properties of

the proposed method and establish the strong convergence of the sequence generated by our

algorithm. Additionally, we present a numerical example to illustrate the significance and

efficiency of our method. Our results develop and unify several optimization results found

in the literature.

1. Introduction

Let C be a nonempty, closed and convex subset of a real Hilbert space H
with inner product 〈·, ·〉 and norm || · ||. We denote the strong convergence and
weak convergence of a sequence {xn} to a point x in a Hilbert space H by
xn → x and xn ⇀ x, respectively. It is well known in [16] that a Hilbert space
H satisfies Opial condition, that is, for any sequence {xn} with xn ⇀ x, the
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inequality

lim sup
n→∞

||xn − x|| < lim sup
n→∞

||xn − y|| (1.1)

holds for every y ∈ H with y 6= x.

Let C be a nonempty closed convex subset of H and φ : C × C → R,
F : C × C → R be two bifunctions. The generalized equilibrium problem
(GEP) is to find a point x∗ ∈ C such that

F (x∗, y) + φ(x∗, y) ≥ 0, ∀ y ∈ C. (1.2)

The solution set of the GEP is denoted by GEP (F, φ). In particular, If we
set φ = 0 in (1.2), then the GEP reduces to the classical equilibrium problem
(EP), which is to find a point x∗ ∈ C such that F (x∗, y) ≥ 0, for all y ∈ C.
The solution set of EP is denoted by EP (F ). The EP is a generalization
of many mathematical models such as variational inequality problems (VIPs),
fixed point problems (FPPs), certain optimization problems (OPs), Nash EPs,
minimization problems, (MPs) and others; see [9, 18]. Many authors have
studied and proposed several iterative algorithms for solving EPs and related
OPs, see [1, 2, 3, 4, 20, 22].

In 2013, Kazmi and Rizvi [11] introduced and studied the following split
generalized equilibrium problem (SGEP): Let C ⊆ H1 and Q ⊆ H2, where H1

and H2 are real Hilbert spaces. Let F1, φ1 : C×C → R and F2, φ2 : Q×Q→ R
be nonlinear bifunctions, and A : H1 → H2 be a bounded linear operator. The
SGEP is defined as follows: Find x∗ ∈ C such that

F1(x∗, x) + φ1(x∗, x) ≥ 0, ∀ x ∈ C (1.3)

and such that

y∗ = Ax∗ ∈ Q solves F2(y∗, y) + φ2(y∗, y) ≥ 0, ∀ y ∈ Q. (1.4)

We denote the solution set of SGEP (1.3)-(1.4) by

SGEP (F1, φ1, F2, φ2) := {x∗ ∈ C : x∗ ∈ GEP (F1, φ1) such that

Ax∗ ∈ GEP (F2, φ2)}.

Furthermore, an iterative algorithm was also presented by the authors for
approximating the solution of SGEP in a real Hilbert space. If φ1 = 0 and
φ2 = 0, in (1.3) and (1.4) then the SGEP reduces to split equilibrium problem
(SEP), which is to find x∗ ∈ C such that

F1(x∗, x) ≥ 0, ∀ x ∈ C (1.5)

and such that

y∗ = Ax∗ ∈ Q solves F2(y∗, y) ≥ 0, ∀ y ∈ Q. (1.6)
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Observe that (1.5) is the classical EP. Therefore, the inequalities (1.5) and
(1.6) comprise a pair of EPs which involves finding the image y∗ = Ax∗ under
a given bounded linear operator A, of the solution x∗ of (1.5) in H1, which is
the solution of (1.6) in H2. The solution set of SEP (1.5)-(1.6) is denoted by
SEP (F1, F2) := {z ∈ EP (F1) : Az ∈ EP (F2)}.

Another important problem in fixed point theory is the fixed point problem
(FPP), which is defined as follows:

Find a point x∗ ∈ C such that Tx∗ = x∗, (1.7)

where T : C → C is a nonlinear operator. We denote the set of fixed points of
T by Fix(T ). The fixed point theory for demimetric mapping can be utilized
in various areas such as game theory, control theory, mathematical economics,
etc.

In 2016, Suantai et al. [19] introduced the following iterative scheme for
solving SEP and FPP of nonspreading multi-valued mapping in Hilbert spaces:

x1 ∈ C arbitrarily,

un = TF1
rn

(
I − γA∗(I − TF2

rn )A
)
xn,

xn+1 ∈ αnxn + (1− αn)Sun,

(1.8)

for all n ≥ 1, where C is a nonempty closed convex subset of a real Hilbert
space H, {αn} ⊂ (0, 1), rn ⊂ (0,∞), S is a nonspreading multi-valued map-
ping, and γ ∈ (0, 1

L) such that L is the spectral radius of A∗A and A∗ is the
adjoint of the bounded linear operator A. Under the following conditions on
the control sequences

(i) 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1;
(ii) lim infn→∞ rn > 0,

the authors proved that the sequence {xn} defined by (1.8) converges weakly
to a point p ∈ F (S) ∩ SEP (F1, F2) 6= ∅.

