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Abstract. In this paper, the concept of admissible hybrid F-(G-a-¢)-contraction is initiated
and new conditions for the existence of fixed points for such family of contractions are
examined in the setting of generalized metric spaces. It is noted that the principal ideas
investigated herein improves and harmonizes some existing fixed point results in the related
literature. A few consequences of the presented main notion are highlighted and analyzed
with respect to the available brochure. To substantiate the assumptions and demonstrate
the importance of the obtained results, a nontrivial and comparative example is constructed.
It is observed that the ideas established in this work cannot be inferred from their analogues
in either metric or quasi-metric spaces. From application standpoint, one of the deduced
corollaries is applied to discuss and ascertain new conditions for the existence and uniqueness

of solutions to certain class of nonlinear integral equations.
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1. INTRODUCTION

In the progression from classical to modern analysis, the role of fixed point
theory cannot be over-rated. Due to its versatility, the study of metric fixed
point theory has a wide variety of applications in various branches of quanti-
tative sciences ranging from approximation theory, optimization and so on. In
the field of metric fixed point theory, the Banach Contraction Principle [5] is a
distinguished result which is a key tool for both theoretical and computational
aspects of mathematics. Owing to its simplicity of approach, this theorem has
undergone numerous generalizations as many researchers have extended the
result by applying different contractive constraints on various types of spaces.
For recent advancements on metric fixed point results, refer to [7].

The idea of generalization of the metric space has drawn the interest of many
researchers over the past few decades. In 1992, Dhage [8] presented the concept
of a generalized metric space under the name D-metric space. In line with that,
Mustafa and Sims [21] introduced a more appropriate concept of generalized
metric space called G-metric space and they demonstrated that most of the
results established by Dhage were flawed. Mustafa et al. [20] established some
fixed point results for mappings satisfying different contractive conditions in
the framework of G-metric space. Based on the notion of G-metric space,
Jleli et al. [13] and Samet et al. [25] remarked that some fixed point results
in the context of G-MS can be deduced directly by some existing results in
the setting of symmetric or asymmetric metric spaces. Some authors [6, 15]
noticed that the approaches given in [13, 25] can only be applicable if the
contractive constraints in the theorem can be reduced to two variables. For a
recent survey in the developments of fixed point results in G-MS, the reader
can refer to Jiddah et al. [11].

The notion of a-admissibility and a-1-contraction was presented by Samet
et al [24] and some fixed point results were established. The idea of triangular
a-admissibility was birthed as a generalization of a-admissibility by Karapinar
et al [17]. In 2012, Wardowski [29] initiated an interesting generalization of
the Banach Contraction theorem called F-contraction and established a fixed
point result. In 2014, Piri and Kumam [22] extended the work of Wardowski
by imposing weaker auxiliary conditions on the self-map of a complete metric
space on the mapping F'. Minak et al. [18] presented some fixed point results
for generalized F-contractions including Cirié type generalized F'-contraction
on a complete metric space. In 2016, Singh et al. [27] studied a new form
of Hardy-Roger-type contraction in G-metric spaces and improved the main
results of [22]. Aydi et al. [4] proposed the notion of a modified F-contraction
via a-admissible mappings and some theorems that guarantees the existence
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and uniqueness of fixed point for such mappings were investigated. Further-
more, Vujakovié et al. [28] initiated the idea of (¢ -F')-weak contraction and
proved the corresponding fixed point results. For some important trends in
F-contraction type fixed point results, we refer to Fabiano et al. [9], Joshi and
Jain [14].

The concept of admissible hybrid contraction was introduced by Karapinar
and Fulga [16] as a contraction that unifies several nonlinear and linear con-
tractions in the framework of a complete metric space. Jiddah et al. [12]
extended the work of [16] in the set-up of G-metric space and established
some fixed point results via (G-a-¢)-contraction. Going in the same direction,
we observe that hybrid fixed point results via F-contractive-type mappings
in G-metric space are not adequately studied. However, the work of [12] did
not consider other conditions to study the existence of fixed point apart from
the continuity of the mapping. Motivated by this, we introduce a new con-
cept called admissible hybrid F-(G-a-¢)-contraction. With the help of new
auxiliary functions, some fixed point results are discussed for this class of
contractions in the set-up of a G-metric space. A comprehensive, non-trivial
example is constructed to demonstrate the validity of our result and its im-
provement over previous findings. It is worthy of note that the key ideas
established herein cannot be reduced to any existing result. With the help of
some consequences presented, it has been established that the idea proposed
herein is a generalization of some well-known fixed point results in the domain
of F-contractive operators in G-metric space. Finally, one of our obtained
corollaries is applied to prove the existence and uniqueness of a solution to a
class of nonlinear integral equations.

The paper is settled in the following form: In Section 1, the introduction
and overview of related literature are presented. The basic concepts needed
in this work are compiled in Section 2. In Section 3, the principal results and
some corollaries of the obtained fixed point results are discussed. With the
aid of one of the obtained results herein, the existence and uniqueness of a
solution to a nonlinear integral equation is explored in Section 4. In Section
5, deductions, recommendation and conclusion are given.

2. PRELIMINARIES

In this section, we will present some basic notations and results that will
be used subsequently. Throughout this paper, every set X is considered non-
empty. We denote by R, R, and N, the set of real numbers, the set of non-
negative real numbers and the set of natural numbers, respectively.

Definition 2.1. ([21]) Let X be a non-empty set and let G : X x X x X — Ry
be a function satisfying:
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(G1) G(z,y,2) =0if x =y = 2;

(G2) 0 < G(z,z,y) for all z,y € X with = # y;

(G3) G(z,x,y) < G(z,y,2), for all z,y,z € X with z # y;

(Gy) G(z,y,2) = G(x,2,y) = G(y,x,z) = ... (symmetry in all three vari-
ables);

(G5) G(z,y,2) < G(z,a,a) + G(a,y,z), for all z,y,z,a € X (rectangle
inequality).

Then the function G is called a generalized metric, or more specifically, a
G-metric on X, and the pair (X, G) is called a G-metric space.

