Nonlinear Functional Analysis and Applications
Vol. 17, No. 2 (2012), pp. 143-149

http://nfaa.kyungnam.ac.kr/jour-nfaa.htm
Copyright © 2012 Kyungnam University Press

COMMON FIXED POINT THEOREMS FOR
MULTI-VALUED MAPPINGS IN CONE METRIC SPACES

Wengui He! and Meimei Song?

1Department of Mathematics, Tianjin University of Technology
Tianjin, 300384 , China
e-mail: hewenguihappy@126.com

2Department of Mathematics, Tianjin University of Technology
Tianjin, 300384 , China
e-mail: songmeimei@tjut.edu.cn

Abstract. It is proved that the distance between two disjoint closed sets are not equal
to zero where at least one set is bounded in cone metric space. Some common fixed point
theorems for multi-valued mappings are obtained in cone metric space. It is proved that
multi-valued mappings have common fixed point which generalized the C. T. Aage and J.

N. Salunke’s result in cone metric space.

1. INTRODUCTION

In 2007, Huang and Zhang [1] generalized the concept of metric space and
introduced the concept of cone metric space. After that some fixed point
theorems have been given in [2-4]. Many authors also investigated the fixed
points for multi-valued mappings in metric spaces. In [8] Wardowski proved
some results about multi-valued mappings in cone metric space. Furthermore,
Rezapour and Hamlbarani respectively in [5] and [6] used the Hausdroff cone
metric and gave some common fixed point theorems.

Definition 1.1. ([1]) Let E be a real Banach space and P be a subset of E.
Then P is called a cone, if it satisfies following conditions:

(1) P is closed, non-empty and P # {0};

(2) ax + by € P, for all z,y € P and a,b are non-negative real numbers;

(3) Pn(—P) ={0}.
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Given a cone P C E, we define a partial ordering < with respect to P by
x Xy if and only if y —z € P. We say «* < y if and only if y — x € intP.

Definition 1.2. ([1]) Let X be a non-empty set. Suppose that the mapping
d: X x X — F satisfies:

(1) 0 X d(x,y), for all z,y € X and d(x,y) = 0 if and only if z = y;

(2) d(z,y) = d(y,x) for all z,y € X;

(3) d(z,y) < d(x,z) +d(z,y) for all z,y,z € X.

Then d is called a cone on X and (X, d) is called a cone metric space.

Definition 1.3. ([5]) (1) Let X be a cone metric space and B C X. A point
b in B is called an interior point of B, whenever there exists a point ¢, 0 < c,
such that N(b,¢) C B, where

N(b,c) ={y € X : d(y,b) < c}.

(2) A subset A C X is called open, if each element of A is an interior point.
The family = {N(z,c) : ¢ € X,0 < ¢} is a sub-basis for a topology on X.
We denotes this cone topology by 7. which is Hausdrof f and first countable.

Lemma 1.4. ([5]) Let (x,d) be a complete cone metric space, P be a normal
cone constant M =1 and A be a compact set in (x,7.). Then for every x € X,
there exists ag € A such that

= inf .
|d(,ao)| = inf ld(z, )|

Lemma 1.5. ([5]) Let (X, d) be a cone metric space, P be a normal cone with
normal constant M =1 and A, B be two compact sets in (x,7.). Then

sup dl(x, A) < o0,
z€EB

where d (z,A) = infaca ||d(z,a)||, for each x in X.
If A is a single point set, then A = {y}, so d (z,y) = ||d(z, y)]|.

Definition 1.6. ([6]) Let X be a cone metric space, P be a normal cone with
normal constant M = 1. H. denotes all compact sets of (z,7.), A € H.(X).
Define

ha s Ho(X) — [0,00),dpr : Ho(X) x Ho(X) — [0, 00),

ha(B) = sup d (x,B),dr (A, B) = max{h4(B), hg(A)}.
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Lemma 1.7. ([11]) Let (X,d) be a cone metric space, P be a normal cone
with normal constant one and T : X — H.(X). Then

d(z, Ty)|| = | inf d(z,y)|| = inf ||d(z,v)].
(e, To)| = | inf d(a,9)]| = inf lda.y)]

In this paper, we study the problem between two closed sets and the com-
mon fixed points of multi-valued mappings.

