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1. INTRODUCTION

During the last decade, fractional differential equations (FDE) have a major
role in many fields of study accomplished by mathematicians, physician, physi-
cists, and engineers. They have used to evolve mathematical modeling, many
physical applications, and engineering disciplines such as higher education in-
formation power method [4], hand foot disease identified method [6], neural
network design [30], medical science [19, 32, 33|, Dynamics analysis of Romeo
and Juliet love affairs [2], Maxwell nanofluid [15], hybrid nanofluid [24], chem-
ical kinetics [13], sensitivity analysis of pine wilt disease [14], chaotic system
[3]. Examine the stability findings for both infected and non-infected equilib-
rium points in relation to HIV (human immunodeficiency virus) infection and
tumor growth model with fractional order [27].

Differential equations of fractional order are a better mathematical tool
for describing certain real systems. Engineering applications in fractional or-
der [23] numerous academics have recently used a variety of fixed point the-
orems to prove some intriguing results regarding the existence of solutions
for FDEs. Next, new primitive differential conditions with various promo-
tions, such as Riemann-Liouville, Caputo, Hadamard, Hilfer-Hadamard, and
Grunwald-Letnikov, will be implemented (see [5, 10, 11, 22]). The nonlinear
problem of FDEs with indispensable limit conditions, which uses Banach’s
constriction standard and Leray Schaefer’s option fixed point hypothesis as
support, is one of the notable models. For impulsive fractional equations with
nonlocal circumstances, Zhang et al. provided the existence and uniqueness
of mild solutions in [31]. In [1], Guida et al. established that a class of impul-
sive Hilfer fractional coupled systems have mild solutions. In a non-compact
semigroup, Hilal et al. [8] investigated whether impulsive fractional integro-
differential equations exist. In [12, 25], Pandiyammal et al. studied existence
of fractional order problem using Atangana Baleanu derivative with depen-
dence on the Lipschitz first derivative.

Motivated by the above mentioned works and Wahash et al [29], this article
examines the existence of solutions for the following impulsive Caputo FDEs
with a class of initial value problems in Banach space.

[ﬁc]“(_;(a = x(a,G(a),G (a,G(a))), acI=10,T)], a# a,
AG,_,, = (Clap), (1)

where, [DC]“C_T‘(a) is the Caputo derivative, x : [ x RxR = R, I; : R = R,
0<pu<1 keNy N, ={1,2,....m}, Gg € R, 0 =ap =a1 < -+ <
A, < amy1 =T, AG‘a:ak = G(a)) — G(a;,), G(a}) = limy, o+ G(ay, +h) and
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G(a;) = li_mh_m: G(ay —i:ft), R), x(a, G(a), C_r'/(a, G(a))) = 0.
Consider G (a,G(a)) = dG(a). Then (1.1) becomes
[Dc]“G(a) = x(a,G(a),dG(a)) ae€l=][0,T)], a+ ay,
AG|,_, =Iu(Ga)). (1.2)
G(0) = Go.

(
)

Initially, this paper aims to investigate the possibility that the equation (1.2)
has solutions by using various fixed point theorems. In addition, it discusses
the issue with nonlocal situations.

This paper is organized as five parts. Section 2 reviews a few foundational
concepts and lemmas from fractional calculus that are necessary for the fol-
lowing section. The existence of solutions for initial value problem (IVP) for
a fractional derivative (FD) results relying on various fixed point theorems for
the problem (1.2) are proved in Section 3. The presence of nonlocal impulsive
FDEs in section 4. We conclude by providing an example.

2. Facts

This section familiarises with some notations, definitions, fundamental lem-
mas, and theorems here. These are employed in the following section of this
paper. C(I,R) means set of all continuous functions from I into R in the
Banach space with the norm

1G]l = ilélf){!@(a)l}- (2.1)

Definition 2.1. ([18, 26]) The integral of the function x € L'(L,Ry) with
fractional order p € Ry is defined by

Ix(t) = qD(lm / "(a— by x(b)db, (2.2)

where, ® represents Gamma function, when o = 0, we get I*x(a) = [x*¢,](a),
where ¢, (a) = % for a > 0, and ¢, (a) = 0 for a <0, and ¢, tends to §(a),
the value taken by the delta function at a, as u — 0.