In this article, we are interested in studying the problem of finding a com-
mon solution for both the SGEP (1.3)-(1.4) and the common FPP for demi-
metric mappings. The motivation for studying such problems is in their poten-
tial application to mathematical models whose constraints can be expressed
as FPP and SGEP. This occurs, in particular, in practical problems such as
signal processing, network resource allocation and image recovery. A scenario
is in network bandwidth allocation problem for two services in heterogeneous
wireless access networks in which the bandwidth of the services are mathe-
matically related (see, for instance, [7, 13] and the references therein).

Motivated by the above results and the ongoing research interest in this
direction, in this article, we introduce an iterative algorithm of a common
solution of fixed point problem and split generalized equilibrium problem of
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demimetric mappings in real Hilbert spaces. We establish a strong convergence
of the sequence generated by the proposed algorithm. We present a numerical
example to illustrate the significance and efficient performance of our method.

Subsequent sections of this work are organized as follows: In Section 2,
we recall some basic definitions and lemmas that are relevant in establishing
our main results. In Section 3, we prove some lemmas that are useful in
establishing the strong convergence of our proposed algorithm and also prove
the strong convergence theorem for the algorithm.

2. Preliminaries

Definition 2.1. Let C be a nonempty closed convex subset of a real Hilbert
space H. A mapping T : C → C is said to be:

(1) directed if

‖Tx− x∗‖2 ≤ ‖x− x∗‖ − ‖Tx− x‖, ∀ x ∈ C, x∗ ∈ Fix(T ),

(2) β-demicontractive if there exists a constant β ∈ [0, 1) such that

‖Tx− x∗‖2 ≤ ‖x− x∗‖+ β‖Tx− x‖, ∀ x ∈ C, x∗ ∈ Fix(T ),

(3) k-demimetric if there exists a constant k ∈ (−∞, 1) such that

〈x− x∗, x− Tx〉 ≥ 1− k
2
‖x− Tx‖2, ∀ x ∈ C, x∗ ∈ Fix(T ). (2.1)

Clearly, (2.1) is equivalent to the following:

‖Tx− x∗‖2 ≤ ‖x− x∗‖+ k‖Tx− x‖, ∀ x ∈ C, x∗ ∈ Fix(T ).

The class of demimetric mappings is fundamental because many common
types of mappings arise in optimization belong to this class, see for example
[6, 23] and references therein. The demimetric mappings include the directed
mappings and the demicontractive mappings as special cases. More so, this
class mapping contains the classes of strict pseudo-contractions, firmly-quasi-
nonexpansive mappings, 2-generalized hybrid mappings and quasi-nonexpan-
sive mappings.

The following results will be needed in the sequel:

Lemma 2.2. ([21]) In a real Hilbert space H, the following inequalities hold
for all x, y ∈ H :

(i) ||x+ y||2 ≤ ||x||2 + 2〈y, x+ y〉;
(ii) ||x+ y||2 = ||x||2 + 2〈x, y〉+ ||y||2;

(iii) ||x− y||2 = ||x||2 − 2〈x, y〉+ ||y||2.
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Lemma 2.3. ([24]) Let an, bn and γn be sequences of nonnegative real numbers
such that

an+1 ≤ (1 + γn)an + bn, n ∈ N.
If
∑∞

n=1 γn <∞ and
∑∞

n=1 bn <∞, then limn→∞ an exist.

Lemma 2.4. ([15]) Let C be a nonempty closed convex subset of a real Hilbert
space H. Given x, y, z ∈ H and a real number α, the set

{u ∈ C : ‖y − u‖2 ≤ ‖x− u‖2 + 〈z, u〉+ α}
is closed and convex.

Assumption 2.5. Let C be a nonempty closed and convex subset of a Hilbert
spaceH1. Let F1 : C×C → R and φ1 : C×C → R be two bifunctions satisfying
the following conditions:

(A1) F1(x, x) = 0 for all x ∈ C,
(A2) F1 is monotone, that is, F1(x, y) + F1(y, x) ≤ 0 for all x, y ∈ C,
(A3) F1 is upper hemicontinuous, that is, for all x, y, z ∈ C,

lim
t↓0

F1

(
tz + (1− t)x, y

)
≤ F1(x, y),

(A4) for each x ∈ C, y 7→ F1(x, y) is convex and lower semicontinuous,
(A5) φ1(x, x) ≥ 0 for all x ∈ C,
(A6) for each y ∈ C, x 7→ φ1(x, y) is upper semicontinuous,
(A7) for each x ∈ C, 7→ φ1(x, y) is convex and lower semicontinuous

and assume that for fixed r > 0 and z ∈ C, there exists a nonempty compact
convex subset K of H1 and x ∈ C ∩K such that

F1(y, x) + φ1(y, x) +
1

r
〈y − x, x− z〉 < 0, ∀y ∈ C\K.

Lemma 2.6. ([14]) Let C be a nonempty closed and convex subset of a Hilbert
space H1. Let F1 : C×C → R and φ1 : C×C → R be two bifunctions satisfying
Assumption 2.5. Assume that φ1 is monotone. For r > 0 and x ∈ H1, define

a mapping T
(F1,φ1)
r : H1 → C as follows:

T (F1,φ1)
r x =

{
z ∈ C : F1(z, y)+φ1(z, y)+

1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}
,

(2.2)
for all x ∈ H1. Then

(i) for each x ∈ H1, T
(F1,φ1)
r x 6= ∅,

(ii) T
(F1,φ1)
r is single-valued,

(iii) T
(F1,φ1)
r is firmly nonexpansive, that is, for any x, y ∈ H1,

‖T (F1,φ1)
r x− T (F1,φ1)

r y‖2 ≤ 〈T (F1,φ1)
r x− T (F1,φ1)

r y, x− y〉,
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(iv) F (T
(F1,φ1)
r ) = GEP (F1, φ1),

(v) GEP (F1, φ1) is compact and convex.

