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Abstract. The main purpose of this paper is to provide a generalization of the concept of a
multiplicative metric space. We prove some fixed point results that satisfy some generalized
contraction mapping related to the multiplicative ba-metric space. Furthermore, we provide

examples to justify the generalization.

1. INTRODUCTION

Grossman et. al, introduced a new kind of calculus called multiplicative
calculus by interchanging the roles of subtraction and addition with the role of
division and multiplication, respectively, [10]. Prompted by this idea Bashirov
et. al. introduced the concept of a multiplicative metric space, [5]. Ozavsar
et. al. proved properties of multiplicative metric space and proved some fixed
point results in a multiplicative metric space, [13]. In [8], authors proved the
existence of fixed point of contractions of rational type multiplicative metric
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spaces. Other results on fixed point theory in a multiplicative metric space
and other types of contractions can be found in [2, 3, 6, 9, 11, 12, 14, 15].

In this paper, we prove some fixed point results in a multiplicative metric
space inspired by the concept of a bs-metric and provide an example to justify
the generalization.

Definition 1.1. ([4]) Let X be a nonempty set and s > 1 be a real number.
A mapping d : X x X — [1,00) is a multiplicative b-metric if it satisfies the
following conditions:

(i) d(z,y) > 1 for all z,y € X and = # y.
(i) d(z,y) = 1if and only if x = y.
(iii) d(z,y) = d(y,x) for all z,y € X.
(iv) d(z, 2) < [d(z,y)d(y, 2)]".

Then (X, d) is a multiplicative b-metric space.
In the special case s = 1, we get a multiplicative metric introduced in [5].
Example 1.2. Let X = [0,00) and define a mapping d: X x X — [1,00) by
d(a,y) = el

for z,y € X and £ > 1. Then, (X, d) is a multiplicative b-metric space.
Properties (i)-(iii) of Definition 1.1 can be easily verified. We shall verify
property (iv) of Definition 1.1. For z,y, z, we get

o=yl =z -2+ 2-y[
1 1 ¢

<122z — “(z—

<|e[5e -2+ 5G]

<27 (@ - ) +1(z - )]

Since the exponential function is an increasing function, we get
d(a,y) = eV
e—1
< [e\x—zﬁeu—yﬂ 2

e—1

= [d(z, 2)d(z,9)]*

where s = 26~1. Thus d is a multiplicative b-metric and (X, d) is a multiplica-
tive b-metric space.
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2. PRELIMINARY

The following definition was inspired by the definition of a bs-metric.

Definition 2.1. Let X be a nonempty set and s > 1 be a real number. A
mapping d : X x X x X — [1,00) is a multiplicative be-metric if it satisfies
the following conditions:

(i) d(z,y,2z) > 1 for all z,y,z € X and = # y # 2.

(ii) d(x,y,z) =1 if and only if z =y = z.

(ili) d(z,y,2) = d(z,z,y) = d(y,z,2) = d(y,z,z) = d(z,3,y) = d(z,y, )

for all z,y,z € X.
(iv) d(z,y, z) < [d(z,y,t)d(y, z,t)d(z, z,t)]° for all z,y,z,t € X.

Then (X, d) is a multiplicative be-metric space.

In the special case s = 1, we obtain a multiplicative 2-metric. The following
example justifies the concept of a multiplicative bs-metric.

1
Example 2.2. Let X = [1, 775<n*1>> and define a mapping d: X x X x X —
[1,00) by
d(z,y,2) = ellz=ul® +ly—2[*+|z=al*["

for x,y,z € X and real number £, n > 1. Then (X,d) is a multiplicative
bo-metric space.

Properties (i)-(iii) of Definition 2.1 can be easily verified. We shall show
property (iv) of Definition 2.1. For z,y, z, we get

n

1 1 1
§|9C—y|§+§|Z/—Z|£‘f‘§|z—95\E

<37 (o =yl 4y — 27+ |z 2l

n
2=yl + Iy — 2l + |z ] = 3"

For the term |z — y|*", we get
& =y < Ja =yl Jy =+ |t — 2]

for z,y,t € X. Similar result can be obtained for the remaining terms. Thus,
we get

n
o=yl by — 21+ |2 — | <37 [lo = gl ly — o7 + [t — 2l
+ly — 2+ |2 =t [t — |
+lz = &+ |z — 7 + [t — 2|57
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Since the exponential function (-) — () is an increasing function and z&7 <