Definition 2.2. ([18, 26]) For a given function x € [a, ] = L, the uth R-L
fractional order derivative of y, is given as

(D", \)(a) = @(nl—,u) <;i> / Sa— b, (23)

where, n = [u] + 1 and [p] is the integer part of pu.



318 D. Swathi, U. Karthik Raja, M. Jeyaraman, K. Shah, T. Abdeljawad and F. Jarad

Definition 2.3. ([17]) For a function x € L, the Caputo FD of order p of ¥,
is defined as

((Peltx)(a) = (D(nl_u) [ v, (2.4)
where n = [u] + 1.

Proposition 2.4. ([20, 21]) X'(G) € D satisfy the Lipschitz condition. That
18, there exists a constant n such that

IX'(G) = x'(H)|| <n (IG-HI), ¥G, HeD. (2.5)

3. MAIN RESULTS

This section aims to solve problems referred in (1.2). It first brings here the
space.

Cp(I,R) = {G:1—R:G e C((a,ar+1],R),k € W,,, and there exist
G(ay,) and G(a;) with G(ay) = G(ax)}, (3.1)

where W,,, = {0,1,...,m}. The indicated set is a Banach space beside the
norm

IGllpc = SUII)\@(G)’~ (3.2)
ac

Set
I =[0,T]\{a1,a2,...,am}.

Definition 3.1. G € Cp(I,R) is a solution of (1.2) if its u-derivative exists
on I' and it satisfies following equations:

[Dc]*G(a) = x(a,G(a),dG(a)) on I, (3.3)
AG|,_, = I(Glay)), k €Ny, (3.4)
G0) = Go.

The next two lemmas offer evidence to support the conclusion that the
equation (1.2) is solvable.

Lemma 3.2. ([16]) Let pn > 0. Then the differential equation
[De)x(a) =0 (3.5)

has solution x(a) = ag + a1a + aza® + -+ + ap_1a" 1, a; ERi € W,,_1,n =
1] + 1.
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Lemma 3.3. ([16]) Let > 0. Then
I* ¢DFh(a) = h(a) + ag + a1a + aga® + - - + ap_1a™

for some a; e R;i € W,,_1,n = [u] + 1.

Lemma 3.4. Let 0 < p <1, k€N, and let x : I — R. A function G is a
solution of the fractional integral equation

) Go + gy Jita — by~ x(b)db, ifac0.al

G(a) = § Go+ gy 2ty Jo (@i = b)“flx(b)dbi
iy S (@ = 0 IX(0)db + 0 (G (a)),  if a € (ag, aps]

B} (3.6)
if and ony if the fractional IVP solution is G,
[Dc]tGa) = x(a), a€l,
AG’CLZGk = Ik(é(a‘];))v k € Nmy (37)
G(0) = Gy.

Proof. Suppose G satisfies (3.7). If a € [0, a1], then

From Lemma 3.3,

— 1(G(ay)) + Go + (D(lﬂ) /0 (@ = B (b)db

+ <1>(1u) /a(a —b)" 1 x(b)db.
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Suppose a € (ag, as]. Then,

L aa_ p—1
50 /@( b x(b)db

= AGi=qy + G(a;)@(lm /a(a — )" 1x(b)db

az

— L(G(az)) + L (G(aD)) + Go + —— /0 " (a1 — b ()b

D(p)
+ 1 /GQ(ag — b)* Iy (b)db + 1 /a(a — by (b)db.
(1) Jay (1) Ja,
Now a € (ag, ags1]. Furthermore, from Lemma 3.3, we arrive at the equation

(3.6).

Conversely, suppose G satisfies (3.6). Choose a € [0,a1]. Since the left
inverse of I* is [D¢]* and Gy = G(0), it can be derived that

[Dcl'G(a) = x(a), ¥ a € [0, a1].
Let a € [ag, ak+1), k € Ny,. Then,
[Dc]*G(a) = x(a), Y a € [ak,aps1).
Thus we can get B B
AGo=a, = Ik(G(ay)), € Npp.
O

The following assumptions are required to demonstrate the Banach fixed
point theorem.

