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Abstract. The objective of this study is to explore a new class of the Caputo-Hadamard frac-
tional Volterra Fredholm integro-differential equation (Caputo-Hadamard fractional-VFIDE).
The main contributions include establishing and deriving sufficient conditions for the exis-
tence, and uniqueness of solutions for the proposed VFIDE-based Caputo-Hadamard. The
study employs the Banach contraction mapping principle and the Krasnoselskii’s alternative
to ensure the well-posedness of the system and presents a detailed mathematical analysis to
discuss the approximate solution of the proposed problem by using the modified Adomian
decomposition method (ADM). To enhance the comprehension of the findings, concrete ex-
ample is provided to showcase the versatility and practical applicability of the VFIDE-based
Caputo-Hadamard, highlighting the novelty and potential impact of this research.

1. INTRODUCTION

In recent decades, fractional calculus has emerged as a key idea in many
areas of mathematica. Fractional order differential equations have been used
more often by researchers to obtain important insights in a variety of domains,
including control theory, electrodynamics, fluid mechanics, dispersion, and
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porous media, (for further details, refer [11, 17, 18, 20, 23, 24, 29]). The study
of the asymptotic behavior of solutions of the fractional integro-differential

equation has been investigated by many researchers, see e.g. [2, 6, 7, 8, 9, 16,
21, 26, 27, 31].

The author of [1], considered the following Caputo fractional VFIDE,

{ C©g+%(5) = ((8) + p1#(s) + pax(s), s € U =10,1],

where 0 < 9 < 1, C@% is Caputo fractional derivative of order 9, ( : U — R,
£ C(U,R) = R, J1, J2 : U x U — R are continuous functions and x1, x2 :
R — R, i = 1,2 are Lipschitz continuous functions. To keep our analysis
simple, we’ll employ the following notations:

prie(s) = /0 " Ta(s, 6)xa (52(6))dd
and

1
po(s) i= [ Talo.8)xa(x(6)) .

Based on the justification provided, in order to evaluate and investigate
the existence and uniqueness of the solution, Krasnoselskii and Banach’s fixed
point theorems (FPTs) were used. Our motivation stems from the arguments
presented, which encourage us to assess and look into the prerequisites for
the solution of the Caputo-Hadamard VFIDE using the modified Adomian
decomposition method (MADM).

CH©2+%(5) = C(ﬁ) + 91%(5) + 92%(5)7 5 6 U = []‘7T}7 (1 1)
where 0 < 9 < 1, ¢H @3+ is Caputo-Hadamard type fractional derivative of
order 9, ( : U - R, £ : C(U,R) - R, J1, Jo : U x U — R are continuous

functions and x1,x2 : R — R, ¢ = 1,2 are Lipschitz continuous functions.
Briefly, we set up

puete) = [ " Ti(s, ) (4(6))d6
and

1
po(s) i= [ Talo.8)xalx(8)) .

Furthermore, Adomian [3] introduced the Adomian decomposition method
and other numerical methods for solving this kind of equation. For more
information, click here. [10, 12, 13, 14, 32]. The ADM offers both style and
user-friendly functionality. The approach is presented as a sequence in which
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each term can be readily computed using Adomian polynomials tailored to
the nonlinear terms see [3, 4, 5, 15, 22, 25].

Wazwaz in [30] made a small but effective change to ADM to accelerate the
series solution’s convergence. Inc, Ergut, and Cherruault (2005) established
an effective method for applying the ADM correctly for single boundary value
problems (BVPs) and presented a broad framework dealing with the singular
BVPs. It has been demonstrated that the decomposition approach offers a
recursive procedure to construct the explicit solutions for a large range of
non-linear equations, which is a major advantage in most circumstances. For
example, when utilizing the MADM approach, we make reference to [19].