1
nzt for 1 <z < n&-1 | we get

d(z,y, 2)
n
— olle—ylsHly—z[*+|z—z|f|
< 3" M Iy STyt b |y — 2| 2=ty T 2 |t 2]
— 3" M lz—yl Hly =+t —a] 7] 37 ly—z | 42—+t —y| ]

% 63"_1[|zfm|§n+|zft|§’7+|t7z|§’7]
—1
ol y—tEtli—zE\ et €\ etttz €T3
< [(em YIS +Hy—t|S +|t—z| ) (e\y 2| 2=t +[t—y] ) (e|z oS +|z—t] 4]tz ) }

= [d(z,y, )d(y, 2, O)d(z,z, t)]*" ",

where s = 37!, Hence, (X,d) is a multiplicative by-metric space.

Example 2.3. Let X = [1,00) and define a mapping d : X x X x X — [1,00)
by

d(z,y,2) = (e‘x_y\gﬂy—zﬁﬂz_x‘&) n

for x,y,z € X and £,n > 1. It can easily be shown that d is a multiplicative
2-metric.

Definition 2.4. Let (X, d) be a multiplicative by-metric space, {x,},cy be a
sequence in X and z € X. The sequence is convergent to z if d(zy,z,2) — 1
as n — oo for all z € X.

Definition 2.5. Let (X,d) be a multiplicative by-metric space, {2}, oy be
a sequence in X and x € X. The sequence is Cauchy if d(zy,zm,2) — 1 as
n,m — oo for all z € X.

Definition 2.6. The multiplicative be-metric space (X, d) is complete if every
Cauchy sequence is convergent to some x € X.

In the definition to follow we have extended the concept of a multiplicative
contraction mapping to three dimensions found in [13].

Definition 2.7. Let (X,d) be a multiplicative by-metric space. A mapping
T : X — X is a multiplicative contraction mapping if there exists a real
number 0 < a < 1 such that

d(Tz, Ty, z) < [d(z, y,2)]" (2.1)
for all z,y,z € X.
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Definition 2.8. Let (X, d) be a multiplicative by-metric space and for z,y € X
and € > 1 define B.(x,y) = {z € X : d(x,y, z) < £} which is the multiplicative
open balls of radius € with center (z,y).

Definition 2.9. Let (X,d) be a multiplicative by-metric space and A C X

then x € A is an interior point of A if there exists ¢ > 1 and y € A such that
B.(z,y) C A.

Every multiplicative metric space is a topological space based on the set of
open balls.

Theorem 2.10. Let (X,d) be a multiplicative by-metric space. Every mul-
tiplicative convergent sequence in X is a multiplicative Cauchy sequence in

X.

Proof. Let {x,}, .y be an arbitrary convergent sequence in X. Then there

exists an € X such that d(z,,z,z) — 1 for any z € X. Hence for ¢ > 1
1

there exist n; € N such that d(zy,z,2) < (¢)3s for n > n; and there exist

ng € N such that d(zm,, x, z) < (6)%S For n,m > max{ni,n2}, we get
d(xp, Tm, 2) < [d(Tn, Tm, ©)]°[d(Xm, 2, 2)]°[d(2, Tp, ©)]°
<Veveve=e¢,

which implies that {z,},y is a multiplicative Cauchy sequence. O

Definition 2.11. Let (X, d) be a multiplicative by-metric space and A C X
then A is bounded if for x,y € A there exists M > 1 such that Bys(x,y) C A.

Theorem 2.12. Let (X,d) is a multiplicative ba-metric space. Every multi-
plicative Cauchy sequence is bounded.

Proof. Let {z,},cy be a multiplicative Cauchy sequence in X. Then, for
e = 2 > 1, there exist ny € N such that d(xy,,zm,2) < 2 for all n,m > n;.

Hence, set M35 = max {2,d(z1, 2y, 2), + ,d(Tp, Tn,, 2)}, then it follows that
d(xp, Ty, 2) < M3s for all n € N. Thus, we get

AT, T, 2) < [d(Tn), Ty Ty )P [d(@m, 2, Tny )P [d(T0, 2, 0y )]°

< VMMM = M

for n,m € N, which implies the sequence is bounded. O
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3. MAIN RESULTS

In the following theorem, we provide fixed point results for a contraction
type mapping in a multiplicative bo-metric space.

