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1. INTRODUCTION AND PRELIMINARY

Fixed point theory has captivated numerous researchers since 1922, primar-
ily due to the renowned Banach contraction principle (BCP) [9]. The subject
boasts an extensive body of literature and continues to thrive as a highly
dynamic and vibrant area of research in the present era.

Fixed point theorems are well established principles that address the ex-
istence and properties of fixed points. For instance, Karapinar et al. [19]
introduced the notion of Proinov-#b-contraction mapping and explored its
implications within b-metric spaces, which are recognized as a particularly
fascinating abstract framework. In reference [5], the authors offered a detailed
definition of cone metric spaces through the lens of neutrosophic theory, sub-
sequently deriving various results associated with fixed points. The authors in
[23] presented findings related to fixed point theory within the context of fuzzy
b-metric spaces, along with several applications. In [2], the focus was on fixed
point theory concerning modified w-distance mappings in relation to quasi
metric spaces. The studies in [25, 28] investigated the approximation of fixed
points for specific mappings and provided applications in integral equations.
Additionally, references [1, 3, 4, 20, 24, 26, 27] examined fixed point theory
within the framework of Gj-metric and G-metric spaces. Also, in [30, 31] and
references therein one can find a novel work on fixed point theory in various
distance spaces.

These theorems hold significant value as they serve as crucial tools in es-
tablishing the existence and uniqueness of solutions for diverse mathematical
models. These models encompass a wide range of phenomena encountered
in various fields, including but not limited to steady-state temperature dis-
tribution, neutron transport theory, chemical equations, economic theories,
and fluid flow. Theorems of this nature find application in differential equa-
tions, integral and partial differential equations, variational inequalities, nu-
merical analysis, and real analysis, among others [6, 15, 17]. Indeed, it can
be found in many applications formulated in terms of ordinary differential
equations, partial differential equations, fractional differential equations, etc
[12, 13, 14, 21, 22]. The concept of b-metric space has facilitated the adapta-
tion and extension of Banach’s principle in multiple directions, as evidenced
by the works cited in [8, 10, 11, 16, 29] and the references included therein. In
this manuscript, we commence by presenting the elegant class of Py-functions,
which serves as the foundation for our formulation of novel contractions. Fol-
lowing this, we establish the existence and uniqueness of fixed point associated
with these contractions. Subsequently, we derive a series of fixed point results
that are grounded in our principal findings.
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Kannan’s Theorem [18], a well-known generalization of BCP, was famously
demonstrated by Kannan to show that every contraction of Kannan-type has
a distinct fixed point in a complete metric space. This theorem is particularly
significant in the realm of analysis as it offers a valuable insight into the concept
of metric completeness.

Theorem 1.1. (Kannan Theorem) Suppose (X, d) is a complete metric space,
and suppose f: X — X and f fulfills the following condition

d(f, fu) < k(d(, fQ) +d(p, fr)),
where 0 < k < % Then f is characterized by having a unique fized point.

The notion of b-metric spaces was proposed by Bakhtin [8] which has became
well known by Czerwik [16].

Definition 1.2. A function d : X x X — [0, 00) is called a b-metric if there
is s € [1, oo) such that d; satisfying:
(d1) dp(2, 1) = 0 if and only if Q = p,
(d2) db(Q’ M) = db(:ua Q)v VQ,peX,
(dB) db(Q’ M) < S[db(Qv Z) + db(zv H)]v VQuzelX.
(X,

The pair dp, s) is called a b-metric space.

It should be noted that in the case where s equals 1, the triplet (X, dp, s)
forms a metric space. This implies that the properties of a metric space hold
true when s is equal to 1. Henceforth, R™ denotes the set of all nonnegative
real numbers, (X, dp,s) means a b-metric space with base s. If f: X — X
and Qy € X, then the Picard sequence (£2,) generated by f within Qg is
denoted by Pscq(Q0, f); that is, the sequence (€2,) where Q, = fQ,_1, n € N,
also we refer by Fix(f) the set of all fixed points of f in X.

2. MAIN RESULTS

We commence by introducing the subsequent category of function that will
be employed in the subsequent stages of this research.

Definition 2.1. Let P, denotes the set of all continuous functions ¢ : RT x
R+ — RT that satisfies the following condition:

¢(a, b) <2max{a, b} —min{a, b}.

Subsequently, we present several examples pertaining to the class of P,
functions.

Example 2.2. Let o1, 02,03 : RT x Rt — R be defined by
(1> ¥1 (CL, b) = max{a, b}7
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(2) pa(a,b) = |a . bl,
(3) w3(a,b) =«
Then ©1,¥2,P3 S Pcp'

Following is the elucidation of P,-contraction, a concept of utmost signifi-
cance in our result.