The rest of this essay is structured as follows: A review of the notations,
definitions, and pertinent lemmas used in fractional calculus that are crucial
to our study is given in Section 2. In Section 3 is the core of the work, where
the authors utilize the Banach contraction mapping principle and Krasnosel-
skii alternative to establish sufficient conditions guaranteeing the uniqueness,
existence solutions for the main problem (1.1). In Section 4, study the MADM
and establish the convergence of the series built by the MADM to the exact
solution of our problem (1.1). In Section 5, we provide a numerical illustration.

2. AUXILIARY RESULTS

Below, we begin with some basic definitions and lemmas.

Definition 2.1. ([20]) Let 0 > 0 and s € L'([0,T],R). The left-sided frac-
tional integral of Hadamard of order 0 is given by

HIO e) = oy Jon$)2120ds, 9> 0
“ »#(s), 0=0

provided the right-hand side exists and I' is the Euler’s Gamma function.

Definition 2.2. ([20]) Let 0 > 0, » € AC™([0,T],R). The definition of
Caputo fractional derivative of order 0 given by

n—1 (k)
» (0)5k

DY, x(s) = D9, i

x(s) —

, se[1,T], (2.1)

k=0
where n = [9] + 1, 9] is the integer part of & and DY, is define by

olate) = (1) Tl

_ (jﬁ)n r(nl—a) /:(5 )05 do,

which is the sense of the Riemann-Liouville fractional derivative of order 0.
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Definition 2.3. ([20]) Let 0 > 0, »c € AC™([0,T],R). The Hadamard frac-
tional derivative of order 9 is given by

HO _ 1 n/5 5 \n—0-1 %(5) <
’Dﬁ%(ﬁ)—ir(n_a)n ) (ln(s) 5 ——df, a <s,

that is,
190, 5e(s) = " ("Ty 4(s) )
where 7" = (5(%)”, n = —[-0d].
Definition 2.4. ([20]) Let 9 > 0, »x € AC™([0,T],R). The definition of
Caputo-Hadamard fractional derivative of order 0 is given by

L B0), s

e) = 3 i 2

k=0

CHDI, 5(s) = HDY, , se1,T],

where n = [9] + 1, and D9, is the Hadamard fractional derivative of order

0.

Lemma 2.5. ([20]) If 0,8 > 0, then

o B ['(B) P
A0 6f~1 W(ln 2yo+8-1 (2.2)

Our theorems now focus on the existence and uniqueness of solutions for
problem (1.1). They rely on Banach’s FPT [28] and Krasnoselskii’s FPT [28].

3. MAIN RESULTS
For fulfillment the main results, we shall pose the following hypotheses.

(A1): Let x1(2¢(s)), x2(5¢(s)) be continuous functions and there exist
constants ¢, > 0 such that

‘Xi(%l(s)) - Xi(%g(ﬁ))‘ < 0Xi ’%1 - %2| , 1=1,2, V1,500 €R.

(A2): The kernels Ji(s,0) and Ji(s,d) are continuous on U x U, and
there exist two constants J;* > 0 in U x U such that

T —sup/ | Ti(s,0)]dd < o0, i =1,2.

s€0

(A3): The function ¢ : U — R is continuous on U.

(Ay): €: C(G,R) — R is continuous on C'(U) and there exist constant
0 < 0¢ <1 such that

[€(a1(s)) = E(522(9))| < ¢ [sa1 — 52|, V1,500 € C(G,R), 5 € O,



Volterra Fredholm integro-differential equation via Caputo-Hadamard type 303

Lemma 3.1. The function » € C(U,R) is a solution of the problem (1.1) if
and only if s is a solution of the integral equation

#(s) = %OJF'S(%)JFF(la)/S(lni)a_l?)du

1 [° _,, s Y
+F(8)/a u 1(lna)8 1{/0 Ji(u, a)x1(s(a))da

—i—/ol Jo(u, a)xg(%(a))da} du.

