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Abstract. In this paper, we introduce the notion of generalized difference sequence space
AT (u) and study 1L (A%, w), ¢ (A, u) and ¢f (AT, u). We give some of their properties
like completeness, solidity, symmetricity.

1. PRELIMINARIES, BACKGROUND AND NOTATION

A sequence space is defined to be a linear space of real or complex sequences.
Throughout the paper N, R and C denotes the set of non-negative integers,
the set of real numbers and the set of complex numbers respectively. Let
w denote the space of all sequences (real or complex), o, and ¢ respectively,
denotes the space of all bounded sequences, the space of convergent sequences.

The concepts of fuzzy sets and fuzzy set operations were first introduced
by Zadeh [29] and subsequently several authors have discussed various aspects
of the theory and applications of fuzzy sets such as fuzzy topological spaces,
similarity relations and fuzzy orderings, fuzzy measures of fuzzy events, fuzzy
mathematical programming. Matloka [18] introduced bounded and convergent
sequences of fuzzy numbers and studied their some properties. Matloka [18]
also has shown that every convergent sequence of fuzzy numbers is bounded.
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Later on sequences of fuzzy numbers have been discussed by many others(see,
[1]-[16], [19]-[28]).
Let D denote the set of all closed and bounded intervals X = [a1, az] on the
real line R. For X, Y € D we define
d(X :Y) =max(|la; — b1}, |az — ba|),
where X = [a1,a2] , Y = [b1, bo]. It is known that (D, d) is a complete metric

space.

Let I =10,1]. A fuzzy real number X is a fuzzy set on R and is a mapping
X : R — I associating each real number ¢ with its grade membership X (¢). A
fuzzy real number X is called convex if

X(t) > X(s) AN X(r) = min(X(s), X(s)), where s <t <.

A fuzzy real number X is called if normal if there exists ty € R such that
X(tg) =1.

A fuzzy real number X is called if upper semi-continuous if for each € > 0,
X~Y[0,a +¢)) for all @ € I and given € > 0, X~!([0,a + ¢)) is open in the
usual topology of R.

The set of all upper semi-continuous, normal, convexr fuzzy numbers is de-
noted by R(I). The a-level set of a fuzzy real number X for 0 < a < 1 denoted
by X is defined by X* = {t € R: X(¢) > a}. The 0-level set is the closure
of strong 0-cut.

For each 7 € R, 7 € R([) is defined by

_ r, ift=r,
r =
0, ift#r.
The absolute value of |X| of X € R(I) is defined by(see for instance Kelava
and Seikkala [16])

g - O e

Let d: R(I) x R(I) — R be defined by

d(X,Y)= sup d(X*Y?).
0<a<l
Then d defines a metric on R(1) (Matloka [18]). The additive identity and
multiplicative identity in R(I) are denoted by 0 and 1 respectively.
In this paper we introduce IZ (AR, u), ¢ (AR, u) and &' (A", u). We study
some of their properties like completeness, solidity, symmetrically.
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Throughout the article wf', ¢f, cg and [Z denote the classes of all, conver-

gent, null, bounded sequence spaces of fuzzy real numbers.

A fuzzy real valued sequence {X,} is said to be convergent to fuzzy real

number X, if for ¢ > 0, there exists ng € N such that d(X,Y) < e for all
k > no (see, [15]).

A fuzzy real valued sequence {X,,} is said to be solid (normal) if (X},) € EF
implies that (azXz) € EF for all sequences of scalars (o) with |ay| < 1, for
all k€ N.

Let K = {k; < k2 < ...} C N and E be a sequence space. A k-step space
of B is a sequence space /\ff ={(Xg,) €ewl': (X,) € EF}.

A canonical preimage of a sequence {X;} € A%F is a sequence {Y,} € w”
defined as

X,, if neK,
Yo=1- .
0, otherwise.

A canonical preimage of a step space A%F is a set of all elements in )\JIE(F, ie.,
Y is in canonical preimage of )\ﬁF if and only if Y is canonical preimage of
some X € )\f(F.

A sequence space EF is said to be monotone if it contains the canonical
preimages of its step spaces.

A sequence space E¥ is said convergence free if (Y;) € EF whenever (X},) €
EF and Y}, = 0 whenever X}, = 0.

The difference sequence spaces, H(A) = {x = (xy) : Az € H} where
H =l ,c and ¢p, were studied by Kizmaz [17].

It was further generalized by Tripathy and Esi [25], as follows. Let m > 0
be an integer then H(A,,) = {2z = (z) : Apx € H},for H =1 ,c and co,
where A,z = T — Tp1m. The idea of Kizmaz [17] was applied by Savas [22]
for introducing the notion of difference sequences for fuzzy real numbers and
study their different properties. The difference sequence space were further
studies by Colak et al. [6-8], Mursaleen and Basarir [19], Tripathy and Esi
[25] and etc.