Example 2.2. ([20]) Let (X, d) be a metric space, then (X, G;) and (X, G,,)
are G-metric space, where
Gn(z,y,2) =d(z,y) +d(y,2) + d(x,2), Vz,y,z€ X, (2.1)
Gn(z,y,z) = max{d(z,y),d(y, z),d(z,2)}, Vz,y,z€ X. (2.2)

Definition 2.3. ([20]) Let (X,G) be a G-metric space and let {x,} be a
sequence of points of X. We say that {z,} is G-convergent to x if

lim G(z,zp,2m) =0,
n,M—00

that is, for any € > 0, there exists ng € N such that G(x, z,, z,,) < €, for all
n,m > ng. We refer to z as the limit of the sequence {x,,}.

Proposition 2.4. ([20]) Let (X, G) be a G-metric space. Then the following
are equivalent:
(i) {zn} is G-convergent to x.
(i) G(z,zp,xm) —> 0, as n,m — oco.
(iii) G(ap,z,z) — 0, as n — oo.
(iv) G(zp,Tn,x) — 0, as n — oo.

Definition 2.5. ([20]) Let (X,G) be a G-metric space. A sequence {z,} is
called G-Cauchy if given ¢ > 0, there exists ng € N such that
G(xp, Tm, 1)) < €

for all I,n,m,> ng. That is, G(zn, Tm,z;) — 0, as n,m,l — 0.

Proposition 2.6. ([20]) In a G-metric space (X, G), the following are equiv-
alent:
(i) The sequence {x,} is G-Cauchy.
(ii) For every e > 0, there exists ng € N such that G(xy, Tm, Tm) < € for
all n,m > ng.
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Definition 2.7. ([20]) Let (X,G) and (X',G’) be G-metric spaces and let
[ (X,G) — (X',G’) be a function. Then f is said to be G-continuous
at a point a € X if and only if given € > 0, there exists 6 > 0 such that
G(a,z,y) < ¢ implies G'(f(a), f(z), f(y)) < € for all z,y € X. The function
f is G-continuous on X if and only if it is G-continuous at all a € X.

Proposition 2.8. ([20]) Let (X,G) and (X',G’) be two G-metric spaces.
Then a function f: (X,G) — (X', G") is said to be G-continuous at a point
x € X if and only if it is G-sequentially continuous at x. That is, whenever
{zn} is G-convergent to x, {fxy,} is G-convergent to fx.

Definition 2.9. ([20]) A G-metric space (X, G) is called symmetric G-metric
spaces if

G(z,z,y) = Gly,z,z), Vz,yec X.

Definition 2.10. ([20]) A G-metric space (X, G) is said to be G-complete (or
complete G-metric), if every G-Cauchy sequence in (X, G) is G-convergent in
(X,G).

Mustafa [19] proved the following result in the framework of G-metric space.

Theorem 2.11. ([19]) Let (X, G) be a complete G-metric space and T : X —
X be a mapping satisfying the following condition:

G(Tz, Ty, Tz) < kG(z,y, 2) (2.3)

for all x,y,z € X, where 0 < k < 1. Then T has a unique fized point (say u,
that is, Tu = u), and T is G-continuous at u.

Following the direction of [29], the idea of F-contraction is defined as follows:

Definition 2.12. ([29]) Let Ay denote the family of functions F': R — R
satisfying the following auxiliary conditions:

(F1) F is strictly increasing; that is, for all a, b € Ry, if a < b then
F(a) < F(b);

(F2) for every sequence {ay fneny C Ry, li_>m ay, = 0 if and only if
n oo

lim F(ay) = —o0;
n—oo

(F'3) there exists 0 < k < 1 such that lim o*F(a) = 0.

a—0t
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Definition 2.13. ([29]) Let (X, d) be a metric space. A self-mapping 7" on X
is called an F-contraction, if there exists 7 > 0 and F' € Ay such that for all
z,y € X,

d(Tz, Ty) >0 = 71+ F(d(Tz,Ty)) < F(d(z,y)). (2.4)

Remark 2.14. From (F1) and (2.4), it is clear that if 7" is an F-contraction,
then d(Tz, Ty) < d(x,y), for all z,y € X such that Tx # Ty. That is, T is a
contractive mapping and hence, every F'-contraction is a continuous mapping.

Wardowski [29] presented a variant of the Banach fixed point theorem as
follows:

Theorem 2.15. Let (X,d) be a complete metric space and T : X — X be
an F-contraction. Then, T has a unique fixed point xo € X and for every
x € X the sequence {T"x}pen is convergent to xg.

In line with [26], let ® be the set of all functions ¢ : R, — R, such that
¢ is a non-decreasing function with hIE ¢"(t) = 0 for all t € (0,+00). If
n—-+0o0

¢ € @, then ¢ is called a ®-map.

Let ¢ € ® be a ®-map such that there exist ng € N, k € (0,1) and a
convergent series of non-negative terms ., v, satisfying

" (1) < k¢™(t) + vn
for n > ng and any ¢ > 0. Then ¢ is called a (c¢)-comparison function [2].

Lemma 2.16. ([2]) If ¢ € ®, then the following hold:

(i) {¢"(t) }nen converges to 0 as n — oo fort > 0;
(ii) ¢(t) <t for allt € Ry;
(iii) ¢ is continuous;
(iv) é(t) =0 if and only if t = 0;
(v) the series > o2, ¢'(t) is convergent for t > 0.

Popescu [23] presented the following definitions in the framework of metric
spaces.

Definition 2.17. ([23]) Let a : X x X — R4 be a function. A mapping
T : X — X is said to be a-orbital admissible, if for all z € X, a(z,Tz) > 1
implies o(Tx, T?x) > 1.

Definition 2.18. ([23]) Let o : X x X — R, be a function. A mapping
T : X — X is said to be triangular a-orbital admissible, if for all x € X, T
is a-orbital admissible, a(z,y) > 1 and a(y, Ty) > 1 implies a(x,Ty) > 1.
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The above definitions were modified and presented in the setting of G-metric
space by Jiddah et al [12] as follows:

Definition 2.19. ([12]) Let oo : X x X x X — R, be a function. A map-
ping T : X — X is said to be (G—a)-orbital admissible, if for all z € X,
a(z, Tz, T?z) > 1 implies o(Tx, T?z, T3x) > 1.