2. MAIN RESULTS

Definition 2.1. (X,d) is a cone metric space, A C X. If for any =,y € A,
there exists M > 0 such that ||d(z,y)| < M, then we say A is norm bounded.

Lemma 2.2. If X is a cone metric space, B € H.(X), infyep ||d(z,b)| = 0,
then v € B.

Proof. By infyep ||d(x,b)|| = 0, there exists {b,} C B such that ||d(z,b,)|| < L.
So li_)m d(xz,b,) = 0. Thus b, — = as n — oo. Since B is closed, z € B. [
n—oo

Theorem 2.3. If A,B € H.(X), du(A,B) =0, we have A = B.
Proof.
diu(A,B) = max{hp(A),ha(B)}
= max{ilelg inf |ld(=, b>||’§gg inf [|d(z, a)ll}
= 0.

So

inf ||d(z,b)|| = 0; sup inf ||d =0.
sup Inf [|d(z, b)[| = 0; sup inf fld(z,a)]

Since
ld(z,b)|| > 0(Vx € A,b € B);||d(z,a)|| > 0(Vx € B,a € A),
it follows that
inf |ld(a, b)) = 0; inf [d(z,0)] = 0.

By lemma 2.2, for any € A, we have x € B. So A C B. On the other
hand, B C A. This implies that A = B. O

Theorem 2.4. If X is a cone metric space, A, B € H.(X), then there erists
bo € B such that

ld(ao, bo) || < du (A, B) + €,
for each ag € A and € > 0.
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Proof. For any ag € A, we have dy (A, B) > infycp ||d(ag,b)||. So Ve > 0, we
have dg (A, B) + € > ||d(ag, bo)||- O

Theorem 2.5. Let F and Fy are two disjoint closed sets in cone metric space
and P is a normal cone with normal constant one. Assume that there are at
least one sets norm bounded, then d(Fy, Fy) # 0, where

d(Fl,FQ) = inf{d(a,b),a € Fi,be FQ}

Proof. Without loss of generality, we set F} is a norm bounded set. For any
x € Fy, y € Fy, we have |d(z,y)|| > 0.

At first, we will show that inf{||d(a,b)|,a € F1,b € F3} > 0. Suppose on
the contrary inf{||d(a,b)||,a € F1,b € Fy} = 0. Then there exist {z,,} C F,
{yn} C Fy, such that

1
< —.
”d(fﬂn»yn)” =0

Let E = {zp} U{yn}. Claim that E is a infinite bounded set. In fact, since
F1 is norm bounded, then there exists M7 > 0, such that for any x,,, z,, € F,
we have ||d(zp, xm)|| < M;. Consequently,

1
ld(@n, ym)ll < lld(@n, 2m)ll + d(@m, ym)|| < My + — < My +1,

1 1
Hd(ynaym))n < Hd(xnaym)u + Hd(xmyn)” < M; + E + E < M +2.

Let M = M; + 2. Then for any z,y € E, we have ||d(z,y)|| < M. So E has a
accumulation point zg. let z,, — xo.
Casel. {z,,} contains infinite points {xy, } of {zy}. Let {zp, } C {zp}, zn, —
xg, SO

1d(n, 2ol < [ld(yny, 2 )| + lld(2n,,, zo)|| = 0.
We get {ynk} - {yn} and Yny, — Z0-
Case2. {2y, } contains infinite points {yy, } of {y,}. One can get {x,, } C {z,},
Tn, — Q-

Case3. {zy,} contains infinite points {x,, } of {x,} and infinite points {y,, }

of {yn}-

From the cases we have {z,, } C {z,} and z,, — x9 as n — co. {yn, } C
{yn} and ypn, — zo as n — 00. So x¢ is a accumulation point of F; and Fj,
this is a contradiction. So

inf{||d(a,b)||,a € F1,b € Fa} > 0.

