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Abstract. This paper introduces the concept of Γ-recurrent C0-semigroups and provides

various illustrative examples. We demonstrate that Γ-recurrence is preserved under inverse.

Surprisingly, we establish the existence of Γ-recurrent C0-semigroups on finite-dimensional

Banach spaces. Additionally, we explore the notion of Γ-recurrent vectors and show that if a

C0-semigroup possesses a Γ-recurrent vector, it necessarily has many such vectors. Finally,

we prove that when Γ is closed under multiplication, the Γ-recurrence of a C0-semigroup is

equivalent to having a dense set of Γ-recurrent vectors.

1. Introduction

Presume X is a Banach space. Assume T is an operator on X. In the theory
of dynamical systems, there are various types of operators. An operator T on
X is recurrent if, for any nonempty open set U of X, there exists n ∈ N
such that Tn(U) ∩ U 6= φ [13, Definition 1.1]. Authors widely investigate
the properties of recurrent operators in [13]. Furthermore, [15] determines
conditions for the recurrence of composition operators. One can also see [17]
and [10].

An operator T on X is supercyclic if for any nonempty open sets U and
V of X, there exist λ ∈ C and n ∈ N such that λTn(U) ∩ V 6= φ [14]. T
is a power-bounded operator if, there exists K > 0 such that for any n ∈ N,
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‖Tn‖ ≤ K. A recurrent operator, that is, power bounded is not supercyclic
[13, Proposition 3.2].

Super-recurrent operators are defined in [5]. An operator T on X is super-
recurrent if for any nonempty open set U of X, there exists n ∈ N and λ ∈ C
such that λTn(U) ∩ U 6= φ. Presume x ∈ X is a nonzero vector. If a strictly
increasing sequence (kn) of positive integers exists, and (αkn) ⊆ C such that
αknT

knx → x, when n tends to infinity, then x is named a suer-recurrent
vector for T [5]. It is proved in [5] that an operator T on X is super-recurrent
if and only if it has a dense set of super-recurrent vectors in X. Proerties of
Γ-suercyclic operators are also investigated in [7].

Let us assume that Γ is a nonempty subset of complex numbers. An operator
T on X is Γ-supercyclic if {λTnx : λ ∈ Γ, n ∈ N0} is dense in X for some
x ∈ X [12]. There are some conditions in [12] that under them Γ-supercyclicity
and supercyclicity are equivalent. Proerties of Γ-suercyclic operators are also
investigated in [7]. Moreover, Γ-supercyclicity has been studied for a particular
case of Γ. As example, when Γ = {1}, and Γ = D, where D = {λ ∈ C : |λ| ≤
1}, one can see respectively, [3] and [4].

C0-semigroup is another structure that is of interest in dynamical systems
theory. A family of operators (Tt)t≥0 on X is a C0-semigroup [14] if

(1) T0 = I,
(2) Tp+q = TpTq for any p, q ≥ 0,
(3) limp→qTpx = Tqx for any x ∈ X.

The concept of recurrent is defined in [16] for C0-semigroups. A C0-semigroup
(Tt)t≥0 on X is recurrent if, for any nonempty open set U of X, there exists
t0 > 0 such that Tt0(U)∩U 6= φ. Recurrent C0-semigroups exist in both finite
and infinite-dimensional spaces [16]. Authors in [9] extended recurrent to a
set of operators and investigated the recurrence of their direct sum.

A C0-semigroup (Tt)t≥0 on X is supercyclic if there exists x ∈ X such that
{λTtx : λ ∈ C, t ≥ 0} is dense in X [14]. A C0-semigroup (Tt)t≥0 on X is

Γ-supercyclic if x ∈ X exists such that {γTtx : γ ∈ Γ, t ≥ 0} = X [1]. By
definition, Γ-supercyclic C0-semigroups are supercyclic. Furthermore, (Tt)t≥0
is Γ-supercyclic if and only if for any nonempty open sets U and V of X, γ ∈ Γ
and t0 > 0 exist such that γTt0(U) ∩ V 6= φ [1, Proposition 3.6].