Definition 2.20. ([12]) Let a : X x X x X — R be a function. A mapping
T : X — X is said to be triangular (G—a)-orbital admissible, if for all x € X,
T is (G—a)-orbital admissible, a(x,y, Ty) > 1 and a(y, Ty, T?y) > 1 implies
a(z, Ty, T?y) > 1.

Lemma 2.21. ([12]) Let T : X — X be a triangular (G—a)-orbital admis-
sible mapping. If we can find xo € X such that o(xg, Txo, T?x0) > 1, then

(T, Tm, ) > 1, Vn,m,leN, (2.5)

where the sequence {xy tnen is defined by xp11 = Txy, n € N.

Definition 2.22. ([3]) Let a: X x X x X — R, be a mapping. The set X
is called regular with respect to « if and only if for every sequence {z, }nen in
X such that o(zy, Tpt1, Tnt2) > 1 for all n and z, — x € X as n — oo, we
have a(xy,x,z) > 1 for all n.

Jiddah et al. [12] presented the following definition of admissible hybrid
(G-a-¢)-contraction in G-metric space.

Definition 2.23. ([12]) Let (X,G) be a G-metric space. A mapping T :
X — X is called an admissible hybrid (G-a-¢)-contraction, if there exists
¢ € ® and a mapping a: X x X x X — R such that

a(z,y, Ty)G(Txz, Ty, T?y) < ¢(M(z,y,Ty)) (2.6)

for all z,y € X\Fiz(T), where

[/\10(%, v, Ty)? + XoG(z, Tz, T?x)? + X3G(y, Ty, T?y)?
1

G(y, Ty, T%y) (4G (z,Tx,T?x)) q G(z,y,Ty)(H+G(x,Tx,T?x)) q|4q
+A4( 1+G(z,y,Ty) >+)\5( 1+G(z,y,Ty) ) :| ’

M(z,y, Ty) = for some q >0, z,y € X;
G(a,y, Ty)™ - G(z, Tz, T?x)* - Gy, Ty, T?y)*

G Ty T (4G (@ T2, T%2)) 1M [ Glaw,Ty)+G(y,Ty,T?y) |
1+G(z,y,Ty) 2

for ¢=0, z,y € X\Fiz(T)

)

(2.7)
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5

qg>0,X\>0;7=1,2---,5 such that Z)\i =1and Fiz(T) ={zr € X :
i=1

Tx = x}.

3. MAIN RESULTS

In this section, the idea of admissible hybrid F-(G-a-¢)-contraction is in-
troduced in the setting of G-metric spaces and the conditions for the existence
of fixed points for such operators are investigated.

Definition 3.1. Let (X, G) be a G-metric space. A mapping T': X — X is
called an admissible hybrid F-(G-a-¢)-contraction if there exist 7 > 0, ¢ € P,
F € Ay and a mapping a: X x X x X — Ry such that G(Tz, Ty, T?y) > 0
implies

T+ F(a(z,y, Ty)G(Tz, Ty, T?y)) < F(6(M(x,y,Ty))) (3.1)
for all z,y € X\Fiz(T), where

|:>\1G(:Ea Y, Ty)q + )\2G(:Ea T.’E, T2$)q + )\3G(ya Tya TQy)q

Q=

)

Gy, Ty, T?y) (4G (z, Tz, T?z))\ ¢ G(z,y,Ty) (4G (z, Tz, T%x)) \ ¢
+/\4( e T >+)‘5< e ey ) ) ]

M(z,y, Ty) = for some q¢ >0, z,y € X;

G(IE, Y, Ty))\l ! G(‘Ta TIE, T2III‘))\2 : G(y7 Ty7 T2y)>\3

_ [G(y,Ty,TQw(1+G(x,Tx,T2x>>}“ , [G(x,y,TyHG(y,Ty,sz)]A5
1+G(z,y,Ty) 2 )
for ¢=0, z,y € X\Fix(T)
(3.2)
5
¢>0,X >0;i=12---,5such that Y X\ =1 and Fiz(T) = {z € X :
=1

Tx = x}.

Example 3.2. Let F : Ry — R be defined by F(t) = In(t), t > 0. It is
easy to see that F' € Ay. Each mapping T : X — X satisfying (3.1) is an
admissible hybrid F-(G-a-¢)-contraction such that

a(z,y,Ty)G(Tz, Ty, T?y) < e " (¢(M(z,y,Ty))) (3.3)

for all z,y € X. Note that for 2,y € X such that Tx = Ty = T2y, the
inequality (3.1) is still valid. That is, T is an admissible hybrid F-(G-a-¢)-
contraction.
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Our first main result is presented as follows:

Theorem 3.3. Let (X, G) be a complete G-metric space and let T : X — X
be an admissible hybrid F-(G-a-¢)-contraction. Assume further that:

(i) T is triangular (G- )-orbital admissible;
(ii) there emists xo € X such that a(xo, Two, T?10) > 1;
(iii) either T is continuous or;
(iv) T3 is continuous and o(x, Tx,T?x) > 1 for any x € Fix(T?).

Then T has a fixed point in X.

Proof. By hypothesis (ii), we have a(wzg, T, T?x0) > 1 for some zg € X.
Define a sequence {xy, }nen in X by z, = T"x¢ for all n € N. Suppose that
we can find some ny € N such that z,, = vp,+1 = Txp,. Then, z,, is a fixed
point of T and hence, the proof. Assume on the contrary that x, # x,_1, for
all n € N.