Further, in Tripathy et al. [28] generalized the above notions and unified
these as follows:

Atz ={z € w: (Alar) € Z},
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where
A=Y (1)
m r +mp
n=0
and

Agl'k =xV keN.

Following [4-29], we introduce the difference sequences of fuzzy real numbers
type as follows:

H(AY, u) = {(Xi) : (uAF'X) € H},

for H= 1% ,cI' and ¢}, where u = (uy) is such that u, # 0 for all k € N.

We note that if n = 1, we get results obtained by Sheikh and Ganie(see,
[24]).

2. MAIN RESULTS

Theorem 2.1. The sequence spaces I5, (A%, u), I (AT, u) and ¢} (AT, u) are
complete metric spaces by the metric

o(X,Y) = " d(up Xy, upYy) + Sup d(upAY, X, up Ay, V). (2.1)
k=0

Proof. The proof is left as an easy exercise for the reader. O

Theorem 2.2. The sequence spaces I5, (A%, u), cF' (AT u) and ¢} (A%, u) are
not solid in general.

Proof. We consider only c!"(A”,,u). Thus to prove the result we consider the
following examples:

Let
EELif —1-3<t<0,
Xi(t)=q Bt if o<t <144,
0, otherwise.

Now taking [ = 3 and ux = 1 = n for all k € N, we have that



New type of generalized difference sequences of fuzzy numbers 519

242243148143 ip o L _ 1
srsliisi+s 0 —2- 7y <t<0,
n — —t12—31t+202+81+3 - 1,1
0, otherwise.

Now, li{n A3X(t) = X, where

B2 if —2<t<0,
X(t)y=<¢ %t if 0<t<2,
0, otherwise.

Thus, X; € ¢f'(A3$). Now consider the sequence of scalars (o;) defined by

1, if [=3k—2, for k€N,
() =

0, otherwise.
Then, (Oéle) = {Xl, 6, (_), X4, (_), (_), X7, (_], (_], X107 } But
(Ao X)) = {X1 — X4,0,0, X4 — X7,0,0,...} ¢ I'(A3).

Hence, c'(uA%,) is not solid. O

Theorem 2.3. The sequence spaces IL (uAL,), ' (uA?) and c& (uAm) are not
symmetric.

Proof. We consider only ¢ (uA”). Thus to prove the result we consider the

following examples with m =1=nand up, =1V ke N:
Consider the sequence X = {N,H,N,H, N, H, ...}, where

HBAif —4<t<0,

N=q &L if 0<t <4,

0, otherwise,
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and
((H5if —5<t<0,
H=< 5t if 0<t<5,
0, otherwise.

Now, consider the re-arrangement (Y},) of the sequence (X,,) as
(Y,) = (N,N,H,H,N,N,..) ¢ CF'(AD), but (X,)e (A)).

Hence, c'(uAm,) is not symmetric for any m € N. a

Theorem 2.4. The sequence spaces 1L (uA?), cF'(uA?) and c&(u/m) are
not convergence free.

Proof. We consider only ¢ (uA”). Thus to prove the result we consider the
following examples with m = 3 and u =1 = n.
Consider the sequence (X;) defined as follows :

( kt+k+1 1
S if —1-— % S t S 0,
Xi(t) = HIEE if 0<t <144,
0, otherwise.

\

Now taking k = 3 and ug = 1 = n for all £ € N, we have that

( th?4+2k% 4 3kt+8k+3 P |
rshirshis 0 @ T2 5 s <t <0,
! — ) —th®—3ki4+2k>48k43 1, 1
A3Xk(t) - k2 +3kt+8k+3 s if 0 S t S 2 + % —+ 3o
0, otherwise,

and liin ALXp(t) = X, where

B2 —2<t<0,

X(t)=4 Ht, if 0<t<2,

0, otherwise.
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Thus, (Xj) € ¢f'(A}). Now consider

(ki _k<t<0,

k
Vi(t) =9 "t if 0<t<k,
0, otherwise.
LS if -2k -3 <t <0,
AYY(t) = ¢ ZEESEf 0 <t <2k +3,
0, otherwise.
Clearly (V%) € ¢f'(Al) is not convergence free. O

Acknowledgement. We are very thankful to the reviewer(s) for the careful
reading, valuable suggestions which improved the presentation of the paper.

[1]
2]
3]
[4]

[5]

[10]
[11]

[12]

REFERENCES

Y. Altin, M. Et and M. Basarir, On some generalized difference sequences of fuzzy
numbers, Kuwait J. Sci. Engrg., 34(1A) (2007), 1-14.