Lemma 2.7. ([5]) Let C be a nonempty closed and convex subset of a Hilbert
space H1. Let f1 : C×C → R and φ1 : C×C → R be two bifunctions satisfying

Assumption 2.5, and let T
(F1,φ1)
r be defined as in Lemma 2.6 for r > 0. Let

x, y ∈ H1 and r1, r2 > 0. Then

‖T (F1,φ1)
r2 y − T (F1,φ1)

r1 x‖ ≤ ‖y − x‖+
∣∣∣r2 − r1

r2

∣∣∣‖T (F1,φ1)
r2 y − y‖.

Lemma 2.8. ([17]) Let {an} be a sequence of positive real numbers, {αn} be

a sequence of real numbers in (0, 1) such that
∑n=1
∞ λn = ∞ and {dn} be a

sequence of real numbers. Suppose that

an+1 ≤ (1− αn)an + αndn + λn, n ≥ 1.

If lim sup
k→∞

dnk
≤ 0 for all subsequences {ank

} of {an} satisfying the condition

lim inf
k→∞

{ank+1 − ank
} ≥ 0,

then lim
k→∞

an = 0.

3. Main result

In this section, we give our main result of the sequel. Let C and Q be
nonempty, closed and convex subsets of real Hilbert spaces H1 and H2, respec-
tively. Let L : H1 → H2 be a bounded linear operator with dual L∗ : H2 → H1.
Assume F1, φ1 and F2, φ2 are bifunctions on C × C and Q × Q, respectively
satisfying Assumptions A1-A7. Let S : H1 → H1 be a k-demimetric mapping
where k ∈ (−∞, 1). We consider the problem of finding a point x∗ ∈ C such
that

x∗ ∈ Fix(S) ∩ SGEP (F1, F2, φ, φ2). (3.1)

We denote the solution of (3.1) by Γ. That is

Γ = {x∗ ∈ C : x∗ ∈ Fix(S) ∩ SGEP (F1, F2, φ, φ2)}.

Assume Γ is nonempty. For approximating a point in Γ, we introduce the
following iterative method:

Algorithm: (The New Algorithm)
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Initialization: Choose x0, x1 ∈ C and θ > 0. Let f : C → C be a contraction
mapping with a constant τ ∈ (0, 1). Given xn, xn−1, choose θn such that
θn ∈ [0, θ̄n], where

θ̄n =

{
min

{
θ, εn
‖xn−xn−1‖

}
, if xn 6= xn−1,

θ, otherwise.

Iterative process: Compute xn+1 as follows:
wn = xn + θn(xn − xn−1),

yn = αnwn + (1− αn)TF1,φ1
rn (wn − γnL∗(I − TF2,φ2

rn )Lwn),

zn = βnyn + (1− βn)Syn,

xn+1 = δnf(xn) + µnxn + λnzn,

(3.2)

where γn is chosen such that for small enough ε > 0,

γn ∈

{
ε,
‖(I − TF2,φ2

rn )Lwn‖2

‖L∗(I − TF2,φ2
rn )Lwn‖2

− ε

}
, (3.3)

if TF2,φ2
rn Lwn 6= Lwn otherwise γn = γ.

First we prove the following important lemma:

Lemma 3.1. Let {xnk
} be a subsequence of {xn} given by Algorithm (3.2)

such that xnk
⇀ q ∈ C. Suppose ‖wnk

− xnk
‖ → 0, ‖wnk

− unk
‖ → 0 and

‖Lwnk
− TF1,φ1

rnk
Lwnk

‖ → 0 as k →∞. Then q ∈ SGEP (F1, F2, φ1, φ2).

Proof. Since unk
= TF1,φ1

rnk
(wnk

−γnk
L∗(I−TF2,φ2

rnk
)Lwnk

), we get for all u ∈ C,

F1(unk
, u)+φ1(unk

, u)+
1

rnk

〈u−unk
, unk
−(wnk

−γnk
L∗(I−TF2,φ2

rnk
)Lwnk

)〉 ≥ 0.

This implies that

F1(unk
, u) + φ1(unk

, u) +
1

rnk

〈u− unk
, unk

− wnk
〉

+
1

rnk

〈u− unk
, γnk

L∗(I − TF2,φ2
rnk

)Lwnk
〉 ≥ 0, ∀ u ∈ C

and
1

rnk

〈u− unk
, unk

− wnk
〉+

1

rnk

〈u− unk
, γnk

L∗(I − TF2,φ2
rnk

)Lwnk
〉

≥ F1(u, unk
) + φ1(u, unk

). (3.4)

Since ‖wnk
− unk

‖ → 0, then unk
⇀ q as k → ∞. Taking the limit of the

inequality (3.4), we get

F1(u, q) + φ1(u, q) ≤ 0, ∀u ∈ C. (3.5)
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Let ut = tu + (1 − t)q for any t ∈ (0, 1] and u ∈ C. Consequently, we have
ut ∈ C and hence

F1(ut, q) + φ1(ut, q) ≤ 0.