Since a(xg, x1,72) = a(zg, Txo, T?20) > 1 and T is triangular (G-a)-orbital
admissible, then

a(Tp—1,Tn, Tnt1) > 1, Yn=0,1,---. (3.4)

Given the fact that 7" is an admissible hybrid F-(G-a-¢)-contraction, then
we have that for 0 < G(xy, Tp41, Tni2),

T+ F(oxp_1,2n, T2p)G(Txp_1, TTn, T?x,)) < F(O(M(p_1,xn, Ty))).
(3.5)

Together with (3.4) and (3.5), we have

T G(xnaxn-i-l:xn—ﬂ))
T a($n—1,mnaTxn)G(xna$n+17xn+2))
F(p(M(xn—1,Tn, Tnt1)))-

On account of (F1) and (3.4), we get
T+ F(G(l‘n, Tn+1, $n+2)) < F(QZ)(M({En,l, Tn, 3jn+1)))- (36)

We now consider the following cases of (3.2).
Case 1: For ¢ > 0, taking x = z,,—1 and y = x,,, we have
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M(Jl'n_l, Tn, Txn) = |:)\1G(5Un—la Tn, Txn)q + >\2G(xn—17 Txn—la T2xn—1)q
+ 3Gy, Ty, T?x)?

LA G(xn’TxnuT2$n)(1 + G(l'n—laTxn—l’Tan—l)) I
4 14+ G(zp_1,zn, Txy)

LA G(xn_1,$n,T$n)(1+G($n_1,T$n_1,T2$n_1)) 1 %
° 1+G(mn—1a$naT37n)

= |:)\1G(1‘n1, Tn, anrl)q + )\QG(xnfla Tny -rnJrl)q

+ )\3G(£Un, Tn+1, $n+2)q

G(xny Tn+1, mn+2)(1 + G(xn—la Tn, xn—&-l)) 1
+ A\
1+ G(ﬂfn_l, Tn, xn—&-l)

1
Y G(«%z—lywn?xn-&-l)(l + G(xn—lyxmxn—&—l)) K
> 1 +G(xn—17-rn7xn+1)

= [AlG(xn_l, Tn, a:n+1)q + )\QG({L'n_l, Tn, wn+1)q
+ A3G(2n, Tpg1, Tng2)?

1
q

+ )\4G(xn7 Tn+1, $n+2)q + >\5G(xn—17 Tn,s $n+1)q:|

= [()\1 + Ao+ X5)G(@n—1, Zp, Tpy1)?

Q=

+ (/\3 + )\4)G(£En, Tn+1, l’n+2)q] . (37)

Suppose that
G(xn—ly Tn, xn—l—l) < G(.@n, Tn+1, 5Un+2)'
Then, (3.6) becomes

F(G(«Tm Tn+1, :L’n+2)) < F(¢(M($n_1, Ln, Txn))) -7
= F(¢[(A1 + )\2 + )\5)G($n717 L, xn+1)q

1

+ ()\3 + )\4)G($n’ Tn+1, xn+2)q:| E) - T
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Q|

IN

F((]ﬁ [()\1 + Ao+ A3+ A4+ )\5)G<1‘n, Tn41, xn+2)q] )—1T
1

F(o((A1 4+ X2+ A3+ Ag+ A5) 1G(2p, Tnt1, Tny2))) — T
< F(¢(G($n,$n+1, xn+2))) - T
< F(G(zp, Tnt1, Tnt2) — Ty (3.8)

which is a contradiction. Therefore, for every n € N, we have

G(l’n, Tn+1, 55n+2) < G(mnfla Tn, anrl)a

so that (3.6) becomes

F(G(2n, Tnt1, n12)) < F(S[(M + A2 + A5)G(@n-1, 20, Tnp1)?
+ (As + M)G(@ns Tog1, Tg)] 1) — 7
< F(6[(M+ A2+ As A +A5)G (01, T, 0ns1)7] 1) 7
— F(S((M + A2+ A3 E A+ A8) TG (nt, Ty i) —T
< F($(G(xn—1,Tn; Tni1))) =T (3.9)

By letting v, = G(xn, Tnt1, Tny2), we deduce from (3.9) that
F(ym) < F(¢(1-1)) =7 < F($*(yn-2)) = 27 < --- < F(¢"(10)) — n7

(3.10)
for all n > 1 with x, 11 # x,42. Letting n — oo in (3.10), yields
Jim F(y,) < lim F(¢"(y0)) — lim nr
= F lim (¢"(y0)) — lim nr
n—oo n—oo
= —0o0.
And by (F'2), we obtain
lim ~, = 0. (3.11)
n—oo

On account of (F3),
lim YEF(yp) =0 for ke (0,1).
By (3.11), the following is true for all n > 0:
0 < %" F () = 1 F (6" (%))
< W [F(¢" (7)) = 0] =1 F(¢" (70))

= —'ynknT
<0. (3.12)
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Letting n — oo in (3.12),

lim ny," = 0. (3.13)

n—oo

From (3.13), we can find n; € N such that nynk <1 for all n > ny. Thus, we
have v, < L for all n > ny. For m,n € N with m > n > ny, we have

-1

nk

G(xnyl’nal'm) < G(l'nvxn—lyxn—l) + G(I‘n—lyxn—% Jjn_Q)
+ o+ G(Tm—1,Tm—1,Tm)

=Ynt+ -1+ -2t "+ Tm-1

m—1 0o

=D %S
i=n i=n
00

<
i=n )

[~

=

)

oo
1
Since the series Z — converges, the sequence {x, }nen is G-Cauchy in (X, G).
i=n (4
From the completeness of (X, G), there exists u € X such that {z,,} converges
to w. That is, lim G(zp,zn,u) =0.
n—oo

We now show that w is a fixed point of 7. By assumption (iii), we obtain

lim G(u,u,Tu) = lim G(zp+1,Tnt1, T0)
n—oo n—oo

= lim G(Tzp, Txp, Tu)

n—oo

= lim G(Tz,,Txy,, Tx,)

n—oo

= 0.

So we get T'u = u, that is, u is a fixed point of T.