Theorem 3.1. Let (X,d) be a complete multiplicative by-metric space. If a
mapping T : X — X satisfies the condition:

d(Tz, Ty, z) < [d(z, Tz, 2)|*[d(y, Ty, z)]ﬁ[d(x, y,2)|" (3.1)

with «, B, are non-negative real numbers such that a4+ 0+~ < 1, then T' has
a unique fized point.

Proof. Let xyp € X be an arbitrary point in X. For each n € N, define the
sequence 41 = 1'w,. For the sequence {z,},y, we get

d(Tpt1,Tn, 2) = d(Txp, Tap_1,2)
< d(xn, Ttn, 2)|d(@n1, Txn-1, 2)]P[d(@n-1, Tn, 2)]"
= [d(2n, Tni1, 2)[d(Tn_1, Tn, 2))P[d(Tn_1, 0, 2)]).  (3.2)
It follows from (3.2) that

=

B4y
A(Tpi1, T, 2) < [d(Tn_1, 20, 2)] 170 = [d(Tp_1, Tn, 2)]°. (3.3)
Since 4+ v < 1 — qa, it follows that £ = % < 1. Thus T is a multiplicative

contraction mapping. Repeated use of (3.3), we get

d($n+1,£€n, ) [ Tn—1,Tn, 2 )]6

(
< [d(2n-2,Tn-1,2))¢
< [d(z1, 0, 2)]*". (3.4)

We claim that the sequence {x,}, . is a Cauchy sequence in X. For n,m € N
and t € X, we get

A(Tp, Tngm, 2) < [d(Tn, Trntm, O] [d(Xntm, 2, 0)]°[d(2, zn, )] (3.5)
Taking t = z,,4+1 in (3.5), we obtain
A(Tns Tpgm, 2) < (@0 Tnpms Dot 1) [A(Tngms 2, Tn1)]°[d(2, T, o))
< [d(z1, 20, 2)]*" [d(Trsem, 2, 2ns1)][d(x1, o, 2)]*¢". (3.6)
It follows that
A(Tntms 2y Trt1)
< d(Zntm, 2, Tpt2)]°[d(2, Tnt1, Tnt2) P [d (@41, Tptms Tngo)]?

< [d(z1, 20, )" [d(@ngm, 2, Tnra)[d(z1, 20, 2)) (3.7)
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Using (3.7) in (3.6), we obtain

A2, Ty 2) < [d(21, 0, 2)]" [d(21, 20, 2)]° 8 [d(@pgms 7, Tns2))®

x [d(z1, z0,2)]¢" " [d(z1, 20, 2)]%. (3.8)

2

Proceeding in a similar manner, we get
A, T 2) < ([d@r, 20, 2)]€ w1, w0, )17 - (w0, 2)] )

< ([d((L’l, o, Z)]Sgn(1+$§+$2§2+..,+5m71§m,1))2

n (Sf)m
_ <[d(:c1,:1:0, T ) .

Taking the limit as n — oo, we get d(zpn,Tnim,2) — 1 as n — oo, thus
{Zn},en is a Cauchy sequence in X. Since X is a complete multiplicative
metric space, there exists * € X such that d(z,,z*,z) = 1 as n — oc.

We claim that z* is a fixed point of T'. From

d(z, Tz, z) < [d(z,Tx,t))’[d(Tx, z,t)]°[d(z, x, t)]?, (3.9)

2

taking t = xz,,, we get
d(z, Tz, z) < [d(z, Tz, x,))°[d(Tx, z,x,)]°[d(2, 2, z,)]°
= [d(x, Tz, x,))’[d(Tx, 2z, Txn-1)]*[d(z, z, zy)]°. (3.10)
Using the contraction condition, we get
d(z,Tx,z) <[d (Tzx,z,Txp—1))°[d(z, x, z,)]°
< d(z, Tz, x,)|’[d(xp-1, TTH_1,2)]*"
(z, Tz, z)]* [

]
( ]ld(
[d )7 ld
= ld(z, Tx, )| [d(xn—1, Tn, 2)
[d( I
( ]
[d )

(x,Tx,zy)]°

)I°[d
)P
X (Tn-1,7,2 ]s'y d(z,x,xn)]s

)
Jsa
x [d(z, Tz, 2)|*°[d(zn_1, z)]‘”[d(z,x,xn)]s
< ld(z, Tz, x,))*[d(x1, 0, 2)]¢ ° s

x [d(z, Tz, 2)*P[d(zn_1, x, 2)][d(z, z, 2n)]°. (3.11)
It follows that

1 <d(z,Tz,z)

nflsa S s
< [d(a, T, )| =7 [d(1, 20, 2)] T (Ao, 7, 2)] 5 [d(z, 2, 2,) 7.
(3.12)