In this paper, we extend this idea to C0-semigroups and define Γ-recurrent
C0-semigroups.

Section 2 defines Γ-recurrent C0-semigroups. It proves some equivalent
conditions for Γ-recurrent. Furthermore, it proves that if an invertible C0-
semigroup is Γ-recurrent, its inverse is Γ-recurrent and vice versa. Section
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3 introduces Γ-recurrent vectors and investigates their properties. It demon-
strates that if Γ is closed under multiplication, then having a dense set of
Γ-recurrent vectors is equivalent to the Γ-recurrent of the C0-semigroup. Sec-
tion 4, presents various examples of Γ-recurrent C0-semigroups. These exam-
ples show that Γ-recurrent operators can appear on finite-dimensional Banach
spaces.

2. Definitions and some results

First, we present the definition of the Γ-recurrent C0-semigroups in this
section as follows.

Definition 2.1. A C0-semigroup (Tt)t≥0 on X is called Γ-recurrent, if for any
nonempty open set U of X, λ ∈ Γ, where λ 6= 0, and t0 > 0 exist so that

λTt0(U) ∩ U 6= φ.

The following lemma is concluded if in the Definition 2.1, 1 ∈ Γ.

Lemma 2.2. A recurrent C0-semigroup is Γ-recurrent if 1 ∈ Γ.

Without any condition on Γ, the next lemma shows that Γ-supercyclic C0-
semigroups are Γ-recurrent.

Lemma 2.3. If (Tt)t≥0 is an Γ-supercyclic C0-semigroup, then it is Γ-recurrent.

The following proposition states an equivalent condition for Γ-recurrent.

Proposition 2.4. A C0-semigroup (Tt)t≥0 on X is Γ-recurrent if and only if

there exists 0 6= α ∈ Γ and t > 0 such that T−1t (U) ∩ αU 6= φ.

Proof. The assertion is deduced from this fact that for 0 6= α ∈ Γ and t > 0,
αTt(U) ∩ U 6= φ if and only if αU ∩ T−1t (U) 6= φ. �

An important question is that does Γ-recurrent preserve under inverse? The
next theorem answers to this question. Note that we say Γ is closed under
inverse if when α ∈ Γ is invertible, then α−1 ∈ Γ.

Theorem 2.5. Assume (Tt)t≥0 is an invertible C0-semigroup on X. If Γ is

closed under inverse, then (Tt)t≥0 is Γ-recurrent if and only if (T−1t )t≥0 is
Γ-recurrent.

Proof. Let (Tt)t≥0 be an invertible and Γ-recurrent C0-semigroup. Suppose U
is a nonempty open subset of X. So, there exist 0 6= α ∈ Γ and t0 > 0 such
that αTt0(U) ∩ U 6= φ. Hence, U ∩ α−1T−1t0

(U) 6= φ. Now, α−1 ∈ Γ because

Γ is closed under inverse. So, (T−1t )t≥0 is Γ-recurrent. The converse can be
proved similarly. �
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Theorem 2.5 states a sufficient condition for Γ-recurrent of the inverse
of an invertible C0-semigroup. Does the assertion remain true when Γ is
not closed under inverse? Does an example of an invertible Γ-recurrent C0-
semigroup (Tt)t≥0 exist such that Γ is not closed under inverse and (T−1t )t≥0
is Γ-recurrent?

Proposition 2.6. Assume (Tt)t≥0 is a C0-semigroup on X, and Γ is closed
under multiplication. Then, if (Tt)t≥0 is Γ-recurrent, there exists an infinite

set of positive real numbers t so that αU ∩ T−1t (U) 6= φ, where α ∈ Γ and is
not unique.

Proof. Presume U ⊆ X is nonempty and open. So, α ∈ Γ and there exists
t0 > 0 such that αTt0(U)∩U 6= φ or equivalently αU ∩T−1t0

(U) 6= φ. Consider

V := αU ∩ T−1t0
(U). Hence, V is nonempty and open. Therefore, there exist

λ ∈ Γ and s0 > 0 such that λV ∩ T−1s0 (V ) 6= φ. Hence,

λ(αU ∩ T−1t0
(U)) ∩ T−1s0 (αU ∩ T−1t0

(U)) 6= φ.