Also, using assumption (iv), T3u = h_)m T3z, = u. To illustrate that Tu =
n—oo

u, assume on the contrary that Tu # u. By (3.5), we obtain

7+ F(G(u, Tu, T?u)) = 7 + F(G(T3u, Tu, T?u))
< 74 Fa(u, Tu, T*u)G(Tu, T?u, T?u))
=7+ F(a(u, Tu, T*u)G(Tu, T?u, u))
< P($(M(u, Tu, T?0)))
< F(M(u, Tu, T?u)), (3.14)
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where

M (u, Tu, T?u) = [AlG w, Tu, T*u) 4+ Mo G (w, Tu, T?u) 4+ X3G(Tw, T?u, T3u)4

L G(Tu, T?u, T3u) (1 + G(u, Tu, T?u))\ ?
4 1+ G(u, Tu, T?u)
G(u, Tu, T?u)(1 + G(u, Tu, T?u))\ !
As 1+ G(u, Tu, T?u)

Q=

= [AlG(u, T, T?*u) 4+ Mo G (w, Tu, T?u) 4+ X3G(Tu, T?u, T3u)4

Q|

+ MG(Tu, T?u, T3u) 1+ A5G (u, Tu, TQU)Q]

= [)qG(u, Tu, T?u)? 4+ Xo G (u, Tu, T?u)? + A\3G(Tw, T?u, u)?
1
+ MG (u, Tu, T*u) T+ A5G (u, Tu, TQU)Q} ’

1

= [()\1 o+ Mg+ A+ As)G(u, T, TQU)Q] !

= (A + A2 + A3+ A+ A5) 9 G (u, Tu, T?u)
= G(u, Tu, T?u).

Hence, (3.14) becomes
7+ F(G(u, Tu, T?u)) < F(G(u, Tu, T?u)),

which is a contradiction. Hence, Tu = u.
Case 2: For ¢ =0, we have

M(xn—lv Tn, T$n) = G(xn—la Tn, Txn))\l : G(l'n—lv Trp-1, Cr2xn—1))\2
. G(xn,Ta:n,T2xn))‘3
‘ [G(wn, Ty, T?2,)(1 4+ G(zp_1, T2n_1, T2xn1))} Ad
1+ G(:Enfla LTy Tl’n)

[G(xn_h @, T0) + G(@n, Ty, T%cn)} Ao
2
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= G(l‘nfl, Tn, anrl))\l : G(xnfla Tn, $n+1)>\2 : G(l’n, Tn+1, $n+2)>\3

fola'r?x 1 +G$,3§' 15 Ln+2 A5
-G (T, Tt Tng2) ™ - (5 n Tnt1) . (Zns Tnt1, Tni2)
= [G(mn—hxn7$n+1)](>\1+)\2) : [G(xn7xn+17xn+2)](/\3+)\4)
G($n—17xn7$n+1) + G(wnaxn—i—la xn+2) 25
2
If G(xn—laxn7$n+1) S G(xnvmn—‘rla $n+2)7 then
(A1+22) (Az+XA1)

M(-Tnfla Tn, Txn) = [G(-Tna Tn41, xn+2)] : [G(l‘na Tn41, xn+2)]

. [G([L‘n, ‘/BTL—‘,-]_, xn+2):|)\5
= [G(Zn, Tni1, Tng2)] (ArF+A2+A3+A14Xs5)
= G(l’n, Tn+1, .an+2),

Hence, (3.6) becomes

F(G(Txn_1,Txn, T?xy,)) < F(O(M(2y—1, 0, Txp))) — T
< F(o[G(2n, Tn41, $n+2)(A1+A2+/\3+A4+/\5)]) -7
= F($[G(xn, Tnt1,Tny2)]) — T
< F(G(Zpn, Tnt1, Tni2)) — T

That is,
F(G(xn’ Tn+1, -Tn+2)) < F(G(.’En, Tn+1, xn+2)) - T,
which is a contradiction. Hence, we have
G(xn, Tnt1, Tni2) < G(Tp—1, Tn, Tnt1), Vn.
Therefore, by (3.6) we have
F(G(wn, Tnt1, Tnt2)) < F(S(G(Tn-1,Tn, Tny1))) — T
< F(¢2(G(33n—2a Tn—1, xn))) — 27

< F(¢"(G(x0,21,22))) — nT.

By similar argument as in the case of ¢ > 0, we can show that {z,},cn in

(X, G) is G-Cauchy and therefore (X, G) being complete, there exists a point

u € X such that lim z, = u. To see that u is a fixed point of T', under
n— o0

the hypothesis that T is continuous and by the uniqueness of limit, we have
Tu = u. That is, u is a fixed point of T'.
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In a similar manner, if 73 is continuous as in Case 1, we have T3u = w.
Suppose on the contrary that Tu # u. Then

T+ F(G(u, Tu, T?u)) < 7 + F(a(u, Tu, T*u)G(Tu, T?u, T3u))
=7+ F(a(u, Tu, T*u)G (u, Tu, T?u))
< F(¢(M(u, Tu, T?0)))
< F(M(u, Tu, T?u)), (3.15)
where
M (u, Tu, T*u) = G(u, Tu, T*u)M - G(u, Tu, T?u)*? - G(Tu, T?u, T3u)*?
_ {G(Tu, T?u, T3u)(1 + G(u, Tu, T2u))} A
14 G(u, Tu, T?u)
' [G(u, Tu, T?u) + G(Tu, T?u, T3u)} Ao
2
= G(u, Tu, T*uw)M - G(u, Tu, T*)*? - G(u, Tu, T?u)*?
- G(u, Tu, T?*u)™ - G(u, Tu, T?u)
— G(u, Tu, T?u)PaHAe+As+da+s)

= G(u, Tu, T?u).

Hence, (3.15) becomes
74 F(G(u, Tu, T?u)) < F(G(u, Tu, T?u)),

which is a contradiction. Therefore, Tu = u. Il

Theorem 3.4. If in Theorem 3.3, in the case of ¢ > 0, we assume an addi-
tional condition that a(x,y, Ty) > 1 for all x,y € Fix(T), then the fixed point
of T is unique.

Proof. Let u,w be two fixed points of T" such that u # w. Taking into account
the additional hypothesis and by (3.5), we have

G (u,w, Tw) < a(u, w, Tw)G(Tu, Tw, T?w).
This yields F(G(u,w, Tw)) <

F(a(u,w, Tw)G(Tu, Tw, T?w)), and so,
T+ F(G(u,w, Tw)) <
<

7+ F(a(u,w, Tw)G(Tu, Tw, T?w))
F(¢(M(u, w, Tw)))
F

< F(M(u,w, Tw)), (3.16)
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where

M (u,w, Tw) = [ 1G(u, w, Tw)? + MG (u, Tu, T?u)? 4+ 3G (w, Tw, T?w)?