Definition 2.3. Suppose f is a self-mapping on (X, dp,s). Then f is said to
be P,-contraction if there is P -map ¢ such that for all 2, 4 € X,

QF p = d(fQ fr) <E[dp(Qp) + @ (dp(2, fQ), do(p, frr))],  (2.1)
where 0 < k < min{z—ls, S%}
Lemma 2.4. Let f be a self-map on (X, dy, s) and let Qo € X such that f is
P,-contraction. Then for the Pseq(Qo, f) if Qk # Qpq1 for each k € N, then
Tgrgo dp (2, Qpy1) = 0.
Proof. For each re N, we have
dy (U, 1) = dy (FQ 1, f)
< k[dp (r-1,92) + @ (db (-1, ) , dp (R, 2r41))]
<k[dy(Q—1,) 4+ 2max {dy (—1,2) ,dp (0, Qry1)}
—min{dp (Qr—1,) ,dp (2, Q1) } ] -

Case 1: If max {dp (2,-1,2),dp (%, Qri1)} = dp (21,8, then

3k
dy (2, Q, N ().
b ( +1)<1+k:b( 1,$)

Case 2: If max {dp (Q2,-1,2),dp (U, Vri1)} = dp (2, 2741), then

db (Qr7 Qr—i-l) < 2kdb (Qr’ Qr—i—l) < db (QT7 Qr-‘,—l) )
which is a contradiction. So, for each r€ N, we have

3k

1+k

k T

dy (2.9, dy (1. dy (D0, 91) .
(0 0r) < T @1, 0) < (g ) o (0, 90)
Hence,

lim dp (2, Qyi1) = 0.

7—00

g

Lemma 2.5. Let f be a self-map on (X, dy,s) such that f is P,-contraction
and let Qo € X. Then Pseq(Qo, f) is a Cauchy sequence.
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Proof. Let m > r. Then
dy(Qr, Un) < 8[dp(Qry Ury1) + dp(Qrt1, Q)]

s[dp(2r, Qri1) + 8(dp(Qr 11, Qnt1) + dp(Qmt1, D))
= sdy(Q, Yi1) + 5°dp (g1, Yns1) + 5°dy(Qny 1, Um)
< sdy(Qr, Ui1) + 82k [dp(Qr, )

+ ‘P(db(Qm Qry1), dp (i, Qm+1))] + Szdb(Qm+17 Q)
< sdy(Qr, 1) + 82K [dp(Qry, Q) + 2dp (2, Qi 1)

— dp (s V1)) + 52 (g1, Vrm)
= sdy(Qy, Vpy1) + 57 kdy(Qy, ) + 252 kdy(Qr, Qg1

— 8%kdp(Qn, Unt1) + 52 dy(Qnr1, Un).-

VARVA

So, we have
(1 — $%E)dy (2, Q) < (5 + 25%K)dy(Qr, Qg 1) + (52 — 5%K)dp (s Yns1).
Hence by taking the limit as m,r — oo, we get

Hm  dy(Q, ) =0,

m,n—00

and so, (£2,) is a Cauchy sequence. O

Theorem 2.6. Suppose that (X, dy,s) is complete and f: X — X is a P,-
contraction. Then Fix(f) is characterized by having a unique element.

Proof. Starting from Qg € X, we construct Pseq(€o, f). Hence, Lemma 2.5 en-
sures that Pseq(£0, f) is Cauchy so, it is convergent in X. Say lim, . (£2,) = w.
We claim that fw = w as follows:

dy (g1, fw) = dp (f, fo)
< k[dy (2, @) + ¢ (dp(w, fw), dp (2, 2r11))]
< kldy (0, @) + 2max {dy(w, f@), dp (7, ry1) }
—min {dy(w@, fw),dp (Qr, Qrt1)}H.

So,
lim sup dy (41, f) < 2kdy(z, fo).

r—00
Now,
dy(w, fw) < sldy(w, Q1) + dy (Qrg1, fw)].

Taking lim sup to both sides whenever r — oo, we get
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db(wafw) < S(O+2kdb(w7 fw))
= 2skdy(w, fw).
Hence, (1—2sk)dy(w, fw) < 0, and therefore dy(w, fww) = 0, that is, w = fw.
Now, to complete the proof, let v € X such that fv =v. Then
dy(w,v) = dp(fw@, fv)
< k[dy(w,v) + ¢ (dp(w, fw), dp(v, fv))]
= kdp(w,v).