Consequently,

(λα)U ∩ T−1s0+t0
(U) 6= φ.

If consider t1 := s0 + t0, then t1 > t0 and there exists µ ∈ Γ such that
µU ∩ T−1t1

(U) 6= φ. �

In the following, we define the notion of Γ-recurrent operators.

Definition 2.7. An operator T on a Banach space X is called Γ-recurrent,
if for any nonempty open set U of X, there exists λ ∈ Γ, where λ 6= 0, and
n ∈ N such that λTn(U) ∩ U 6= φ.

We prove that once a C0-semigroup has an Γ-recurrent operator, it is an
Γ-recurrent C0-semigroup.

Theorem 2.8. If a C0-semigroup (Tt)t≥0 contains an Γ-recurrent operator,
then it is a Γ-recurrent C0-semigroup.

Proof. Assume Ts is an Γ-recurrent operator for some s > 0. Let U be a
nonempty open subset of X. Hence, there exist 0 6= λ ∈ Γ and n ∈ N such
that λTns (U)∩U 6= φ. By properties of a C0-semigroup, Tns = Tsn. Therefore,

λTsn(U) ∩ U 6= φ.

This means (Tt)t≥0 is Γ-recurrent. �

Now it is natural to ask does the converse of Theorem 2.8 hold?
This section ends by stating two equivalent conditions for Γ-recurrent.
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Theorem 2.9. Assume (Tt)t≥0 is a C0-semigroup on X. Then the following
are equivalent.

(1) (Tt)t≥0 is Γ-recurrent.
(2) There exists a sequence (kn) of positive integers which for any x ∈ X,

and there exists (tkn) ⊆ Γ and (xkn) ⊆ X such that

xkn → x and λknTtkn (xkn)→ x.

(3) For any W -neighborhood of zero and any x ∈ X, there exist z ∈ X,
λ ∈ Γ and t > 0 such that

z − x ∈W and λTtz − x ∈W.

Proof. (1)⇒ (2). Suppose x ∈ X. Then Un = B(x, 1n) for all positive integer n
is an open set. So, there exist kn ∈ N and λkn ∈ Γ such that (λknUn)∩Un 6= φ.

Let xkn ∈ Un such that λknxkn ∈ Un. Therefore,

‖xkn − x‖ <
1

n
and ‖λknxkn − x‖ <

1

n
.

Hence, xkn → x and λknxkn → x.

(2)⇒ (3). Let W be a neighborhood of zero and let x ∈ X. So, there exists
n ∈ N such that B(0, 1n) ⊆W . By hypothesis, xkn → x and λknTtkn (xkn)→ x.

Hence, m ∈ N can be found such that ‖xkm−x‖ < 1
n and ‖λkmTtkm (xkm)−x‖ <

1
n . Therefore, xkm − x ∈W and λkmTtkm (xkm)− x ∈W .

(3) ⇒ (1). Let U be a nonempty open subset of X and let x ∈ U . There
exists ε > 0 such that B(x, ε) ⊆ U . Assume Wn = B(0, 1n). By hypothesis,
for any n ∈ N, there exist kn ∈ N, 0 6= λkn ∈ Γ, and zn ∈ X such that

‖λknTtkn (zn)− x‖ < 1

n
and ‖zn − x‖ <

1

n
.

Suppose n ∈ N is such that 1
n < ε. Hence, zn ∈ U and λknTtkn (zn) ∈ U . So,

λknTtkn (U) ∩ U 6= φ. �

3. Γ-recurrent vectors

This section begins with the definition of the Γ-recurrent vectors.

Definition 3.1. A vector x ∈ X is a Γ-recurrent vector for (Tt)t≥0, if a strictly
increasing sequence (tk) of positive real numbers and a sequence (λtk) ⊆ Γ exist
such that λtk 6= 0 and λtkTtkx→ x. We signify the set of Γ-recurrent vectors
of (Tt)t≥0 by ΓRec(Tt)t≥0.