G(w, Tw, T?w)(1 + G(u, Tu, T?u)) \ ?
M ( 1+ G(u,w, Tw) >

4 G(u,w, Tw)(1 + G(u, Tu, T?u)) \ ? 2
> 1+ G(u,w, Tw)

G(u,w, Tw) \? @
1+ G(u,w, Tw)

1

q

IN

[AlGuw Tw)? +)\5<

MG (u, w, Tw)? +)\5G(u,w,Tw)q}

Q=

= [(A\1 + X5)G(u, w, Tw)]

= (A1 + )\5) G(u,w, Tw)

< G(u,w, Tw).
Therefore, (3.16) becomes

7+ F(Guyw, Tw)) < F(G(u,w, Tw)),
which is a contradiction. Thus, u = w and so it follows that T has exactly
unique fixed point. O
The following example is constructed to verify the hypotheses of Theorems

(3.3) and (3.4).

Example 3.5. Let X = [0,00) and G : X x X x X — R be defined by
G(z,y,z) = |t —y|+ |z —2| + |y — 2| for all z,y € X. Then (X,G) is a
complete G-metric space. Take 7 > 0, and consider the mapping T : X — X
defined by

3 =T 3
2xe” T, if x€][0,1];
Tzr = ?7) . £
se” T, it x> 1
Define the mapping a: X x X x X — Ry by

L, if =,y €[0,1];
0, otherwise,

ofx,y, Ty) = {

for all x,y € X. Let ¢ : Ry — R4 be defined by ¢(t) = %t for all ¢ > 0.
Clearly, ¢ is a (c)-comparison function. Let F(t) = In(t? +¢), t > 0 and
therefore F' € Ay. It is obvious that 7" is triangular (G—a)-orbital admissible
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and there exists x9 = 0 € X such that a(0,70,7%0) = (0,0,0) > 1. Also, T
is continuous for all x € X and likewise, T® is continuous for any x € Fix(T3).

In the case where  or y & [0, 1], then a(x,y, Ty) = 0 and G(Tx, Ty, T?y) =
0 for all z > 1. Hence, the inequality (3.1) holds for all z,y & [0, 1].

Now for all z,y € [0,1], take A\; =1, Ao = A3 = Ay = A5 = 0. To show that
the mapping 7" is an admissible hybrid F-(G-a-¢)-contraction, we examine
the following two cases:

Case 1: For ¢ > 0, consider ¢ = 1. Then,

G(Tz, Ty, T?y) = |Tx — Ty| + | Tz — T2y| + |Ty — TQy‘
3

= ?:Ue_T—gye_T +‘§xe‘7—499y6_27 +‘3ye_7—499ye_27
3 3 3 .

:?e [‘x—y’+|$—7ye ‘+’y—?ye @

=e " 9(G(z,y,Ty))

<e To(M(z,y,Ty)). (3.17)

Now,
G(Tx, Ty, T*)[G(Tx, Ty, T*) + 1] = [G(Tx, Ty, T*y)]* + G(Tx, Ty, T%y).
This implies that
F(a(z,y, Ty)G(Tx, Ty, T?y)) = F(G(Tz, Ty, T?y))
(G(Tx, Ty, T?y))* + G(Tx, Ty, T?y))
(€ T($(M (2,y,Ty)))* + (M (x,y,Ty))]
e T(((M(x,y,Ty)))* +6(M(z,y,Ty)))]

= Ine "+ In[(p(M(z,y, Ty))*+ (M (z,y, Ty))]
= -7+ F(¢(M(z,y,Ty))).

Therefore, we have
T+ F(a(z,y, Ty)G(Tz, Ty, T?y)) < F(¢(M(z,y,Ty))).
Case 2: Similarly, for ¢ = 0, we obtain
G(Tx, Ty, T?) < e~ (M (2,9, Ty)). (3.18)
In similar manner as in Case 1, the inequality (3.18) gives
T+ F(a(z,y, Ty)G(Tz, Ty, T?y)) < F(¢(M(z,y,Ty))).

In the following Figure 1, we demonstrate the authenticity of contractive in-
equality (3.1) using Example 3.5.
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3 -
RHS of (3.1)
2 -
1 -
¥ St * LHS of (3.1)

11131517 1921 23 25 27 29 31 33 35 37 39

Corresponding Values for Inequality (3.1)
(=]

FIGURE 1. Illustration of contractive inequality (3.1) using Ex-
ample 3.5

Figure 1 above illustrates that the right-hand side (RHS) of contractive
inequality (3.1) predominates the left-hand side (LHS) as defined in Exam-
ple 3.5. Hence, all the assumptions of Theorems 3.3 and 3.4 are satisfied.
Consequently, we see that £ = 0 is the unique fixed point of T'.

We now show that our principal idea in this paper refines the corresponding
ones in [12]. However, it is easy to verify that the main result of Jiddah et al.
[12] is not applicable to this example. In fact, suppose that the mapping 7' is
an admissible hybrid (G-a-¢)-contraction; that is, for all z,y € X/Fix(T),

a(z,y, Ty)G(Tz, Ty, T?y) < ¢(M(z,y, Ty)), (3.19)
where
[AlG@c, 0, Ty) + MGz, Tar, T22)7 + NG(y, Ty, T)
1
G(y,Ty,TQy)(1+G(x,Tx,T2:r)) q G(m,y,Ty)(1+G(x,Tx,T2x)) q|a
A ( 14+G(z,y,Ty) ) +As ( 1+G(z,y,Ty) )
M(z,y, Ty) = for ¢>0, x,y € X;

G(:Ev Y, Ty)/\l : G(:Ev TZL‘, T2$)A2 : G(yv Tya sz))\3

[GW.Ty.T?y)(1+G (@ T2, %) 1M | [ Glaw.Ty)+C(y.Ty.T%)
1+G(z,y,Ty) 2

L for ¢=0, z,y € X\Fiz(T)