Taking the limit as n — oo, we get d(z,Tx,z) — 1 as n — 0.
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Next, we show the uniqueness of the fixed point. Assume that there exists
y* # x* € X such that Ty* = y*. It follows that
d(z*,y*, z) =d(Tz", Ty", z)
< [d(a*, Ta*, 2)]*[d(y", Ty*, 2)) [d(=*, y*, 2)]
< ld(z*,y*, 2)]". (3.13)

This is a contradiction, unless we take d(z*,y*,z) = 1 which implies that
¥ =y*. O

In the results to follow, we investigate fixed point results extended to a
multiplicative 2-metric for weakly multiplicative contraction mappings using
control functions as defined in [1].

Definition 3.2. Let (X,d) be a multiplicative 2-metric space. A mapping
T is a weakly multiplicative contraction mapping if there exists a continuous
non-decreasing function ¢ : [1,00) — [1, 00) satisfying:

_dw.y,2)
d(Tz, Ty, z) < o(d(z,y, 2))

for all x,y,z € X with ¢(t) =1 if and only if ¢t = 1.

(3.14)

One can easily verify that, if we choose ¢(t) = t!1=® for 0 < a < 1, we
get d(Tx,Ty,z) < d(z,y,z)* Every multiplicative contraction mapping is a
weakly multiplicative contraction mapping.

Theorem 3.3. Let (X,d) be a multiplicative 2-metric space and T : X — X
be a weakly multiplicative contraction mapping. If (X,d) is complete, then T
has a unique fixed point.

Proof. Let x9 € X be arbitrary. Then define the sequence {x,}, oy as follows
Tpy1 = Tx, for n € N. We claim that the sequence {t,}, .y, where t,, =
d(xp41,xn, 2), converges in the interval [1,00). Using (3.14) for the sequence

{tN}n€N7 we get

tn-‘,—l = d(ﬂfn+2, Tn+1, Z)
=d(Tzpt1,Txy, 2)

d($n+1, Ty Z)

N ¢(d($n+1, T, Z))
tn
= —. (3.15
ot )
Since ¢(t) > 1, we conclude from (3.15) that ¢,+1 < t,. Thus the sequence
is decreasing and bounded from below by 1, hence the sequence converges to
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some t € R. Taking the limit as n — oo in (3.15) and using the continuity of
the function ¢, we get

t
< —

t < Ok (3.16)
which holds true, unless we take ¢(t) = 1 or ¢ = 1. In either case, we conclude
that ¢ = 1. Thus, we get limy, 00 d(Tp41, Tn, 2) = limy o0 t, = 1.

Next, we prove that {z,}, o is a Cauchy sequence, that is, d(z,, Tm, z) — 1
as n, m — oo. We assume that the sequence {z,,},c is not a Cauchy sequence
in X, then exists € > 1 and sequences {my}, .y and {n},cy in N such that
d(xp,, Tm,,2) > € for n, > my, > k. It follows that d(zy, , m,—1,2) < €. Since
d(Tny1,Tn,2) — 1 as n — oo and {d(@m;,—1, Tm,,, 2) }ren i @ subsequence,
it follows that d(xm, —1,Zm,,2) — 1 as k — oo. From the multiplicative
inequality, we obtain

e < d(xp,, Tm,,2)
< [d(xnk y Ty s xmk_l)] [d(xmm 2y xmk_l)} [d(zv Ty xmk_l)L (317)
which implies that
lim d(xn,,Tm,,2) = €. (3.18)

k—o00
Next, we shall show that limy_,oc d(Zm, —1, Zn,,2) = €. From the inequality
that follows

d(xmk—la Ty Z) S d(xmk—ly Tng s Tmy Z>d(xnk7 Z, xmk)d(za Tmy—1, xmk)7
(3.19)
we get

im d(@m,—1,2n,,2) < €. (3.20)

k—o0

From the inequality that follows
ATy, Tngs 2) < A( @y, Tng s Tmg—1)d(Tnys 2, Timgo—1)A(25 Ty, Tengo—1),  (3.21)
we get
e < lim d(@m,—1, Tn,, 2)- (3.22)