In accordance with Definition 3.1, the next theorem approves an equivalent
condition for Γ-recurrent.
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Theorem 3.2. Assume (Tt)t≥0 is a C0-semigroup on X. If ΓRec(Tt)t≥0 = X,
then (Tt)t≥0 is Γ-recurrent. The converse is true when Γ is closed under
multiplication.

Proof. Suppose ΓRec(Tt)t≥0 = X. Assume U is a nonempty open subset of
X. By hypothesis, there exists x ∈ U ∩ ΓRec(Tt)t≥0. Therefore, x ∈ U and
x ∈ ΓRec(Tt)t≥0. Hence, there exists a strictly increasing sequence (tk) of
positive real numbers and a sequence (λtk) ⊆ Γ such that λtk 6= 0 and

λtkTtkx→ x. (3.1)

Remember that U is open and x ∈ U . So, there exists ε > 0 such that

B(x, ε) ⊆ U. (3.2)

By (3.1), there exists tk0 such that

‖λtk0Ttk0x− x‖ < ε.

Therefore, λtk0Ttk0x ∈ B(x, ε). Then, λtk0Ttk0x ∈ U by (3.2). Hence,

λtk0Ttk0 (U) ∩ U 6= φ.

This means (Tt)t≥0 is Γ-recurrent.
Now, suppose (Tt)t≥0 is a Γ-recurrent C0-semigroup and assume Γ is closed

under multiplication. Let x0 ∈ X. Consider U0 = B(x0, ε). By Γ-recurrency
of (Tt)t≥0, there exist λ0 ∈ Γ and t0 > 0 such that (λ0U0) ∩ T−1t0

(U0) 6= φ or

equivalently U0 ∩ λ0−1T−1t0
(U0) 6= φ.

Suppose x1 ∈ U0 ∩ (λ0
−1T−1t0

(U0)). Consider U1 = B(x1, ε1) such that

ε1 <
1
2 and

U1 = B(x1, ε1) ⊆ U0 ∩ (λ0
−1T−1t0

(U0)). (3.3)

Another by Γ-recurrency of (Tt)t≥0 there exist λ1 ∈ Γ and t1 > t0 such that

U1 ∩ λ1−1T−1t1
(U1) 6= φ.

Now, suppose x2 ∈ U1 ∩ λ1−1T−1t1
(U1). Consider U2 = B(x2, ε2) such that

ε2 <
1
22

and

U2 = B(x2, ε2) ⊆ U1 ∩ (λ1
−1T−1t1

(U1)). (3.4)

Inductively, we can consider Un = B(xn, εn) such that εn <
1
2n and

Un = B(xn, εn) ⊆ Un−1 ∩ (λn−1
−1T−1tn−1

(Un−1)). (3.5)

Hence, by (3.5),

Un ⊆ Un−1 and Un ⊆ λn−1−1T−1tn−1
(Un−1).
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Consequently,

Un ⊆ Un−1 and λn−1Ttn−1Un ⊆ Un−1. (3.6)

By Cantor theorem and (3.6), there exists z ∈ X such that ∩∞n=1Un = {z}.
Hence,

λn−1Ttn−1z → z.

This means that z is a Γ-recurrent vector. �

In the following, some statements are proved, which show that once a C0-
semigroup has a Γ-recurrent vector, it has, except zero, an invariant subspace
of them.

Theorem 3.3. If x is a Γ-recurrent vector for (Tt)t≥0, then λx is a Γ-recurrent
vector for it for any λ ∈ C with λ 6= 0.

Proof. Suppose x is a Γ-recurrent vector for (Tt)t≥0. Then, a strictly increasing
sequence (tk) and (λtk) ⊆ Γ exist so that λtk 6= 0 and

λtkTtkxp → x. (3.7)

Now, let λ ∈ C and λ 6= 0. Hence, λtkTtk(λx) = λλtkTtkx. By (3.7),

λλtkTtkx → λx.