As

)

9
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5
qg>0,X\>0;7=1,2---,5 such that Z)\i =1and Fiz(T) ={zr € X :
i=1
Tz = x}. Then, for the chosen parameters Ay = 1, \a = A3 = Ay = A5 =0
and ¢ = 1, take x = %e*T and y = %e*T for 7 > 0. Clearly, z,y € [0, 1]. Then,
by direct calculation, we have

G(Txz, Ty, T?y) = |Tx — Ty| + |T;U—T2y’ + }Ty—T2y}

_ 9 —27 15 —27
~ 19° 19°
9 —27 45 —37 15 —27 45 —37
* ¢ 53¢ | |10 343°
_ 30 —27 90 —37
~ 19° 343°
210e2" — 90e 3"
— , 3.20
343 (3.20)
Similarly,
M(z,y,Ty) = G(z,y,Ty)
=l —yl+lz—Ty[+ |y — Tyl
_ §6—7_§ -7 §e—T_L56—2T ?e—T_Ee—QT
T 7 7 49 7 49
_ 96—7' _ @6—27'
7 49
70e~T — 30e~ 2"
— 21
19 , (3.21)
d(M(z,y,Ty)) = 30 foer _gemer (3.22)
>?/’ y - 343 N .

By (3.19),

a(z,y, Ty)G(Tx, Ty, T?) _ .
(M (z,y,Ty)) -

Since x,y € [0,1], then a(z,y,Ty) = 1. Hence, from (3.20), (3.21) and (3.22),
we have

210e27 — 9037
30[7e~" —3e=27] ~

Letting 7 — 00 in (3.23) gives oo < 1, which is a contradiction.

(3.23)

The following are some immediate consequences of our results.
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Corollary 3.6. Given a complete G-metric space (X,G) and a continuous
mapping T : X — X. Suppose that there exists 7 > 0 such that

G(Tz,Ty,T?y) >0 = 7+ F(G(Tz, Ty, T%y)) < F(¢(M(z,y,Ty)))

for all z,y € X, where F satisfies (F1) — (F3), ¢ € ® and M(x,y,Ty) is as
given in (3.2). Then T possesses a unique fized point.

Proof. 1t is sufficient to take a(x,y,Ty) =1 in Theorem 3.4. O

Corollary 3.7. Let (X,G) be a complete G-metric space and T : X — X be
a continuous mapping satisfying the following

G(Tz, Ty, T?) >0 = 7+ F(G(Tx,Ty,T?)) < F(n(M(z,y.Ty)))
forallz,y € X, 7> 0 where F € Ay, ¢ € ® and n € (0,1). Then the fized
point of T in X is unique.

Proof. Tt follows from Corollary 3.6 with ¢(t) = nt for all t > 0. O

Corollary 3.8. Given a mapping T : X — X defined on a complete G-
metric space (X, G) and suppose there exists T > 0 such that for all x,y,z € X,

G(Tx,Ty,Tz) >0 = 71+ F(G(Tz,Ty,Tz)) < F(¢(G(z,y, 2))),
where F' € Ay and ¢ € ®. Then T has a unique fived point in X.

Proof. Consider Definition 3.1 and let a(x,y,Ty) = 1 for all z,y € X. Take
)\1:1,/\2:)\3:)\4:)\5:0andTy:z. We have

M(z,y,z) = G(,y,2)
for all z,y,2z € X and ¢ > 0. The proof follows from Theorem 3.4. O

Corollary 3.9. (Jiddah et al. [12], Theorem 3.3) Let (X,G) be a complete
G-metric space and let T : X — X be a continuous mapping satisfying the
following condition

a(z,y, Ty)G(Tz, Ty, T?y) < ¢(M(z,y, Ty)),
where ¢ € ®. Then T has a unique fized point in X.

Proof. 1t is enough to take F(t) = In(t), ¢t > 0 in Theorem 3.4. O

Corollary 3.10. (Jiddah et al. [12], Theorem 3.3) Given a mapping T :
X — X defined on a complete G-metric space (X, G) satisfying the following
constraint

a(z,y,2)G(T2, Ty, Tz) < ¢(G(z,y,2))
for all x,y,z € X, where ¢ € ®. Then T possesses a unique fized point in X.
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Proof. Take F(t) = In(t),t > 0 in Corollary 3.8. O

Definition 3.11. ([2]) Let T: X — X and a: X x X x X — R} be two
mappings. Then T is said to be a-admissible, if for all x,y,z € X,

a(r,y,z)>1 =  «aTz,Ty,Tz) > 1.

Definition 3.12. Let (X, G) be a G-metric space and T : X — X be a given
mapping. Then T is said to be an F-(G-a-¢)-contraction of type I, if there
exist functions o : X x X x X — [0,00), F' € Ay and ¢ € ® such that for all
T,Y, 2 € X7

G(Tz,Ty,Tz) >0 = 7+ F(a(z,y,2)G(Tx,Ty,Tz)) < F(¢(G(x,y,2))).

Note that if F(t) = In(¢), t > 0, then Definition 3.12 coincides with (G-a-
¢)-contraction mapping of type I in the sense of Jiddah et al. [12].

Corollary 3.13. Let (X,G) be a complete G-metric space. Suppose that
T:X — X is an F-(G-a-¢)-contraction of type I satisfying the following
conditions
(i) T is a-admissible;
(ii) there emists xg € X such that a(xq, Two, T?x0) > 1;
(iii) T is G-continuous.

Then T possesses a fized point.

Proof. Consider Definition 3.1 and let o : X x X x X — R4 be a given
mapping. Suppose that T : X — X is an a-admissible mapping and take
Al =1, =X3 =X = X5 =0. Then T is an F-(G-a-¢)-contraction of type
I and so from Corollary 3.8, for all z,y,z € X, FF € Ay and ¢ € ® and the
proof follows. O

4. APPLICATIONS TO AN INTEGRAL EQUATION

The importance of fixed point theory to the solution of differential and
integral equations can be considered as having significant value given that
practically almost all real-life problems can be transformed into differential
and integral equations. Huang et al. [10] investigated the conditions for the
existence of a solution to a class of differential equations and whether such
solution is unique using their obtained main result. In this section, we present
an application to an integral equation using one of our obtained results.