Proof. The problem stated in equation (1.1) is considered equivalent to the
integral equation, as stated in this lemma. So, to avoid boring replication, the
proof of this lemma is omitted, as it mirrors certain conventional arguments
found in existing literature. O

3.1. Existence result. Firstly, we will discuss the existence of the solution
of (1.1) by using Krasnoselkii’s FPT [28].

Theorem 3.2. Suppose (A1) — (A4) hold. Then the problem (1.1) has at least
one solution on U If

— Z?:l QXi\Ti* Z 4]
Ay = <9€+r(a+1) ()" ) <1. (3.1)

Proof. Let C(U,R) be a space of continuous functions s on U with the usual
norm defined by

154/ o = sup |5«(s)] .
s€0

Take the ball
Q, = {x € C(O,R) : ||, <7} C C(U.R). (3:2)
Obviously, Q2 is nonempty convex closed subset of C'(U,R). Choose vy such

that v > 1f/2\1, where A1 < 1,

Ag = po +

2 *
B+ iy P T 1 T)a

o+ g (3:3)

for puc = supseio ) [C(8)[ 5 po = |50| + pe, pe = [£(0)], py, == [x1(0)] and
fixo = |x2(0)] .

The equivalent fractional integral equation to the given problem (1.1) can
be written as follows based on Lemma 3.1

="+ YTox, x€Q,C C(U,R), (3.4)
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where T; and Ty are two operators defined on (1, by

(T)(6) = 1 [ w2 ([ A apatoaa

+ /01 Jo(u, a)m(z(a))da) du
and

(Ya3)(5) = 300 + £(3¢) + r(la) /s(m j)a—lci“)du.

We split the proof into the following steps:

Step 1: We prove that, T1sc + Taov € (), for each s, v € 1,.
Via (A1) and for any s, v € €2, we have

IXi((8) < [xi(54(8)) = xi(0)] + [xi(0)]
< Oy, |7l o + [xi(0)]
< Oy, + iy, foralli=1,2,
and
€ (v(s))] < [€(v(s)) — £(0)] +[£(0)]
< ¢ [|v] o +1£(0)]
< Oy + e
Let s, v € Q.. Then
[(T139)(s) + (Tov)(s)]
1

< o ([ 19wl oG da

- 2t )] o o) d

ol + IO+ g [ 07 00 D o) d

I'(9)
2 *
pe D g O,y + 1) T 5
< o + Oy + = 2 ﬁ((a?l) x) (lng)a,
which implies
| T12¢ + Yovl|

2 * 2 *
p¢ + D i1 P, T > i1 T
< — =1 "Xi%¥1 -
Swot =gy w et Ty )

<Ay + Ay <.
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Consequently, we have
Tise+ Tov € ny.

Step 2: We prove that Y5 is contraction on €2,.
Set s, 2" € Q. It follows from (A4) that

I T2z = Yo"l = sup |Tas(s) — Tax(s)| = sup [£(5(s)) — £(>(5))]
s€0 s€0

< O oe — "]

So, T5 is a contraction mapping, because of ¢ < 1.
Step 3: We prove that, T is completely continuous on (2.

Stage 1: We prove the continuity of Y. Consider {sz,} be a sequence such
that s, — » in C(U,R). So, for s,,» € C(U,R) and for s € U, we get

[(Trsen)(s) — (T13)(s)]

<1 [ty </ 171 (w,0)] [x1 (a(a)) = x1 ((w))] da

+/01 |2 (u, )] [x2(54n () — x2(>(a))| da) du

> 00T} o
<L ==L _ _ .
< 2t )0 o, —

Since s, — 3 as n — 0o, || Y13, — Ty, — 0 as n — co. This proves that
T is continuous on C(U,R).