Using assumption (A1) and (A4), we have

0 ≤ F1(ut, ut) + φ1(ut, ut)

≤ t(F1(ut, u) + φ1(ut, u)) + (1− t)(F1(ut, q) + φ1(ut, q))

≤ F1(ut, u) + φ1(ut, u).

Hence, we have

F1(ut, u) + φ1(ut, u) ≥ 0.

Letting t→ 0 and using assumption A3, we deduce the upper semicontinuity
of F2 such that

F1(q, u) + φ1(q, u) ≥ 0, ∀ u ∈ C.

This implies that q ∈ GEP (F1, φ1).
Further, since L is a bounded linear operator, then Lunk

⇀ Lq. Then, it

follows from ‖(I − TF2,φ2
rnk

)Lwnk
‖ → 0 that TF2,φ2

rnk
Lwnk

⇀ Lq. By definition of

TF2,φ2
rnk

Lwnk
, we have

F2(TF2,φ2
rnk

Lwnk
, u) + φ2(TF2,φ2

rnk
Lwnk

, u)

+
1

rnk

〈u− TF2,φ2
rnk

Lwnk
, TF2,φ2

rnk
Lwnk

− Lwnk
〉 ≥ 0, ∀ u ∈ Q.

Since both F2 and φ2 are upper semicontinuous in the first argument, it follows
from the above inequality that

F2(Lq, u) + φ2(Lq, u) ≤ 0, ∀u ∈ Q.

This shows that Lq ∈ GEP (F2, φ2). Hence q ∈ SGEP (F1, F2, φ1, φ2). �

Lemma 3.2. Let {xn} be a sequence generated by Algorithm (3.2). Then {xn}
is bounded.

Proof. Suppose un = TF1,φ1
rn (wn − γnL∗(I − TF2,φ2

rn )Lwn) in Algorithm (3.2),
then yn = αnwn + (1− αn)un. Let p ∈ Γ, we have from Algorithm (3.2), that

‖un − p‖2 = ‖TF1,φ1
rn (wn − γnL∗(I − TF2,φ2

rn )Lwn)− TF1,φ1
rn p‖2

≤ ‖wn − γnL∗(I − TF2,φ2
rn )Lwn − p‖2
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= ‖wn − p‖2 + γ2
n‖L∗(TF2,φ2

rn Lwn − Lwn)‖2

+ 2γn〈wn − p, L∗(TF2,φ2
rn Lwn − Lwn)〉

= ‖wn − p‖2 + γ2
n‖L∗(TF2,φ2

rn Lwn − Lwn)‖2

+ 2γn〈Lwn − Lp, TF2,φ2
rn Lwn − Lwn〉

= ‖wn − p‖2 + γ2
n‖L∗(TF2,φ2

r2 Lwn − Lwn)‖2 + γn‖TF2,φ2
rn Lwn − Lp‖2

− γn‖Lwn − Lp‖2 − γn‖TF2,φ2
rn Lwn − Lwn‖2

≤ ‖wn − p‖2 + γ2
n‖L∗(TF2,φ2

rn Lwn − Lwn)‖2 + γn‖Lwn − Lp‖2

− γn‖Lwn − Lp‖2 − γn‖TF2,φ2
rn Lwn − Lwn‖2

≤ ‖wn − p‖2 + γ2
n‖L∗(TF2,φ2

rn Lwn − Lwn)‖2

− γn(γn + ε)‖TF2,φ2
rn Lwn − Lwn‖2

= ‖wn − p‖2 − γnε‖L∗(TF2,φ2
rn Lwn − Lwn)‖2

≤ ‖wn − p‖2. (3.6)

Thus,

‖un − p‖ ≤ ‖wn − p‖.

Also,

‖yn − p‖ = ‖αnwn + (1− αn)un − p‖
= ‖αn(wn − p) + (1− αn)(un − p)‖
≤ αn‖wn − p‖+ (1− αn)‖un − p‖
≤ αn‖wn − p‖+ (1− αn)‖wn − p‖
= ‖wn − p‖.

Since lim
n→∞

θn
δn
‖xn − xn−1‖ = 0, there exists M1 > 0 such that

θn
δn
‖xn − xn−1‖ ≤M1

for all n ∈ N. Therefore,

‖wn − p‖ = ‖xn + θn(xn − xn−1)− p‖
≤ ‖xn − p‖+ θn‖xn − xn−1‖

≤ ‖xn − p‖+ δn
θn
δn
‖xn − xn−1‖

≤ ‖xn − p‖+ δnM1. (3.7)
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Again from Algorithm (3.2), we have

‖zn − p‖2 = ‖βnyn + (1− βn)Syn − p‖2

= ‖(1− βn)(yn − p) + βn(Syn − p)‖2

= (1− βn)‖yn − p‖2 + βn‖Syn − p‖2 − βn(1− βn)‖(Syn − yn)‖2

≤ (1− βn)‖yn − p‖2 + βn‖yn − p‖2 − βnk‖(Syn − yn)‖2

− βn(1− βn)‖(Syn − yn)‖2

= ‖yn − p‖2 − βn(1− k − βn)‖(Syn − yn)‖2. (3.8)