A;. Suppose G € C[I,R] and x : C(L) x R x R — R) is continuous and
there exist constants 91, > 0,91, > 0 and 99t > 0 such that
Ix(a, G1, H1) — x(a, G2, Ho)|| < M (|G1 — Gal| + | Hy — Hall)  (3.8)

for all Gy, H,Go, Hy € Y, where Y = C[R, X] is the set of all con-
tinuous functions defined from R to the Banach spaces X. My =
maxger || x(a,0,0)|| and B = max{Mt;, Ma}.

As. Let G' € C(L) satisfy the Lipschitz condition, that is, there exist
constants 91y, 9lo and N such that

|d(a, G) — d(a, H)|| < (|G — HI|) (3.9)

for all G,H in Y, My = maxaep ||d(a,0)| and 9N = max{Ny, Ny}
Ag. There exists a fixed real number w > 0 satisfying the condition

115(G) — In(H)| < w|G — H]
for all G,H € R and k € N,,.
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Lemma 3.5. Assume Ay and As. Then, for alla € R and G,H €Y,
I1dG (a)|| < a( |G| + M), [dG(a) — dH (a)|| < Na||G — H|.
Theorem 3.6. Suppose the conditions A_l, Asznd A3 are satisfied by G(a) €
C(L) and x € C(L x R x R,R). If x(a,G(a),dG(a)) =0 and

[T“w(m—i— 1)
P(p+1)

then there is a unique solution for (1.2).

+ mwl} <1, (3.10)

Proof. Let the operator II : C’p(I, R) — Cp(I,R) and we define

I(G)(a) = G0+ Z / (ax — b)*1x(b, u(b), dp(b))db
0<a <a

[ 0. G).d
+¢<M>/%< G g

> R(Glap)) (3.11)

0<ar<a

It is clear that the fixed points of II provide solutions to the problem. The
Banach contraction principle can be used to show that II has a fixed point.
Therefore, it is to be demonstrated that II is a contraction. Let G, H €
Cp(I,R) and a € I. Then, we have

7)(b) — TI(H)(b)]

S0 > / (ax — b)*~x(b, G(b),dG(b)) — x(b, H(b), dH (b))|db

+ 1# /a(a — B (b, G(b), dG (b)) — x (b, H (b), dH (b))|db

D(p) Ja,
+ Z 11:(G(ay)) — In(G(ay))|
O<ap<a
gMO%@ [ (o vytomic - )+l - Ay
+ (p(lﬂ) /a(a _ PN |G — H| + Nal|G — H)db

+ Z @1||G — H|

O<arp<a
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w Gk - -
<= ap — L) HG — Hl|oodb
<oy X | @-vrie- A

O<ap<a’?®
+ =2 / (a—0)""YG ~ Hlloodb+ > @G~ Hlo
(N) ak O<ar<a
mwlH
< 7
T O(p+1)

Therefore,

IG = Hlloo + IG = Hlloo + mw1[|G = H|oo-

TH
O(pu+1)
THoo(m + 1)

(p+1)
IT is a contraction according to the equation (3.10). Therefore, we infer that

IT is a solution of (1.2) and it possesses a fixed point from the Banach fixed
point theorem. O

(G — ()| < +m |G~ Hllw,

Theorem 3.7. Assume that
Ay4. Function x € (I x R xR, R) is continuous.
As. There exists a constant ¢ such that
Ix(a,G(a),dG(a))| < ¢, Yacl, GeR. (3.12)
Ag. The function I : R — R are continuous and there exists a constant
£* > 0 such that
II.(G)| <", VG ER, keN,. (3.13)
Then the problem (1.2) has at least one solution on J.

Proof. We will use Schaefer’s fixed point theorem to demonstrate that II has
a fixed point. This proof consists four steps.