Stage 2: From Step 1, we observe that

096 < 1 [ w7 D ([ 1w b o] da

[ 19200 e )

Z?:l (foy + MXi) ‘71* 5\9
= T(O+1) ()

a

Thus

[RSE /N~

Z?:I (exﬂ/ + MXi) *71* In T ?
ro+1) ’

which prove the uniform boundedness of (T1).
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Stage 3: We show that (Y1€2,) is equicontinuous. Take s € €2,. Then for
51,89 € U with 51 < s9, we have

[(Y12¢)(s2) — (Y13¢)(s1)]
1 52
:‘F(a)/ <1n81</ 17 (t, )| [x1 (())]| da

/|~72ua!|><2 ())\da)du

i [ ([ 1ol b Gt da

/ 192(0,0)| (o) )

< r(a) </ 1n7 o- 1/ |7 (1, @) |1 (3(a))| dadu
+ /0 u—l](ln%)a_l_on%)a-l‘ /0 7 (u, a)y|><1(%(a))\dadu)

i (w20 [0 o)) dad
A e e e RO T )

which implies

|(T159)(s2) = (Ta32)(s1)] < <9X1vp+(g>xlm* ( / wH(in )P du

51
1 52,9-1 51 3—1‘
In—= — (In — d
—i—/a u ‘(nu) (nu) u>

Oy + tixo) TS /52 1. 82\6-1
In>2
T ) MR

51
—1 1572871_1571871‘(1
[ o 2 - 0 2 ).

which tends to zero as so —s; — 0. So, (Y1) is equicontinuous. The Arzela-
Ascoli theorem indicates that T is relatively compact and thus completely
continuous. According to Krasnoselkii’s FPT [28], the problem (1.1) has at
least one solution in C'(U, R). O




Volterra Fredholm integro-differential equation via Caputo-Hadamard type 307

3.2. Uniqueness result. We give the uniqueness of the solution of the prob-
lem (1.1).

Theorem 3.3. Assume (A1) — (A4) hold. If

S 00T Ty
(95+r(a+1) ()" <1, a<s, (3.5)

then the problem (1.1) has a unique solution on U.

Proof. We transfer the problem (1.1) into a fixed point problem, that is,
»=0x xecC(U,R),
where © : C(U,R) — C(U,R) defined by

(©2)(6) = 5 +€0)+ i [t e

+F(18)/ W) o </ i (1, )1 (5¢(a)da

/lelllXQ ())da)du,sEU.

Let s, »* € C(U,R), then for s € U, we get
|©¢(s5) — Os*(s)|

< [§(5(s)) — £(5¢7(9))]
+ F(18)/a u_l(ln E)a—l / jl(u7 Cl) ’Xl(%(a)) _ X1(%*(a))\ da)du

t i S ([ w0 atota) — xalo 0 i
seguz—%uwr(la)/a Hin )P T6y, e o7
g |0 DT e o
< (04 Tt 00 1 Dy ) e
which implies
05— 05 . ( +Wln<f>a> ¢ = 1

Consequently, given the conditions outlined in (3.5), we can deduce that ©
functions as a contraction operator. Therefore, in accordance with Banach’s
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FPT [28], it possesses a unique fixed point. This leads us to conclude that the
problem stated in 3.5 has a singular solution. O

4. APPROXIMATE SOLUTION

First, we recall the classical ADM where the solution of the proposed prob-
lem is obtained in the form of a series as

%:Z%n (4.1)
n=0

and the nonlinear terms X1, x2 and £ are decomposed as

o) 0o 00
X1 = Z Pn, X2 = ZWTH 5 = an7 (42)
n=0 n=0 n=0

where @, wn, @, are Adomian polynomials for all n € N, and write

= () :i)\”xn:%0+)\%1+)\2%2+--~+)\k%k+-~, (4.3)
n=0
:i)\n@n:Wo—i-)\pl—i—)\zpz-l-'---l-)\kpk‘f‘"'? (4.4)
X2 = Xx2(A) = i)\"wn =wo + Awp + N2wa + -+ Mg + - (4.5)
n=0
E=¢€(N) :i)\"wn = wo+ A + Mo+ -+ N + - - (4.6)
n=0