Therefore,

‖zn − p‖ ≤ ‖yn − p‖.
Finally, we have

‖xn+1 − p‖ = ‖δnf(xn) + µnxn + λnzn − p‖
≤ δn‖f(xn)− p‖+ µn‖xn − p‖+ λn‖zn − p‖
≤ δn‖f(xn)− f(p)‖+ δn‖f(p)− p‖+ µn‖xn − p‖+ λn‖yn − p‖
≤ δn‖f(xn)− f(p)‖+ δn‖f(p)− p‖+ µn‖xn − p‖+ λn‖wn − p‖
≤ δn‖f(xn)− f(p)‖+ δn‖f(p)− p‖+ µn‖xn − p‖

+ λn(‖xn − p‖+ δnM1)

≤ δnτ‖xn − p‖+ δn‖f(p)− p‖+ µn‖xn − p‖
+ λn(‖xn − p‖+ δnM1)

≤ δnτ‖xn − p‖+ (1− δn)‖xn − p‖+ δn‖f(p)− p‖+ λnδnM1

= (1− δn + δnτ)‖xn − p‖+ δn‖f(p)− p‖+ λnδnM1

= [1− δn(1− τ)]‖xn − p‖+
δn(1− τ)

(1− τ)
‖f(p)− p‖+ δn(1− τ)

(1− τ)
λnM1

≤ max

{
‖xn − p‖,

‖f(p)− p‖+ λnM1

(1− τ)

}
...

≤ max

{
‖x1 − p‖,

‖f(p)− p‖+ λnM1

(1− τ)

}
.

By induction, we have,

‖xn − p‖ ≤ max

{
‖x1 − p‖,

‖f(p)− p‖+M1

(1− τ)

}
, ∀ n ≥ 1.

Thus, {xn} is bounded, so {un}, {yn} and {zn} also are bounded. �
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Theorem 3.3. Let {xn} be a sequence generated by Algorithm (3.2). Then,
{xn} converges strongly to p ∈ Γ, where p = PΓf(p).

Proof. Let p ∈ Γ. From Algorithm (3.2), we have

‖wn − p‖2 = ‖xn + θn(xn − xn−1)− p‖2

= ‖xn − p‖2 + 2θn〈xn − p, xn − xn−1〉+ θ2
n‖xn − xn−1‖2

= ‖xn − p‖2 + 2θn‖xn − xn−1‖‖xn − p‖+ θ2
n‖xn − xn−1‖2

= ‖xn − p‖2 + θn‖xn − xn−1‖2‖xn − p‖+ θn‖xn − xn−1‖2

= ‖xn − p‖2 + θn‖xn − xn−1‖2‖xn − p‖+ δn
θn
δn
‖xn − xn−1‖2

= ‖xn − p‖2 + θn‖xn − xn−1‖(2‖xn − p‖+ αnM1)

= ‖xn − p‖2 + θn‖xn − xn−1‖M2, (3.9)

where M2 = supn(2‖xn − p‖+ αnM1).
Also from Algorithm (3.2), we have

‖yn − p‖2 = ‖αnwn + (1− αn)un − p‖2

= ‖αn(wn − p) + (1− αn)(un − p)‖2

= αn‖wn − p‖2 + (1− αn)‖un − p‖2 − αn(1− αn)‖wn − un‖2

≤ αn‖wn − p‖2 + (1− αn)‖wn − p‖2 − αn(1− αn)‖wn − un‖2

= ‖wn − p‖2 − αn(1− αn)‖wn − un‖2. (3.10)

In addition, using Algorithm (3.2) and (3.9), we have

‖xn+1 − p‖2 = ‖δnf(xn) + µnxn + λnzn − p‖2

= ‖δn(f(xn)− p) + µn(xn − p) + λn(zn − p)‖2

≤ ‖µn(xn − p) + λn(zn − p)‖2 + 2µn〈f(xn)− p, xn+1 − p〉
≤ µ2

n‖xn − p‖2 + 2µnλn〈xn − p, zn − p〉+ λ2
n‖zn − p‖2

+ 2δn〈f(xn)− p, xn+1 − p〉
≤ µ2

n‖xn − p‖2 + 2µnλn‖xn − p‖‖zn − p‖+ λ2
n‖zn − p‖2

+ 2δn〈f(xn)− p, xn+1 − p〉
≤ µ2

n‖xn − p‖2 + λ2
n‖zn − p‖2 + µnλn(‖xn − p‖2 + ‖zn − p‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
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= µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖zn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖yn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖wn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖xn − p‖2

+ λn(µn + λn)θn‖xn − xn−1‖M2

+ 2δnτ‖xn − p‖‖xn+1 − p‖+ 2δn〈f(p)− p, xn+1 − p〉
≤ (µn + λn)2‖xn − p‖2 + λn(µn + λn)θn‖xn − xn−1‖M2

