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Abstract. The present study develops differential subordination and superordination results

for meromorphic univalent functions defined by a novel Hadamard product operator within

a punctured open unit disk.

1. Introduction

Let D be the open unit disk {z ∈ C : |z| < 1} and H∗ denotes the class of
analytic functions of the form:

f(z) = z−1 +

∞∑
k=0

akz
k, (z ∈ D∗ = D \ {0}), (1.1)

that are meromorphic and univalent in the punctured open unit disk

D∗ = {z : z ∈ C, 0 < |z| < 1}.
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Let H be the class of all analytic functions in D. For a positive integer
number n such that a ∈ C, we let

H[a, n] = {f ∈ H : f(z) = a+ anz
n + an+1z

n+1 + · · · }, (a ∈ C).

The class of functions H[a, n] is denoted by A when a = 0, n = 1, and
a1 = 1. However, for f and g as analytic functions in H, it is said that
f is subordinate to g in D, or g is superordinate to f in D, and we write
f(z) ≺ g(z), if there exists a Schwarz function ω in D, such that ω(0) = 0 and
|ω(z)| < 1 (z ∈ D), where

f(z) = g(ω(z)).

Moreover, if the function g is univalent in D, we have the following equiva-
lence relationship (cf., e.g., [14, 21, 22]):

f(z) ≺ g(z) ⇐⇒ f(0) = g(0) and f(D) ⊂ g(D), (z ∈ D).

Definition 1.1. ([21]) Let the functions p, h ∈ A and Φ(r, s, t; z) : C3 ×D →
C. When p and Φ(p(z), zp′(z), z2p′′(z); z) are both univalent functions within
the domain D, and p fulfills:

h(z) ≺ Φ(p(z), zp′(z), z2p′′(z); z), (1.2)

then, if p satisfies the differential subordination (1.2), it is referred to as a
solution.

An analytic function q(z), which is also univalent, is considered to be the
dominant solution of the differential subordination (1.2), alternatively domi-
nant if p(z) ≺ q(z) for every p(z) fulfilling (1.2).

An univalent dominant q̃(z) which meets the condition q̃(z) ≺ q(z) for every
dominant q(z) in equation (1.2) is referred to as the best subordinate, with it
being unique except for a relation on D.

Definition 1.2. ([19]) Let the function Φ : C3 × D → C and consider a
function h(z) to be a univalent function within a domain D. Suppose p(z) is
an analytic function within the region D and satisfies the condition of being
subordinate to a second-order differential equation:

Φ(p(z), zp′(z), z2p′′(z); z) ≺ h(z), (1.3)

then p(z) is said to satisfy the differential subordination in (1.3), and it is
referred to as a solution.

The function q(z), which is univalent, is considered to be the dominant
solution of the differential subordination (1.3), alternatively dominant when
p(z) ≺ q(z) for every p(z) fulfilling (1.3).
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A univalent dominant q̃(z) that meets the condition q̃(z) ≺ q(z) for every
dominant q(z) in equation (1.3) is referred to as a best dominant, and it is
unique except for a relation on D.

Several authors [11, 16, 21, 26] have derived necessary conditions on the
functions h, p, and Φ for which the following implication holds:

h(z) ≺ Φ(p(z), zp′(z), z2p′′(z); z),

then

q(z) ≺ p(z). (1.4)

Using the results (see [1, 3, 4, 5, 6, 7, 12, 13, 22, 24, 27]), adequate conditions
have been established for a normalized analytic function to satisfy:

q1(z) ≺ zf ′(z)

f(z)
≺ q2(z),

where q1 and q2 are given univalent functions in D and q1(0) = q2(0) = 1.

Additionally, several scholars (see [2, 9, 10, 15, 17, 18, 20, 23]) have estab-
lished differential subordination and superordination conclusions using sand-
wich theorems.

If f ∈ H∗ is defined by (1.1) and g ∈ H∗ is given by

g(z) =
1

z
+
∞∑
k=0

bkz
k,

the Hadamard product (or convolution) of f and g is given by

(f ∗ g)(z) =
1

z
+

∞∑
k=0

akbkz
k = (g ∗ f)(z), (z ∈ D∗).