Step 1: II is continuous. Let {C_}n} be a sequence such that G,, — G in
PC(I x R x R,R), n =1,2,3..... Then, for each a € I with lim,_,5 |G, —
G| = 0, we get lim,_,5Gn(a) = G(a), for a € I. Thus by Aj, we have
limy, 00 X(a, Gp(a),dGp(a)) = x(a,G(a),dG(a)) for a € £. We get that

I(Gn)(a) — 1(G)(a))|

a
a
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Here, x and I, k € N,,, are continuous and we have
ITH(Gy) — TI(G)[|oo — 0 as n — oo. (3.14)

Step 2 : Since IT maps I x R x R to bounded sets, and since Ag and Ay
hold, it suffices to demonstrate that for any ¢* > 0 and there exists a constant
A > 0 satisfying the condition ||II(G)|l« < A, for each G € By« = {G €
Cp(I,R) : ||Gloo < 0*} and for each a € I,

M(G)@)] < [Gol + g5 3 / (ar — b (b, G(b), dG(b))db
0<ak<a

50 [ @= OGO+ Y (G
a 0<ar<a
(TH(m + 1)

= et = A
S+ "

< |Go| +

Step 3 : Here the operator IT maps into equicontinuous sets of PC( I x R x

R,R). Consider a bounded set €1,¢2 € I,&1 < &2, By of PC(I xRxR,R), as
in Step 2. Let G € By+. Then,

(@) (22) — I(G)(e2)]
< g0 ) e = e = 0 . G, dpe

oo [ ez =" DGO GO+ T (Gl
< gl ey g -t 3 G

O<ap<eg—e1

As g9 — €1, the RHS of the equation tends to 0. Next, we draw the conclusion
that the operator II is completely continuous which is proved with Steps 1
through 3 as well as the Arzela-Ascoli theorem.

Step 4 : Now, claim

§={G € Cp(I,R) : G = wII(G) for some 0 < w < 1} is bounded.
Let G € §, for each a € I. Then G = wlI(G) for some 0 < w < 1, we have

Glo) = wGo+ 3o ¥ / (ax — b)Y (b, G(b), dG(b))db

0<ak<(l

+“;/ (@ — 0"y (b, G(b),dGB)db +w > Ty(ully)).

O0<ar<a
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This equality together with Ag and A7 (from Step 2) imply that for every
a€l,

{THm LT+

G(a)| < |G = A

+

Thus, J is bounded. With the use of Schaefer’s fixed point theorem, it can be
concluded that IT has a fixed point and this point is a solution of the problem
(1.2). O

Using the theorem, and by applying non-linear alternative of Leray-Schauder
type, the fixed points can be found.

Theorem 3.8. If A4 and the following conditions hold
Az, There exist 0, € C(I,RY), £ : RTU{0} —» RT and ¥ : RTU{0} — R*
continuous and non-decreasing such that

Ix(a, z(a),dz(a))] < 0y (a)é(|z|)¥(|dz]), Va €l,zecR. (3.15)

Ag. There exist & : RT U {0} — R continuous and non-decreasing such
that

|I(z)| < €*(|jz]), ¥ 2 € R. (3.16)

Ag There exists a number N > 0 such that

N

m+1)Tre9 WO m+1)Tre9 WO

- — — — > 1,
|Gol+ (V)W (W) TR oy, (W) BT 4 g (W)

(3.17)
where 93 =sup {6y (a) : a € I'} and ¥° =sup {¥(a) :a € I}.

Then (1.2) has at least one solution on I.

Proof. Let us take the operator II defined in Theorem 3.6. We shall prove that
IT is continuous & completely continuous. For A € [0, 1], 1let G(a) = A(II(G))(a)
for all a € I satisfied for each ¢ € I. Then from Ag and Ag hold. We have
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G(a)] < 1ol + £(IC o) ¥(a( |Gl + )
G(@)] < 1ol +E(IC o) (@ |Gl + ) o5
_ _ LN _
+ €G] )@l |Gl +902)) o e (1Cl)
_ _ _ mTH69
< 1Gol + €(1Goe) O (@)W (IG0) + MW(@) o2
_ _ LN _
+ €I 0¥ (@ (G c) + (@) K55+ mE (1)
< Gol + MG ¥ (1G0) " T (6o Y
< 1Gol + & (IGle) ¥ (G loe) = gy + Peb(ICl) 0 gy
B _ 04,0 u@O\IJO
7X - X"
G ¥ (1C) 5+ €G30,
+mE*([[Glloo).
Therefore,
1Gle
1Gol+ TGl P Gllo) i B 4 ot (|G loe) ™ omein™ 41 ([| Gl )
<1 (3.18)

From (3.17) it follows that there exists N such that |G|l # N, assumption
(3.18) is violated. Let
W ={G € Cp(I,R): |G|« < N}. (3.19)