+ δnτ‖xn − p‖2 + δnτ‖xn+1 − p‖2 + 2δn〈f(p)− p, xn+1 − p〉
= (1− δ2

n)‖xn − p‖2 + λn(µn + λn)θn‖xn − xn−1‖M2

+ δnτ‖xn − p‖2 + δnτ‖xn+1 − p‖2 + 2δn〈f(p)− p, xn+1 − p〉
= (1− 2δn + δnτ)‖xn − p‖2 + δ2

n‖xn − p‖2

+ λn(1− δn)θn‖xn − xn−1‖M2 + δnτ‖xn − p‖2

+ δnτ‖xn+1 − p‖2 + 2δn〈f(p)− p, xn+1 − p〉 (3.11)

which implies,

‖xn+1 − p‖2 ≤
(

1− 2δn(1− τ)

1− δnτ

)
‖xn − p‖2

+
2δn(1− τ)

1− δnτ

(
λn(1− δn)

2δn(1− τ)
θn‖xn − xn−1‖M2

)
+

2δn(1− τ)

1− δnτ

(
δnM3

2(1− τ)
+

1

1− τ
〈f(p)− p, xn+1 − p〉

)
= (1− 2δn(1− τ)

1− δnτ
)‖xn − p‖2 +

2δn(1− τ)

1− δnτ
bn, (3.12)

where M3 = supn∈N{‖xn−p‖2 : n ≥ N} and bn = (λn(1−δn)
2(1−δn)

θn
δn
‖xn−xn−1‖M2+

δnM3
2(1−τ) + 1

1−τ 〈f(p)− p, xn+1 − p〉).
According to Lemma 2.8, it is sufficient to establish that lim sup

k→∞
bnk
≤ 0

for every subsequence {‖xnk
− p‖} of {‖xn − p‖} satisfying the condition

lim inf
k→∞

{‖xnk+1 − p‖ − {‖xnk
− p‖} ≥ 0. (3.13)
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To establish that lim sup
k→∞

bnk
≤ 0, we assume the existence of the subse-

quence satisfying (3.13). Thus,

lim inf
k→∞

{‖xnk+1 − p‖2 − ‖xnk
− p‖}2 = lim inf

k→∞
{(‖xnk+1 − p‖ − ‖xnk

− p‖)

× (‖xnk+1 − p‖+ ‖xnk
− p‖)}

≥ 0. (3.14)

It is easy to see from (3.8) and (3.11), that

‖xn+1 − p‖2 ≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖zn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(‖yn − p‖2

− βn(1− k − βn)‖(Syn − yn)‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(‖wn − p‖2

− βn(1− k − βn)‖(Syn − yn)‖2) + 2δn〈f(xn)− f(p), xn+1 − p〉
+ 2δn〈f(p)− p, xn+1 − p〉
+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉

≤
(

1− 2δn(1− τ)

1− δnτ

)
‖xn − p‖2

+
2δn(1− τ)

1− δnτ

(
λn(1− δn)

2δn(1− τ)
θn‖xn − xn−1‖M2

)
+

2δn(1− τ)

1− δnτ

(
δnM3

2δn(1− τ)
+

1

1− τ
〈f(p)− p, xn+1 − p〉

)
− λn(1− δn)βn(1− k − βn)‖(Syn − yn)‖2

≤ ‖xn − p‖2 +
δnλn(1− δn)

(1− δnτ)

θn
δn
‖xn − xn−1‖M2 +

δnM3

1− δnτ

+
2δn

1− δnτ
〈f(p)− p, xn+1 − p〉

− λn(1− δn)βn(1− k − βn)‖(Syn − yn)‖2

= ‖xn − p‖2 + δnM4 − λn(1− δn)βn(1− k − βn)‖(Syn − yn)‖2,
(3.15)
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where M4 = λn(1−δn)
(1−δnτ)

θn
δn
‖xn − xn−1‖M2 + M3

1−δnτ + 2
1−δnτ 〈f(p) − p, xn+1 − p〉.

Thus we obtain

lim sup
k→∞

λnk
(1− δnk

)βnk
(1− k − βnk

)‖(Synk
− ynk

)‖2

≤ lim sup
k→∞

[‖xnk
− p‖2 − ‖xnk+1 − p‖2] +M4 lim

k→∞
δnk

≤ − lim inf
k→∞

(|xnk+1 − p‖2 − ‖xnk
− p‖2)

≤ 0.

Therefore, we obtain

‖Synk
− ynk

‖ → 0 as k →∞. (3.16)

Now from (3.10) and (3.11), we obtain

‖xn+1 − p‖2 +
δnM3

1− δnτ
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖zn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖yn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)

× (‖wn − p‖2 − αn(1− αn)‖wn − un‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉

≤
(

1− 2δn(1− τ)

1− δnτ

)
‖xn − p‖2

+
2δn(1− τ)

1− δnτ

(
λn(1− δn)

2δn(1− τ)
θn‖xn − xn−1‖M2

)
+

2δn(1− τ)

1− δnτ

(
δnM3

2δn(1− τ)
+

1

1− τ
〈f(p)− p, xn+1 − p〉

)
− αn(1− αn)‖wn − un‖2

≤ ‖xn − p‖2 +
δnλn(1− δn)

(1− δnτ)

θn
δn
‖xn − xn−1‖M2 +

δnM3

1− δnτ

+
2δn

1− δnτ
〈f(p)− p, xn+1 − p〉 − αn(1− αn)‖wn − un‖2

= ‖xn − p‖2 + δnM4 − αn(1− αn)‖wn − un‖2, (3.17)
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where M4 is defined as before. Thus we obtain

lim sup
k→∞

αnk
(1− αnk

)‖wnk
− unk

‖2

≤ lim sup
k→∞

[‖xnk
− p‖2 − ‖xnk+1 − p‖2] +M4 lim

k→∞
δnk

≤ − lim inf
k→∞

(|xnk+1 − p‖2 − ‖xnk
− p‖2)

≤ 0.