A linear operator Ic,r,1(n,λ) : H∗ → H∗ (see [8]) is defined as

Ic,r,1(n,λ)f(z) = z−1 +
∞∑
k=0

(
r

1 + k + r

)c(k + λ

λ− 1

)n
akz

k, (1.5)

where λ > 1, c ∈ C, r ∈ C \ Z−0 , and z ∈ D∗.
Liu et al. [19] defined the operator Dα for a function f ∈ H∗ as follows:

Dα : H∗ → H∗,

where

Dαf(z) = z−1 +

∞∑
k=0

(k + 2)αakz
k (1.6)

with α ∈ N and z ∈ D∗.
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Define the convolution (or Hadamard product) Sαc,r,1,n,λf(z) of the operators

Ic,r,1(n,λ)f(z) and Dαf(z) to get a new Hadamard product operator as follows:

Sαc,r,1,n,λf(z) = z−1 +
∞∑
k=0

(
r

1 + k + r

)c(k + λ

λ− 1

)n
(k + 2)αa2

kz
k, (1.7)

where z ∈ D∗.
We note from (1.7) that

z
(
Sαc,r,1,n,λf(z)

)′
= rSαc−1,r,1,n,λf(z)− (1 + r)Sαc,r,1,n,λf(z). (1.8)

The primary objective of this work is to create appropriate criteria for a
certain normalized analytic function f to fulfill specific requirements:

q1(z) ≺

[
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
≺ q2(z)

and
q1(z) ≺

[
zSαc,r,1,n,λf(z)

]δ ≺ q2(z),

where q1 and q2 are given as univalent functions within D such that q1(0) =
q2(0) = 1.

This work presents a solution for several sandwich theorems that include
the operator Sαc,r,1,n,λf(z).

2. Preliminaries

We need the following definitions and lemmas to prove our results:

Definition 2.1. ([21]) Consider thatQ represents a collection of any functions
q that are both analytic and injective onto D\E(q), where D = D∪{z ∈ ∂D},
and

E(q) = {ε ∈ ∂D : lim
z→ε

q(z) =∞},

and have the property that q′(ε) 6= 0 for ε ∈ ∂D \ E(q).
Additionally, we can represent the subclass of Q where q(0) = a as Q(a),

with Q(0) = Q0 and Q(1) = Q1 = {q ∈ Q : q(0) = 1}.

Lemma 2.2. ([22]) Consider the function q to be a convex univalent function
within D, with α ∈ C, β ∈ C \ {0}, and q(0) = 1. Suppose that

Re

{
1 +

zq′′(z)

q′(z)

}
> max{0,−Re(α/β)}.

If p is analytic within D and satisfies the condition

αp(z) + βzp′(z) ≺ αq(z) + βzq′(z), (2.1)
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then p ≺ q, where q is the best dominant of equation (2.1).

Lemma 2.3. ([6]) Let q be a convex univalent function in D, and suppose
that Θ and φ are analytic within a domain D comprising q(D), with φ(w) 6= 0
for w ∈ q(D). Define

Q(z) = zq′(z)φ(q(z)) and h(z) = Θ(q(z)) +Q(z).

Assume the following conditions hold:

(a) Q(z) is starlike univalent within D,

(b) Re
{
zh′(z)
Q(z)

}
> 0 for z ∈ D.

If p is analytic within D, with p(0) = q(0) and p(D) ⊂ q(D), and satisfies the
condition

Θ(p(z)) + zp′(z)φ(p(z)) ≺ Θ(q(z)) + zq′(z)φ(q(z)), (2.2)

then p ≺ q, where q is the best dominant of the equation (2.2).

Lemma 2.4. ([25]) Consider a function q that is convex univalent within D,
and let γ1, γ2 ∈ C such that γ2 6= 0. Assume that

Re

{
γ1

γ2

}
> 0.

If p ∈ H[q(0), 1] ∩Q and γ1p(z) + γ2p
′(z) is univalent in D, then

γ1q(z) + γ2zq
′(z) ≺ γ1p(z) + γ2p

′(z), (2.3)

which implies that q ≺ p, where q is the best subordinant.

Lemma 2.5. ([22]) Consider a function q that is univalent within D, with
Θ and Φ being analytic within a domain D comprising q(D). Assume the
following conditions:

(i) Re
{

Θ′(q(z))
Φ(q(z))

}
> 0 (z ∈ D),

(ii) Q(z) = zq′(z)Φ(q(z)) is starlike and univalent within D.