According to Lemma 1.7, we have ||inf{d(a,b),a € Fi,b € F»}|| > 0. So
inf{d(a,b), a € F1,b € Fy} # 0. It follows that d(F}, Fa) # 0. O
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Theorem 2.6. Let X be a complete cone metric space with normal constant
M=1,T,T, : X — H.(X) be two multi-valued maps satisfying the condition

adi(Ti(z), Ta(y)) + Bd (z, Ty(z)) +~vd (y, Ta(y)) < 6d (z,y)

for all x,y € X and o, 8,7 > 0 where 8 < §, v <3, 6 < a+ B+~. Then
T1 and T have common fixzed point. It means there exists x € X such that
z € Ti(z) and x € Tr(z).

Proof. Let g € X, by lemma 1.4, there exists 1 € Tixg satisfying
d (z0, Tyzo) = ||d(0, 1)
We also have x9 € Thxq,
d (z1, Tywy) = |[d(z1, 2)|
By this way, there is a sequence {z,},>1 in X such that
Ton—1 € Thwon—2,T2n € Towon—1.
So
d (x2n—2, T1x2,—2) = ||d(T2n—2, T2n—1)],
d (zan—1, Toron—1) = ||d(x20—1,720)]-
For all n > 1, therefore
[d(z2n+1, z2n) |
= d (von, T1720) < Pyan, o (T1%20) < dpp(Towon—1, Tiz2,)
)
a
Y B
< Slld(@en—1,220) || = —lld(@2nt1, 220 = %Ild(wznq,xm)!\-

/8 / /
< Sld@an-,w20)| = d (220, Trwan) = 2d (@1, Tywza-)

It follows that

(1 4+ D) dansa, w20l < (= Dlld(azn, won 1)

=

7
o

Let hy = S:TZ,, SO

lld(xant1, 2n)|| < halld(z2n, z2n-1)]-

Similarly,

o —
a2zl < 5 o, o)

Let ho = %, consequently, we have

|d(z2n+2, Tant1)|| < ha|ld(z2n41, T2n) |-
So
ld(z2n+2, Tant1)|| < (hoh1)"™|d(w2, 21)]];
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ld(w2n+1, T20) || < (h2h1)"|[d(z1, 20)]-
For m > n, then

ld(22n, zam) ||

< [ld(zans1, zon) | + [ d(@2n42, 22nt1) || + - - + [|d(@2m, 2m—1)]]

< (hoha)™||d(z1, 0)|| + (hoh1)"|[d(z2, 21)[| + (h2ha)™ || (21, zo)|
+ - (haht)™Hd(@1, 20) || + (haha)™ | d(zg, 21) |
(hahy)"

< 2 .

< 1o hzhl(Hd(mﬂfl)H + [|d(21, z0)l])

ld(z2m, z2n)|| — 0 as n — oco. By the same way, we get ||d(z2n+1, Tomt1)|| — 0
and ||d(z2n, Zam+1)]] = 0 as n — oo. It is easy to verify that {z,},>1 is a
Cauchy sequence in X. There exists x* € X such that x,, — z*.

d (¥, Tha*) < dl(%* yToxon—1) + dg(Toxon—1, T1x™)

/ * /8 *
< lld (@ z20)]| + ~lld(@”, 220-1)l]

Y B ! % *
- n—1, n - aT .
a||d(932 1, Z2n) | a||d (2%, Thz™)

So
oo * « *
I Tat) < S o))
g gl
——|ld(2" n— — ——lld(@2n—1,x2,) |-
L [ |

Let n — oo, clearly, dl(a:*, Tyz*) = 0. It implies z* € Tyx*. By the same way,

one can get z* € Tox*. Therefore z* is a common fixed point of 77 and T5.
In[10], 77 and T3 are single-valued mappings, so in this paper we extended

Theorem 2.1 to multi-valued mappings. O
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