Hence, we obtain

lim
k→∞

‖wnk
− unk

‖ = 0. (3.18)

Again from (3.10) and (3.11), we have

‖xn+1 − p‖2

≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖yn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2+λn(µn + λn)(αn‖wn − p‖2+(1− αn)‖un − p‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(αn‖wn − p‖2

+ (1− αn)[‖wn − p‖2 − γnε‖L∗(TF2,φ2
rn Lwn − Lwn)‖2])

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(‖wn − p‖2

− γnε(1− αn)‖L∗(TF2,φ2
rn Lwn − Lwn)‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉

≤
(

1− 2δn(1− τ)

1− δnτ

)
‖xn − p‖2+

2δn(1− τ)

1− δnτ

(
λn(1− δn)

2δn(1− τ)
θn‖xn−xn−1‖M2

)
+

2δn(1− τ)

1− δnτ

(
δnM3

2δn(1− τ)
+

1

1− τ
〈f(p)− p, xn+1 − p〉

)
− γnε(1− αn)‖L∗(TF2,φ2

rn Lwn − Lwn)‖2

≤ ‖xn − p‖2 +
δnλn(1− δn)

(1− δnτ)

θn
δn
‖xn − xn−1‖M2 +

δnM3

1− δnτ

+
2δn

1− δnτ
〈f(p)− p, xn+1 − p〉 − γnε(1− αn)‖L∗(TF2,φ2

rn Lwn − Lwn)‖2

= ‖xn − p‖2 + δnM4 − γnε(1− αn)‖L∗(TF2,φ2
rn Lwn − Lwn)‖2, (3.19)
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where M4 is defined as before. Therefore we obtain

lim sup
k→∞

γnk
ε(1− αnk

)‖L∗(TF2,φ2
rn Lwnk

− Lwnk
)‖2

≤ lim sup
k→∞

[‖xnk
− p‖2 − ‖xnk+1 − p‖2] +M4 lim

k→∞
δnk

≤ − lim inf
k→∞

(|xnk+1 − p‖2 − ‖xnk
− p‖2)

≤ 0.

Hence, we have

lim
k→∞

‖L∗(TF2,φ2
rn Lwnk

− Lwnk
)‖ = 0. (3.20)

Using the definition of step-size γn in Algorithm (3.2) and (3.20), we have

lim
k→∞

‖(TF2,φ2
rn Lwnk

− Lwnk
)‖ = 0. (3.21)

From (3.2) and (3.18), we have

‖ynk
− unk

‖ = ‖αnk
wnk

+ (1− αnk
)unk

− unk
‖

≤ αnk
‖wnk

− unk
‖+ (1− αnk

)‖unk
− unk

‖
→ 0 as k →∞. (3.22)

Also from (3.2) and Lemma 3.2, let (wn − γnL∗(I − TF2,φ2
rn )Lwn) = vn. Then

we have

‖TF1,φ1
rn vn − p‖2 ≤ ‖vn − p‖2 − ‖vn − TF1,φ1

rn vn‖2,

which implies from (3.6), that

‖un − p‖2 ≤ ‖vn − p‖2 − ‖vn − TF1,φ1
rn vn‖2

≤ ‖wn − p‖2 − ‖vn − TF1,φ1
rn vn‖2.

Using this in (3.11), we deduce

‖xn+1 − p‖2 ≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)‖yn − p‖2

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉
≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(αn‖wn − p‖2

× (1− αn)‖un − p‖2) + 2δn〈f(xn)− f(p), xn+1 − p〉
+ 2δn〈f(p)− p, xn+1 − p〉
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≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(αn‖wn − p‖2

+ (1− αn)[‖wn − p‖2 − ‖vn − TF1,φ1
rn vn‖2])

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉

≤ µn(µn + λn)‖xn − p‖2 + λn(µn + λn)(‖wn − p‖2 − ‖vn − TF1,φ1
rn vn‖2)

+ 2δn〈f(xn)− f(p), xn+1 − p〉+ 2δn〈f(p)− p, xn+1 − p〉

≤
(

1− 2δn(1− τ)

1− δnτ

)
‖xn − p‖2+

2δn(1− τ)

1− δnτ

(
λn(1− δn)

2δn(1− τ)
θn‖xn − xn−1‖M2

)

+
2δn(1− τ)

1− δnτ

(
δnM3

2δn(1− τ)
+

1

1− τ
〈f(p)− p, xn+1 − p〉

)
−‖vn − TF1,φ1

rn vn‖2

≤ ‖xn − p‖2 +
δnλn(1− δn)

(1− δnτ)

θn
δn
‖xn − xn−1‖M2 +

δnM3

1− δnτ

+
2δn

1− δnτ
〈f(p)− p, xn+1 − p〉 − ‖vn − TF1,φ1

rn vn‖2

= ‖xn − p‖2 + δnM4 − ‖vn − TF1,φ1
rn vn‖2. (3.23)

Thus, we get

lim sup
k→∞

‖vnk
− TF1,φ1

rnk
vnk
‖2 ≤ lim sup

k→∞
[‖xnk

−p‖2−‖xnk+1 − p‖2]+M4 lim
k→∞

δnk

≤ − lim inf
k→∞

(|xnk+1 − p‖2 − ‖xnk
− p‖2)

≤ 0.