If p ∈ H[q(0), 1] ∩ Q, p(D) ⊂ q(D), and Θ(p(z)) + zp′(z)Φ(p(z)) is univalent
within D, with

Θ(q(z)) + zq′(z)Φ(q(z)) ≺ Θ(p(z)) + zp′(z)Φ(p(z)), (2.4)

then q ≺ p, where q is the best subordinant of the equation (2.4).
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3. Differential subordination results

Here, we introduce some differential subordination results by using Hadamard
product operator.

Theorem 3.1. Consider a function q that is univalent within the unit disk D
and q(0) = 1 such that q(z) 6= 0 for every z ∈ D. Let δ, σ ∈ C \ {0}, t ∈ C,

ε > 0, and f ∈ H∗. Suppose that zq′(z)
q(z) is starlike univalent within D, and f ,

q satisfy the following conditions:

(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ
6= 0 (3.1)

and

Re

{
1 +

2tq(z)2

ε
− zq′(z)

q(z)
+
zq′′(z)

q′(z)

}
> 0. (3.2)

If

R(z) ≺ 1 + t (q(z))2 + εz
q′(z)

q(z)
, (3.3)

where

R(z)=

1+t


(1− σ)zSαc−1,r,1,n,λf(z)

+ 2σzSαc,r,1,n,λf(z)

σ


δ


2

+εδ



(r − rσ)Sαc−2,r,1,n,λf(z)

− (r − 3rσ)Sαc−1,r,1,n,λf(z)

− 2rσSαc,r,1,n,λf(z)

(1− σ)Sαc−1,r,1,n,λf(z)

+ 2σSαc,r,1,n,λf(z)


,

(3.4)
then (

(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

)δ
≺ q(z), (3.5)

and q is the best dominant of (3.3).

Proof. Define the function p as follows:

p(z) =

(
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

)δ
. (3.6)
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Since that function p(z) is analytic within D such that p(0) = 1, we can
differentiate equation (3.6) with respect to z, we have

zp′(z)

p(z)
= δ


(1− σ)z

(
Sαc−1,r,1,n,λf(z)

)′ − (1− σ)Sαc−1,r,1,n,λf(z)

+ 2σz
(
Sαc,r,1,n,λf(z)

)′
+ 2σSαc,r,1,n,λf(z)

(1− σ)Sαc−1,r,1,n,λf(z) + 2σSαc,r,1,n,λf(z)

 . (3.7)

Applying identity (1.8) in (3.7), we get

zp′(z)

p(z)
=δ

[
(r−rσ)Sαc−2,r,1,n,λf(z)−(r−3rσ)Sαc−1,r,1,n,λf(z)−2rσSαc,r,1,n,λf(z)

(1− σ)Sαc−1,r,1,n,λf(z) + 2σSαc,r,1,n,λf(z)

]
.

By setting

Θ(ω) = 1 + tω2 with φ(ω) =
ε

ω
, ω 6= 0,

it is seen that Θ(ω) is analytic within C, with φ(ω) analytic in C \ {0} and
φ(ω) 6= 0 for ω ∈ C \ {0}. Additionally, we get

Q(z)=zq′(z)φ(q(z)) = εz
q′(z)

q(z)

and

h(z) = Θ(q(z)) +Q(z) = 1 + t[q(z)]2 + εz
q′(z)

q(z)
.

It is seen that Q(z) is starlike univalent in D. We get

Re

{
zh′(z)

Q(z)

}
= Re

{
1 +

2t[q(z)]2

ε
− z q

′(z)

q(z)
+ z

q′′(z)

q′(z)

}
> 0.

Therefore, according to Lemma 2.3, we have p(z) ≺ q(z). By using equation
(3.6), we obtain the result. �

By substituting q(z) = eτz, |τ | ≤ 1 into Theorem 3.1, we deduce the subse-
quent corollary:

Corollary 3.2. Consider a function f ∈ H∗ such that |τ | ≤ 1, and also the
condition (3.2) is satisfied. If

R(z) ≺ 1 + te2τz + τεz, (3.8)

where R(z) is given by (3.4), then[
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
≺ eτz,

and eτz is the best dominant.
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Therefore, when τ = σ = 1, the following result is obtained.