So, λx is a Γ-recurrent vector for (Tt)t≥0. �

Theorem 3.4. If x is a Γ-recurrent vector for (Tt)t≥0, then Tms x is a Γ-
recurrent vector for it for any s > 0 and m ∈ N.

Proof. Suppose x is a Γ-recurrent vector for (Tt)t≥0. Then, there exists a
strictly increasing sequence (tk) and (λtk) ⊆ Γ such that λtk 6= 0 and

λtkTtkx → x. (3.8)

Assume m ∈ N and s > 0. Then λtkTtk(Tms x) = Tms (λtkTtkx) by definition of
a C0-semigroup. Also, from (3.8) and continuity of Tms it is concluded that

Tms (λtkTtkx) → Tms (x).

Hence, Tms x is an Γ- recurrent vector for (Tt)t≥0. �

Theorem 3.3 and Theorem 3.4 give the following corollaries.

Corollary 3.5. If x is an Γ-recurrent vector for (Tt)t≥0, then p(Ts)x is a Γ-
recurrent vector for (Tt)t≥0 for any s > 0, where p(T ) is a nonzero polynomial.

Corollary 3.6. While (Tt)t≥0 has an Γ-recurrent vector, it has an invariant
subspace of them except zero.
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4. Some examples

This section presents some examples of Γ-recurrent C0-semigroups. Some
of them, lead to new results. The first example is offered by using Theorem
3.2 as follows.

Example 4.1. Consider C0-semigroup (Tt)t≥0 on X that is defined with Tt =
e2πtiI. Hence, for any x ∈ C,

Ttx = e2πtiI(x) = (cos 2πt+ i sin 2πt)x.

Suppose tk := k. Then,

Ttkx = (cos 2πk + i sin 2πk)x = x.

Hence, Ttkx→ x. Suppose Γ ⊆ C is a set such that 1 ∈ Γ. So, any x ∈ C with
x 6= 0 is a Γ-recurrent vector for (Tt)t≥0. Therefore, (Tt)t≥0 is Γ-recurrent.

In the following, we construct a non-supercyclic Γ-recurrent C0-semigroup.

Example 4.2. Assume (Tt)t≥0 is a C0-semigroup on X so that Tt0 = I for
some to > 0. Then, as proved in [18, Lemma 2.4], (Tt)t≥0 is not supercyclic.
Suppose Γ ⊆ C is a set such that 1 ∈ Γ. Then (Tt)t≥0 is Γ-recurrent since for
any nonempty open set U of X, Tt0(U) ∩ U 6= φ.

The following theorem, helps us to construct examples of Γ-recurrent C0-
semigroups.

Theorem 4.3. If (Tt ⊕ St)t≥0 is a Γ-recurrent C0-semigroup on X ⊕ Y , then
(Tt)t≥0 is Γ-recurrent on X, and (St)t≥0 is Γ-recurrent on Y .

Proof. Let U ⊕V be a nonempty subset of X⊕Y . Then there exist 0 6= λ ∈ Γ
and t0 > 0 such that

λ(Tt0 ⊕ St0)(U ⊕ V ) ∩ (U ⊕ V ) 6= φ.

Hence, λTt0U ∩U 6= φ and λSt0V ∩ V 6= φ. Therefore, (Tt)t≥0 and (St)t≥0 are
Γ-recurrent. �

Example 4.4. Let X be a Banach space on real line R. Suppose (Tt)t≥0 is a
hypercyclic C0-semigroup on X. Assume At ∈ L(R2), is an operator with the

matrix

(
cos t sin t
− sin t cos t

)
for t ≥ 0. Then (At ⊕ Tt)t≥0 is supercyclic on R2 ⊕X

[18, Example B]. Hence, (At ⊕ Tt)t≥0 is Γ-recurrent on R2 ⊕X, where Γ = C.
Especially, (At)t≥0 is a Γ-recurrent C0-semigroup on R2 by Theorem 4.3.

Example 4.4 presents a Γ-recurrent C0-semigroup on a finite-dimensional
space. So, the following result can be stated.
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Corollary 4.5. Γ-recurrent C0-semigroups exist on finite-dimensional spaces.
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