Therefore, we deduce

‖vnk
− TF1,φ1

rnk
vnk
‖ → 0 as k →∞. (3.24)

Again from (3.2), we have

‖wnk
− xnk

‖ = ‖xnk
+ θnk

(xnk
− xnk+1)− xnk

‖
= θnk

‖xnk
− xnk+1‖

= δnk

θnk

δnk

‖xnk
− xnk+1‖

→ 0 as k →∞. (3.25)

It is easy to see from (3.18), (3.22) and (3.25) that

‖ynk
− xnk

‖ ≤ ‖ynk
− unk

‖+ ‖wnk
− unk

‖+ ‖wnk
− xnk

‖,
which implies

lim
k→∞

‖ynk
− xnk

‖ = 0. (3.26)
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From (3.2), (3.16) and (3.26), we deduce that

‖znk
− xnk

‖ = ‖(βnk
ynk

+ (1− βnk
)Synk

− xnk
‖

≤ βnk
‖ynk

− xnk
‖+ (1− βnk

)‖Synk
− xnk

‖
≤ βnk

‖ynk
− xnk

‖+ (1− βnk
)‖Synk

− ynk
+ ynk

− xnk
‖

= ‖ynk
− xnk

‖+ (1− βnk
)‖Synk

− ynk
‖.

Then, we have

‖znk
− xnk

‖ → 0 as k →∞. (3.27)

Again from (3.2) and (3.27), we have

‖xnk+1 − xnk
‖ = ‖(f(xnk

) + µnk
xnk

+ λnk
znk

)− xnk
‖

≤ δnk
‖f(xnk

)− xnk
‖+ µnk

‖xnk
− xnk

‖+ λnk
‖znk

− xnk
‖.

Thus,

‖xnk+1 − xnk
‖ → 0 as k →∞. (3.28)

Since {xnk
} is bounded, there exists a subsequence {xnkj

} of {xnk
} such that

{xnkj
} converges weakly to q ∈ H1. It follows from demiclosedness of S, (3.16)

and (3.26) that q ∈ Fix(S). Also from (3.24), we have vnk
→ q. Using Lemma

3.1, we have q ∈ SGEP (F1, F2, φ1, φ2). Thus, q ∈ Γ. Moreover, since {xnki
}

converges weakly to q, we have

lim sup
k→∞

〈f(p)− p, xnk
− p〉 = lim

i→∞
〈f(p)− p, xnki

− p〉

= 〈f(p)− p, q − p〉.

Hence, p is the unique solution of Γ, it follows that

lim sup
k→∞

〈f(p)− p, xnk
− p〉 ≤ 0. (3.29)

We deduce this from (3.28) and (3.29),

lim sup
k→∞

〈f(p)− p, xnk+1 − p〉 ≤ 0. (3.30)

By assumption and (3.29), we have

lim
k→∞

M4 = lim
(λn(1− δn)

(1− δnτ)

θn
δn
‖xn − xn−1‖M2

+
M3

1− δnτ
+

2

1− δnτ
〈f(p)− p, xn+1 − p〉

)
≤ 0.

Thus, from Lemma 2.8, we get that lim
n→∞

‖xn − p‖ = 0. �
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4. Numerical example

In this section, we provide a numerical example to illustrate the efficiency
of our Algorithm.

Example 4.1. Let H1 = H2 = R3 and C = Q = [0, 10]× [0, 10]× [0, 10]. Let
L : H1 → H2 be defined by Lx = x

2 for each x ∈ H1. For x ∈ C, define the
mapping S : C → C by

Sx =
[
0,
x

10

]
.

Then S is 0-demimetric mapping for all Fix(T ) = {0}. Define the bifunctions
F1, φ1 : C ×C → R by F1(x, y) = x2 + xy − 2y2 and φ1(x, y) = x− y for each
x, y ∈ C. Also define F2, φ2 : Q × Q → R by F2(u, z) = 3u2 + uz − 4z2 and
φ2(u, z) = z2 − u2 for each u, z ∈ Q. It is easy to check that

T (F1,φ1)
rn z =

z + rn
1− 3rn

,

T (F2,φ2)
rn v =

v

1− 7rn
.

We set F (x) = x
7 and Ax = x, θ = 0.5, τ = 0.5, rn = n

n+1 and αn = θ
‖L‖

from Algorithm. It can easily deduced that F1F2, φ1φ2 and {rn} satisfy all
conditions in Theorem 3.3. Let ε > 0, the Algorithm stops if ‖xn − x∗‖ ≤ ε.
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