Corollary 3.3. Consider a function f ∈ H∗ that fulfills the subordination

1 + t
[(
zSαc,r,1,n,λf(z)

)δ]2
+ εrδ

[
Sαc−1,r,1,n,λf(z)

Sαc,r,1,n,λf(z)
− 1

]
≺ 1 + te2z + εz,

then [
2zSαc,r,1,n,λf(z)

]δ ≺ ez
with q(z) = ez being the best dominant.

Theorem 3.4. Consider a function q that is convex univalent in the unit disk
D such that q(0) = 1. Let ε > 0, δ ∈ C \ {0}, t ∈ C, f ∈ H∗, and assume that
f and q fulfill the following conditions:

zSαc,r,1,n,λf(z) 6= 0

and

Re

{
1 +

1

ε
+ z

q′′(z)

q′(z)

}
> 0. (3.9)

If
ψ(z) ≺ t+ q(z) + εzq′(z), (3.10)

where

ψ(z) = t+
(
zSαc,r,1,n,λf(z)

)δ
+εrδ

(
zSαc,r,1,n,λf(z)

)δ [Sαc−1,r,1,n,λf(z)

Sαc,r,1,n,λf(z)
− 1

]
,

(3.11)
then (

zSαc,r,1,n,λf(z)
)δ ≺ q(z) (3.12)

with q being the best dominant of (3.10).

Proof. Specify the function p as follows:

p(z) =
(
zSαc,r,1,n,λf(z)

)δ
. (3.13)

Then the function p(z) is analytic in D such that p(0) = 1. A simple compu-
tation shows that

ψ(z) = t+
(
zSαc,r,1,n,λf(z)

)δ
+ εrδ

(
zSαc,r,1,n,λf(z)

)δ [Sαc−1,r,1,n,λf(z)

Sαc,r,1,n,λf(z)
− 1

]
= t+ p(z) + εzp′(z).

(3.14)
To prove our result, use Lemma 2.3. Consider in this lemma Θ(w) = t + w
and Φ(w) = ε, where Θ is analytic in C and Φ is analytic in C \ {0}. Also, we
get

Q(z) = zq′(z)Φ(q(z)) = εzq′(z)
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and
h(z) = Θ(q(z)) +Q(z) = t+ q(z) + εzq′(z).

We see that Q(z) is starlike univalent in D, and we have

Re

{
zh′(z)

Q(z)

}
= Re

{
1 +

1

ε
+ z

q′′(z)

q′(z)

}
> 0.

Thus, using Lemma 2.3, we obtain p(z) ≺ q(z). By applying equation (3.13),
we obtain the result. �

Theorem 3.5. Assume that q is a univalent function within D such that
q(0) = 1, δ, η ∈ C \ {0}, and σ ∈ R+. Furthermore, assume that q satisfies the
inequality:

Re

{
1 +

zq′′(z)

q′(z)

}
> max

{
0,−Re

δ

η

}
. (3.15)

If f ∈ H∗ satisfies the subordination condition:

G(z) ≺ q(z) +
η

δ
zq′(z), (3.16)

where

G(z) =

(
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

)δ

×

1 + η

(r − rσ)Sαc−2,r,1,n,λf(z)− (r − 3rσ)Sαc−1,r,1,n,λf(z)

− 2rσSαc,r,1,n,λf(z)

(1− σ)Sαc−1,r,1,n,λf(z) + 2σSαc,r,1,n,λf(z)

 ,
(3.17)

then the subordination(
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

)δ
≺ q(z), (3.18)

holds, with q(z) being the best dominant of (3.16).

Proof. Suppose that p(z) is defined by (3.6). Further calculations show that

G(z) = p(z) +
η

δ
zp′(z),

where G(z) is given by (3.17). Therefore, the subordination (3.16) is equivalent
to

p(z) +
η

δ
zp′(z) ≺ q(z) +

η

δ
zq′(z).

By applying Lemma 2.2 with β = η
δ and α = 1, we obtain (3.18). �
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4. Differential superordination results

Theorem 4.1. Consider a function q which is a convex univalent function
within D such that q(0) = 1. Let t ∈ C, δ, ε ∈ C \ {0}, and z ∈ D∗. Suppose
that

Re

{
q′(z)

ε

}
> 0, (4.1)

and f fulfills the following conditions:

zSαc,r,1,n,λf(z) 6= 0,

and [
zSαc,r,1,n,λf(z)

]δ ∈ H[q(0), 1] ∩Q.
Additionally, if the function ψ(z) described by (3.11) is univalent in D, then
the subsequent superordination condition

t+ q(z) + εzq′(z) ≺ ψ(z), (4.2)

holds. Then,

q(z) ≺
[
zSαc,r,1,n,λf(z)

]δ
, (4.3)

with q being the best subordinant.