The operator II : W — Cp(I,R) is completely continuous. The choice of W,
there is no G € OW such that G = MI(G) for some A € (0,1). As a outcome
of the theorem [22], we conclude that II is a solution of (1.2) and it has a fixed
point u in W. U

4. NONLOCAL CONDITIONS

In this section, we discuss the hypothesis of the result what we discussed in
the previous section to nonlocal impulsive FDEs. Exactly here we will mount
existence of the following nonlocal problem

([Dc)*)(G)(a) = x(a,G(a),dG(a)) for alla € I =1[0,1], a # ay,
AG|a=ak = Ik(G(a];))’ (41)
G(0) 4+ h(G) = Go,
where k£ € N,,,, 0 < u < 1. Here, we consider x, I assumptions as in the
previous section and h : Cp(I,R) — R which is a continuous function. Zhang
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et al. [31] studied nonlocal existence of mild solutions of impulsive fractional
equations. For example, h may be defined by

N = i Cié(6i>,
i=1

where ¢;, i € N, are given constants 0 < €1 < e < ---<¢. <T.
Now consider the following assumptions:

Aj0. There exists a constants N > 0 such that

|h(z)| < N{, YV zeCp(I,R). (4.2)
A1 There exists a constant o such that
|h(z) — h(y)| < wolz —y|, Va,y € Cp(I,R). (4.3)
A2 There exist £&* : RT U {0} — R nondecreasing continuous such that
h(z)| < € (Jz]), ¥z € Cp(IR). (4.4)
A3 There exists a number N* such that
N*
= — —= (m+1)THeQ WO (m+1)THOO W —
Gol+&(NF) +-9t e (N9 W (V9 T TR oy (379 T TR | e (V)
> 1. (4.5)
Theorem 4.1. If A1-Ag and A1 hold and
THw(m+ 1)
_— 1. 4.
B+ 1) +mw1+wQ} < (4.6)

Then (4.1) has one solution on J.
Proof. The problem (4.1) can be seen as a fixed point theorem. Define II; :
CP(I,R) — CP(I,R) as

(IL,G)(a) = Gy — h(G) + Z / (ar — b)*“1x(b, G(b),dG(b))db

+1/a(a—b)“1X(b,(_}(b),c2@(b))db+ > Ii(u(ay))

(I)(:u) 0<ap<a

Thus the operator II; is the solution of the problem (4.1). Then, it can be
proved that the operator II; is a contraction. O

Theorem 4.2. If Ay-Ag and A1g are hold, then the problem (4.1) has one
or more solutions on I.

Theorem 4.3. If A7-Ag, A12-A13 are hold, then the problem (4.1) has one
or more solutions on I.
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5. TEST PROBLEM

A problem which is connected to the main result is considered here. Con-
sider the following impulsive FDE

(([Dc]*G)(a) = gosin(G(a) + G'(a)), a€0,1], a# 1, 0<p<1,

=/

sin(G(a) + G (a)),

,(G) = m,é e R U {0},

— _ _ _ a — — _ _
x(a, G, ) = x(a, G, )| < 5= (|G — Gal + [y — 1]

™

5

< —|G-H
< gAG-H
1 -
< —|G - H|.
< H6-H
Hence from the assumption ¢ = % Let G, H € RT U {0}. Then

()| = ‘ aG _ _ aH _
2r (1 + Gla))  2ym(l+ H(a)
Thus, the condition A4 holds, { = % Also, the condition (4.6) is satisfied,
T=1and m=1.
[T“w(m +1)
O(u+1)
By Theorem 3.6, the problem (5.1) has a fixed point on a € [0, 1].

114(G) — 1

3
—|—mw1} <1l <« @(u+1)>g for some p € (0, 1].

6. CONCLUDING POINTS

We have established some new results for the existence of solutions to an
impulsive Caputo fractional differential equations with a class of initial value
problem depends on the Lipschitz first derivative conditions. Sufficient results
have been proved for the existence and uniqueness of solution to the mentioned
problem. Also some results for nonlocal conditions have been discussed. A
proper example in this regard has been given. The given problem can extended
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to various fractional order derivative techniques with fixed point theory.
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