Hence, (1 —k)dy(w,v) < 0, which is a contradiction, and therefore, w =
v. O

According to Theorem 2.6 and the inherent nature of the class of P, func-
tions, we are bestowed with a plethora of ensuing outcomes.

Corollary 2.7. Suppose (X, dy,s) is complete and f : X — X fulfills the
following condition:
Q#p = &(fQ fu) <k(dp(Q p) +1dp(2, fQ) — dp(p, f1)])
11

where 0 < k < min {%, 3—2} Then Fix(f) is characterized by having a unique
element.

Corollary 2.8. Suppose (X, dy,s) is complete and f : X — X fulfills the
following condition:

QFp = dp(fQ fu) <k(dp(2,p) + max {dp(Q, fQ), dy(p, f11)})

where 0 < k < min {2%, S%} Then Fix(f) is characterized by having a unique
element.

Corollary 2.9. Suppose (X, dp,s) is complete and f : X — X fulfills the
following condition:

QFp = d(fQ fu) <k (db(Q,u) PRUIUNAY) ;‘db(/ia fu)> |

where 0 < k < min {%, S%} Then Fix(f) is characterized by having a unique

element.
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Corollary 2.10. Suppose (X,dyp,s) is complete and f : X — X fulfills the
following condition:

0%u ZﬁcMﬂlfm<k<%@»o+amM&MQJQ%%WJm}

— min {dp(Q, fQ), dp(p, f1)} ) )

where 1 < a <2, 0<k< min{f{g,s%}. Then Fix(f) is characterized by
having a unique.

3. EXAMPLES

In this section, we present several examples to demonstrate the practicality
and to elucidate our primary finding.

Example 3.1. The equation
V6Q —sinQ — 6 =0 (3.1)
has a unique solution in [0, F].

In fact, it is clear that the solution of Equation (3.1) is the fixed point of
the self-map f on X = [0, 7] which defined by fQ =1+ % sin Q2. Now, define
dp: X x X — 00 by dy(Q, 1) = (Q — p)?, also, define ¢ : RT x Rt — RT by
v(a,b) = ‘%"b. Then, clearly (X, dp,2) is a complete b-metric space, and also,
¢ € P,. Moreover for 2, u € X with Q # p, we have

dp( Q) =(LsinQ— Lsi ?
b(F ) = (Lesin@ — Lsing

= +(sinQ — sin p)?

IN

§(Q—p)?

1 Q—1—&sinQ)?+ (u—1— 5sinp)?
< = (Q _ /.l)Q + ( 10 ) (/’L 10 /"L)

6 2
Hence, f in a P, contraction, and so, Theorem 2.6 ensures that f has a unique
fixed point.

Example 3.2. Define X as the set of all n X n matrices over the complex
numbers, denoted as M, (C), and examine the spectral norm ||.|| : X — [0, c0),
also referred to as ||S|| = s1, where s; is the greatest singular value of the
matrix S.
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It is evident that (X, ||.||) forms a Banach space due to the fact that X is

a norm space with finite dimensionality.
N

Let Q, Ai, B; € X for i € {1, 2, ..., N} be such that » ||A||||Bi| <1,

define dj, : X x X — [0, o0) by dyp(S, T) = ||S — T, also, define p : RT x
RT — Rt by ¢(a, b) = max {a, b}. Then the function f: X — X defined by
N

1
f(S)=Q+ 1 Z (A;SB;) has a unique fixed point in X.
i=1
In fact, it is Clear that (X, dp, 1) is a complete b-metric space, and also,
¢ € P,. Moreover for S, T'€ X with S # T, we have

dyp (F(S), f(T)) = lF(S) = F(T)]
1 1
~oriyusm e arn
=1

=1

N
(AiSBi) = > (ATB;)

i=1

Il
A~
.MZ

@
I
—

(A;SB; — A,TB))

I
g
.MZ

s
Il
—

Ai(S—-T)B;

1
e~ =
WE

1

|Ai(S —T)Bi|

»M»—ﬂ
MZTE

Il
—

7

<2 NAIS =TI Bl
=1

| =

1
= lIs-T] > 14 13
=1

1
<=|§-T
<715 -7]

N
S—Q-) (AiSB)
l;l
T-Q-) (ATB)

i=1

<[ 15~ 711+ max {

j]
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Hence, f is a P,-contraction, and so, Theorem 2.6 ensures that f has a unique
fixed point.