Proof. Let the function p be defined as follows:

p(z) =
[
zSαc,r,1,n,λf(z)

]δ
, (4.4)

following the process of computation, we obtain

t+ p(z) + εzp′(z) = ψ(z),

where ψ(z) is given by (3.11). This implies

t+ q(z) + εzq′(z) ≺ t+ p(z) + εzp′(z).

Putting

Θ(ω) = t+ ω and ϕ(ω) = ε,

then it is clear that Θ(ω) is analytic in C, and ϕ(ω) 6= 0 is analytic in C \ {0}.
Additionally, we have

Re

(
Θ′(q(z))

ϕ(q(z))

)
= Re

(
q′(z)

ε

)
> 0.

Thus, according to Lemma 2.5, we can conclude that

q(z) ≺
[
zSαc,r,1,n,λf(z)

]δ
.

�

Now, by using Lemma 2.4, it is simple to prove the next theorem.
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Theorem 4.2. Consider a function q is a convex univalent function in D

such that q(0) = 1, δ, η ∈ C \ {0}, σ ∈ R+, and Re
{
δ
η

}
> 0. Let f ∈ H∗ such

that
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ
6= 0

and [
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
∈ H[q(0), 1] ∩Q.

If the function G(z) as defined by equation (3.17) is univalent in D and fulfills
the given superordination condition

q(z) +
η

δ
zq′(z) ≺ G(z) (4.5)

holds, then

q(z) ≺

[
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
, (4.6)

with q being the best subordinant of (4.1).

5. Sandwich results

By applying Theorem 3.4 with Theorem 4.1 and Theorem 3.5 with Theorem
4.2, we get, respectively, the following two sandwich results:

Theorem 5.1. Consider q1 to be a convex univalent function within D such
that q1(0) = 1, and fulfills condition (4.1). Additionally, let q2 be univalent in
D such that q2(0) = 1 and fulfills (3.9). Assume that ε > 0, δ ∈ C\{0}, t ∈ C,

Sαc,r,1,n,λf(z) 6= 0

and [
Sαc,r,1,n,λf(z)

]δ ∈ H[1, 1] ∩Q.
If the function ψ(z) defined by (3.11) is univalent in D and

t+ q1(z) + εzq′1(z) ≺ ψ(z) ≺ t+ q2(z) + εzq′2(z),

then

q1(z) ≺
[
Sαc,r,1,n,λf(z)

]δ ≺ q2(z),

and q1 and q2 are respectively, the best subordinant and the best dominant.



342 Q. A. Shakir and W. G. Atshan

Theorem 5.2. Consider q1 to be a convex univalent function in D such that

q1(0) = 1, and let q2 be univalent in D. Suppose that <
{
δ
η

}
> 0, δ, η ∈ C\{0},

σ ∈ R+, and q2 satisfies (3.15). Let[
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
∈ H[q(0), 1] ∩Q,

and the function G(z) defined by (3.17) is univalent in D. If f ∈ H∗ fulfills

q1(z) +
η

δ
zq′1(z) ≺ G(z) ≺ q2(z) +

η

δ
zq′2(z),

then

q1(z) ≺

[
(1− σ)zSαc−1,r,1,n,λf(z) + 2σzSαc,r,1,n,λf(z)

σ

]δ
≺ q2(z),

and q1 and q2 are respectively the best subordinant and the best dominant.

6. Conclusions

This study introduces significant advancements in the theory of differential
subordination and superordination for meromorphic univalent functions via a
novel Hadamard product operator. By deriving new sandwich theorems, the
research connects dominant and subordinant functions under defined geomet-
ric constraints, providing a unified framework for analyzing such functions in
the punctured unit disk. The findings enhance the understanding of convexity
and starlikeness properties in this context, offering a foundation for broader
applications in analytic function theory. Future work may extend these results
to higher-order equations and explore new operators for further theoretical and
practical advancements.
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