By utilizing the previous formulas (4.3), (4.4), (4.5) and (4.6), we deduce

that )
— 1 )\'L
©n = 7'1,' d)\n X1 E 7 ’
= —1 - A
“n ol d)\” X2 Z g ’

bl )




Volterra Fredholm integro-differential equation via Caputo-Hadamard type 309

where s, 311, 309, ... are repeatedly specified by
s (s) = 0 + MI2, (((s)),
sy1(s) = wp + M2, (fg Ji(s,0)prdd) (4.7)
+ 110 (fy Pols, Owndd) , k=1,
Here, we use the MADM. Therefore, the scheme (4.7) gives
70(s) = 20 + R1(s),
%1(5) = R2(5) + o + HI(?JF (f; jl(ﬁ, 5)@0(15)
+ 172, ( f3 Tols. S)wodd ) (4.8)
sp1(8) = i + HI2, ([ Ti(s, 6)prdd)
+ 110 (fy Pols, Owndd) , k=1,

Now, we will study the convergence theorem of the solution based on the
MADM.

Theorem 4.1. Assume that (A1) —(A4) and (3.1) are satisfied, if the solution
x(s) =D 72 #i(s) and || x|, < oo is convergent, then it converges to the exact
solution of the problem (1.1).

Proof. We omit the proof because it resembles some works in the literature
[10]. O

Example 4.2. Consider an integro-differential equation with Caputo-Hadamard
fractional derivative

1 3.1 :
L s e+ el

with the nonlocal condition

(0) = £ (3) (1.10)
where
9 = 1 =0, &(ds)) = £(y)
(s) = 2(452 3 L L
V7 \T©) NGREYC)
Ji(s,5) = i(1+576), j2(5,5)_%e5—5
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Then clearly, 0, = 0,, =1, 0 = é

pe: = sup [¢(s)] = [ICll
5€[0,1]
2 4@% n % n 63 n e
= —|—=—<+ce¢ oy T Tray
V7 \ T'(6) LT T©®)
= 2.0574,

. 1 s 1
J' = —sup [ [1+s—6|dd=<
0

4560 8
j* 5 /5 6—5 ds 5 —5/5 5‘d5
= —sup e = —supe e
2 18 sew5 Jo 18 sew 0
) 1
- 2a-2).
18( e)

Hence,

TO+1)

As consequence of Theorem 3.3, the problem (4.9)-(4.10) has a unique solution
on [1,e].

2
> 0. T
A = (95 2 O JE 1n(e)> ~0.22752 < 1.

1
Applying the operator Z3, to both sides of equation (4.9), we get
3
1 1 gt (2 (452 53 5
= (- 73, | == —
#(5) = g+ "I (ﬁ <F(6) +52> T T r(s))
1 1 ] 1 5 1
+ HIf; / (145 —u)s(u)du | + HIf’+ / e 5% (w)du ) .
1/, 18 J,

Suppose
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Now, we apply the modified ADM,
R(s) = Ri(s) + Ra(s),

where
8L(3) 1
) = Zroren
and
_ar(d) 5 I'(4) o T2 i
Ra(s) = W(Q%)(lns) + F(7)F(%)(lns) + @(lns)
The modified recursive relation
8T(2 1
als) = Rufs) = ﬁwé)})@ (ns)t,

18
o) s T o T2 4
_ﬁF(Q%)(lns) + (7)F(%)(1n5) +@(ln5)
+ HI1%+ (i 05(1 +5—u)%o(u)du>
) 1
+ H115+ (158/0 e“ﬁzo(u)du> +5%0(i)
o) s T o T2 4
= e ™" pp 0 ) ()
1 5 8T 5 1
+ 73, (4 i (1 +5_u)ﬁr(6()2r)({§)(lnu)6du)
L5 o 8I(3) 1
+ (18/0 “ e ™Y du)
1 80G) g L
5 At or (D 3
=0,
%2(5) = 0,

311
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Therefore, the obtained solution is
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