4. FIXED POINT FOR P,-KANNAN CONTRACTIONS

Definition 4.1. On (X, dp,s), amap f: X — X is said to be a P,-Kannan
contraction if there is P ,-map ¢ such that for all z, y € X,

Q#p = d(fQ, fu) <kldp(Q, fQ) + ¢ (dp(Q, fQ), dp(p, f12))]
where 0 < k < 2—18

Lemma 4.2. Suppose f is a self-map on (X, dy, s) and let Qy € X such that f
is Py-Kannan contraction. Then for Pseq(Qo, f) if Qi # Qpy1 for each k € N,
then lim, o dp (27, Qr41) = 0.

Proof. For each re N,

dp (U, Qri1) = dp (fQr—1, fQr)
< kldy (Qr—1,Q) + @ (do (-1, ), dp (2, Q1))
< k[ dy (@1, Q)+ 2max {dy (1, 2) , dy (O, Qi1)}
—min {dp (1,2, dp (U, Q1) } ]
Case 1: If max {dy (—-1,2) ,dp (U, 1)} = dp (-1, ;) then

k
dy (1.9,
1+k:”( 1<)

Case 2: If max{dy (2,-1,2),dp (U, Qri1)} = dp (2, 2p11), then

db (Qra Qr+1) <

dy (Qr7 QrJrl) < 2kd, (Qr7 QrJrl) < dy (Qrv Qr+1) )

which is a contradiction. So, for each r€ N, we have

3k
1+k

3k
1+k

dy (2, Qp1) < dp (r—1,8) < ( ) dy (Qo,821) .

Hence,
lim dy (2, Qr41) = 0.

r—00

O

Lemma 4.3. Let f be a self-map on (X,dy,s) such that f is P,-Kannan
contraction and let Qo € X. Then Pseq(Qo, f) is a Cauchy sequence.
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Proof. Let m > r. Then

dp(Qr, Q) < 5dp(Qr, Q1) + 8°dp(Qri1, Vnyr) + 5°dp (g1, Dim)
< sdb(ﬂr, Qrt1) [db(Qr, Qrt1) + o(dp(Qr, Qpp1),
dp(Qm, Qm+1))] + 87dp(Qm1, )
< sdp(Qr, Qry1) + 5 k[db(Qm Qr1) + 2dp(Qr, Q1)
— dp(Qm, Ynt1)] + 8 db(Qm+1, Q).

+
+

Hence by taking the limit as m,r — oo, we get lim dy(92,,Q2y,) = 0, and

m,n—oo
so, (€2,) is a Cauchy sequence.

Theorem 4.4. Suppose that (X, dy,s) is complete and f is a self-mapping
on X such that f is a Py-Kannan contraction. Then Fix(f) is characterized

by having a unique element.

Proof. Starting from Qg € X, we construct Pse4(€Qo, f). Hence, Lemma 4.3
ensures that Pseq(Qo, f) is Cauchy so, it is convergent in X. Say lim Q, = w.
r—r00

We claim that fw = w as follows:
dy (Qry1, foo) = dy (fQr, f)
< kldp (Qr, Q1) + @ (dp(w, f), dp (U, Qr41))]
< kl[dp (27, Q1) + 2max {dp(w, fw), dp (L, Qr11) }
—min {dy(ew, fw),dy (L, Lry1)}]

So,
limsup dy (41, fo) < 2kdy(u, o).

r—00

Now,

dy(w, fw) < sldy(w, Qry1) +dp (g1, fo)].

Taking lim sup to both sides whenever r — oo, we get

dy(w, frw) < s(0+ 2kdy(w, fw))
= 2skdy(w, fw).

Hence, (1 — 2sk)dp(w, fw) < 0, and therefore dy(w, fw) =0 so, w = fw.
Now, let v € X such that fv = v, then if @w # v we have



Some results on fixed points in b-metric spaces 261

db(w> U) = db(fwa fU)
< k [db(w7 fw) + 2 (db(wa fw)a db(”? fi)))]
= 0.

Therefore, w = v. This completes the proof. O

By establishing the function ¢ : Rt x Rt — R* by ¢(a,b) = b and applying
Theorem 4.4, we are able to obtain the subsequent result.

Remark 4.5. Theorem 1.1 is a consequence result of Theorem 4.4.

5. CONCLUSION

We have unveiled the P, function category, which we utilized to present a
novel array of fixed point results within the realm of b-metric spaces specif-
ically for contractions. In addition, we have offered a variety of examples to
clarify our main findings. The results we have achieved expand the horizons
of contraction mappings, including the Kannan contraction, within a more
encompassing framework. This class of functions can be employed in alterna-
tive contexts of distance spaces to create diverse forms of contractions and to
demonstrate novel fixed point theorems.
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