Let X be a Banach space, p an open set of R xR x X, u, = (to, S0, o) € 1,
f :pn— X a continuous function. We need to obtain a closed interval I such
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that tg € I and a differentiable function x : I — X satisfying

{:c’(t) = f(t,s,2(t), tel (4.1)

x(to) = Xy.

It is obvious that (4.1) satisfies the integral equation

x(t) = zo + tf(t, s, x(s))ds, tel.
to

Theorem 4.1. Suppose that the following conditions are satisfied:

(i) there exists a function ((t) € L'(tg — v, tg +v) N Ry for some v > 0
such that

Hf(tvsvx> - f(t737y)HX + Hf(tvsw%') - f(tv S7Z)HX
+ Hf(t757y) - f(t,S,Z)HX

<O |llz = ylix + llz = zllx +lly = 2l x

holds for all (t,s,x), (t,s,y), (t, s, z) € p, where ||| x is a norm defined
on X;
(ii) there exists a constant § > 0 and a G-closed ball Bg (o, s) of pu such
that || f(t,s,7)||x < d for any (t,s,z) € Ba(po, ).
Then, there exists 7o > 0 such that for each T < 19, (4.1) has a unique solution
r € CY(I,,X), where I, = [to — 7, to + 7.

Proof. Take r = min{v, s}, 7o = min{r, 5}. Let 7 < 79 and ) be the G-closed
ball in X. Then, ¥ endowed with the Tehebyshev norm is a complete G-metric
space. By virtue of 7 < r, if y, 2z € ¥, then

(t,5,9(t)), (t, 5, 2(t)) € Bo(po, ) C p

for all t € I.. Therefore, for y, z € 9, define

t
Ty(t) = zo + t f(t,s,y(s))ds,
Tz(t) = xo + t f(t, s, z(s))ds, tel
to

and F(t) =In(t), te€ (0,00).
We can show that

In @ T P,y 2) G e, Ty, T 2)) < F(o(M(x,y,2))  (4.2)
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for any n € N, where
Ma,y.2) = o gillellzi, Gy 2),
and ¢(t) = £ for all ¢ > 0. Clearly, (4.2) is equivalent to

oz, g, )G (T, Ty, T ) < 2<<zs<M<a: v,2))

3
= .HCH"H (2,9, 2)-
Taking a(z,y, z) = 1, we have
G(T"+1x,T"+1y,T”+1z) S 'HCHnJrl .29 y,z),
that is,
HTnJrl _ TnJrlyH + HTTL+1x o Tn+1ZH + HTnJrly . TnJrIZH
<l [l sl s e+ o —=l). @)
Note that
t
sup|[Ty(1) — o] < sup| [ {17t y(e)| s
< 6T
<r
and
t
supHTz - :L'OHX < sup / Hf(t,s,z(s))Hde
tel, tel-|Jtg
< 6T
<r.

Hence, T maps ¥ into 9.
To complete the proof of (4.3), we need to prove by induction on n + 1, for
every t € I,

HTn+1x(t) . Tn+1 HX + HTnJrll,(t) o TnJrIZ(t)H
4 HTn+1 Tn+1 H

g(nj_l)!(/tog(s)ds> [Hx_y;|+ux_zu+uy_zu. (4.4)

For n = 1, it is easy to see that (4.4) holds. Suppose that (4.4) is true for
n, n > 2. Then, taking ¢ > ¢y (note that it is similar for ¢ < ¢(), we have
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HT”Hw(t) B Tn+1y(t)HX i HT”“:C(t) — Tn+1z(t)HX
[Ty () — T ()|
= 7@ (0) = Ty O)] + [T @) = A0
HT@y) - =)l
: / [Hm,s,m@)) — s Ty x
+ || £t 5, T (s)) = f(t,5,T"2(s))|

+ Hf(t,s,T”y(s)) - f(t,s,T"z(s))HX] ds
< [ [Irat) - Tuol + Tets) - 20
to

+ HT"y(s) — T”z(s)HX] ds

<[ ([ ctwnn) as(le vl + o=l + -+
~ i <) [l =l + o=l + =1

(4.4) leads to (4.3), where

t n+1 41
n
sup< C(s)ds) = HCH ,  Vn.
tel, to

Hence, all the assumptions of Corollary 3.8 are satisfied. Hence, T" has a fixed
point which corresponds to the solution of (4.1). Il

Remark 4.2.

(i) We can obtain further special cases of Theorems 3.3 and 3.4 by fixing
the parameters A\;(i = 1,2,--- ,5) and q.

(ii) None of the proposed results in this work can be written in the form
of G(z,y,y) or G(x,z,y). Hence, they cannot be inferred from their
equivalents in metric space.

5. CONCLUSION

An intriguing generalization of the Banach contraction principle regarding
the existence of fixed points in complete metric space was presented by War-
dowski [29]. In this paper, some new fixed point theorems were established in
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the framework of complete G-metric space via a new type of contractive map-
ping called admissible hybrid F-(G-a-¢)-contraction. Some immediate conse-
quences of the principal ideas were presented. An example which support the
assumptions and effectiveness of the proposed results was constructed. It is
also observed that the established result is an extension of F-contraction in
metric spaces and some related findings in generalized metric spaces. Hence,
the derived fixed point results cannot be reduced to their corresponding ones
in the literature. From the perspective of application, one of the obtained
corollaries was applied to guarantee the conditions for the existence of solu-
tions to a nonlinear integral equation. This work is limited in scope by the fact
that the mathematical formulation, analysis and results presented are purely
abstract. The application to the integral equation has been developed analyt-
ically and conclusion is deduced based on the theoretical formulations of our
theorems. The results obtained herein can be studied and advanced via other
contractions and it will be interesting to apply these concepts in the setting of
various spaces and the concerned mapping can also be extended to set-valued
mappings.
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this manuscript.
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