H. Altinok and M. Mursaleen, A-statistical boundedness for sequences of fuzzy numbers,
Tainwanse J. Math., 15(5) (2011), 2081-2093.

M. Basarir and M. Mursaleen, Some difference sequence spaces of fuzzy numbers, J.
Fuzzy Math., 11(3) (2003), 1-7.

T. Bilgin, D-statistical and strong D-Cesaro convergence of sequences of fuzzy numbers,
Math. Commun., 8 (2003), 95-100.

A.K. Chaudhury and P. Das, Some results on fuzzy topology on fuzzy sets, Fuzzy Sets
and Syst., 56 (1993) 331-336.

R. Colak, Y. Altin and M. Mursaleen, On some sets of difference sequences of fuzzy
numbers, Soft Comput., 15 (2011), 787-793.

R. Colak, H. Altinok and M. Et, Generalized difference sequences of fuzzy numbers,
Chaos, Solitons and Fractals, 40 (2009), 1106-1117.

R. Colak and M. Et, On some generalized difference sequence spaces and related matriz
transformations, Hokkaido Math J., 26(3) (1997), 483-492.

P. Diamond and P. Kloeden, Metric spaces of fuzzy sets, Fuzzy Sets Syst., 35 (1990),
241-249.

A. Esi, On some new paranormed sequence spaces of fuzzy numbers defined by Orlicz
functions and statistical convergence, Math. Model. Anal., 11(4) (2006), 379-386.

A. Esi and B. Hazarika, Some new generalized classes of sequences of fuzzy numbers
defined by an Orlicz function, Annals Fuzzy Math. Infor., 4(2) (2012), 401-406.

J.X. Fang and H. Hung, On the level convergence of a sequence of fuzzy numbers, Fuzzy
Sets Syst., 147 (2004), 417-435.



522
[13]
[14]

[15]

[24]
25]
[26]
[27)
28]

[29]

A. H. Ganie, N. A. Sheikh and T. Jalal

A.H. Ganie and N.A. Sheikh, Generalized difference sequences of fuzzy numbers, New
York J. Math., 19 (2013), 431-438.

A.H. Ganie and N.A. Sheikh, On some new sequence spaces of non-absolute type and
matriz transformations, Jour. Egyp. Math. Soc., 21 (2013), 34-40.

B. Hazarika and E. Savas, Some I convergent A-summable difference sequence spaces of
fuzzy real numbers defined by a sequence of Orlicz, Math. Comput. Model., 54 (2011),
2986-2998.

O. Kelava and S. Seikkala, On fuzzy metric spaces, Fuzzy Sets Syst., 12 (1984), 215-229.
H. Kizmaz, On certain sequence spaces, Canad Math. Bull., 24(2) (1981), 169-175.
M. Matloka, Sequences of fuzzy numbers, BUSEFAL, 28 (1986), 28-37.

M. Mursaleen and M. Basarir, On some new sequence spaces of fuzzy numbers, Indian
J. Pure Appl. Math., 34(9) (2003), 1351-1357.

S. Nanda, On sequences of fuzzy numbers, Fuzzy Sets Syst., 33 (1989), 123-126.

D. Rath and B.C. Tripathy, Matriz maps on sequence spaces associated with sets of
integers, Indian J. Pure Appl. Math., 27 (1996), 197-206.

E. Savas, A note on sequence of fuzzy numbers, Inf. Sci., 124 (2000), 297-300.

E. Savas, On some Ar-convergent difference sequence spaces of fuzzy numbers defined
by the sequence of Orlicz functions, J. Ineq. Appl., 261 (2012), 1-13.

N.A. Sheikh and A.H. Ganie, Sone new generalized difference sequences of fuzzy num-
bers, Int. J. Modern Math. Sci., 7(2) (2013), 218-226.

B.C. Tripathy and A. Esi, A new type of difference sequence spaces, Int. J. Sci. Tech.,
1(1) (2006), 11-14.

B.C. Tripathy and S. Nanda, Absolute value of fuzzy real numbers and fuzzy sequence
spaces, J. Fuzzy Math., 8(4) (2000), 883-892.

B.C. Tripathy and B. Sarma, Sequence spaces of fuzzy real numbers defined by Orlicz
functions, Mathematica Slovaca, 58(5) (2008), 621-628.

B.C. Tripathy, A. Esi and B.K. Tripathy, On a new type of generalized difference Cesaro
sequence spaces, Soochow J. Math., 31(3) (2005), 333-340.

L.A. Zadeh, Fuzzy sets, Inform. Control, 8 (1965), 338-353.