k—o0

Combining inequalities (3.20) and (3.22), we get obtain
im d(@m,—1,2n,,2) = €. (3.23)

k—o0

In a similar manner, we shall show that

Im d(@m,,, Tnyt1,2) = €.
k—o0

Consider the inequality that follows

d(xmk » Tng+1, Z) < d(xmk y Tng+1, $nk)d(xnk+1, 2, xnk)d(za Ty, $nk)7 (3'24)
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from which we obtain

lIm d(@m,,, Tnyt+1,2) < €. (3.25)

k—o0

Now, consider the inequality

d(.%'mk s Ty, s Z) < d(.%'mk » Tng xnk+1)d(xnk+1, 2, xnk-i-l)d(zv Tmy, » xnk—i-l) (326)
from which, we get

e < lim d(@m,, Tny+1,2)- (3.27)

k—o0
Combining inequalities (3.25) and (3.27), we get
im d(@m,,, Tne41,2) = €. (3.28)

k—o0
Finally, using the inequality (3.14), we obtain
d(xpps1, Tmy,s 2) = ATy, TTm,—1,2)
< d(l‘nk,éﬁmkfl,Z) .
o Qb(d(l’nk, xmkfla Z))
Taking the limit & — oo on both sides of inequality (3.29), we get £ < (E)

(3.29)

This leads to a contradiction, as we require that ¢(¢) = 1 which implies that
e = 1. Hence, we conclude that lim, ,,—y00 d(Zr, Tm, 2) = 1. Thus the sequence
{#n}, ey is a Cauchy sequence in X.

Since (X, d) is a complete 2-metric space, we get that there exists x* € X
such that d(x,,x,z) — 1 as n — oo. We claim that z* is a fixed point for 7.
Using the contraction (3.14), we get

d(Tz*,x*, 2) < [d(Tz*, 2", xpi1)][d(z", 2, Tpi1)][d(2z, T2, 2pt1))
< [d(Tz*, x*, zpi1)][d(2", 2, Tp1)][d(z, T2*, Tay)]

< [d(Tz*, 2%, 2ni)][d(2*, 2, 2py1) (¢ Ao 1.2 )) (3.30)

Taking the limit as n — oo in (3.30), we get 1 < d(T'z*,z*, z) < 1. Thus, we
get Tx* = x*.

Finally, we prove the uniqueness of the fixed point. Assume that there exists
y* € X such that Ty* = y*. Using the contraction (3.14), we obtain

d(z*,y*,2) = d(Tx*, Ty", 2)
< d(@*,y",z)
p(d(z*, y*, 2))

From inequality (3.31), we get that ¢(d(z*,y*,2)) = 1, which implies that
d(z*,y*, z) = 1, thus z* = y*. O

(3.31)
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Corollary 3.4. Let (X,d) be a multiplicative 2-metric space and T : X — X
satisfying the contraction

d(T"z, Ty, 2) < ¢d(f’3’ v ) (3.32)

(d(z,y,2))
forz,y,z € X, n €N and where ¢ : [1,00) — [1,00) is a continuous function

such that ¢(t) = 1 if and only if t = 1. If (X,d) is complete, then T has a
unique fixzed point.

Proof. Define T' = T™, then the proof follows in a similar manner as Theorem
3.3. O

Example 3.5. Let X = [1,00), define d: X x X x X — [1,00) by
d(z,y, ) = elovl*+Hly—zl +la—al*
forall z,y,z€ X and T : X — X by
Tz =+/z.
Using the Mean value theorem, we obtain
d(Tx, Ty, ) = V=il V=2 +[z=val*
< esle—yl*+5ly—z*+ 5|22l
elr=yl* +ly—2|+|z—z|*
T s
d(x,y, )
~ o(d(wy,2)

where ¢(t) = t3. Tt follows from Theorem 3.1 that T has a unique fixed point
in X.

(3.33)

4. CONCLUSION

In this paper, some fixed point results are proved in relation to the multi-
plicative by-metric space. We provided examples for the generalization. The
results can be applied for other contraction type mappings which is for future
research.

REFERENCES

[1] M. Abbas, M. de La Sen and T. Nazir, Common Fized Points of Generalized Rational
Cocyclic Mappings in Multiplicative Metric Spaces, Discrete Dyn. Nature Soc., 2015
(2015).

[2] A.A.N. Abdou, Fized Point Theorems for Generalized Contraction Mappings on Multi-
plicative Metric Spaces, J. Nonlinear Sci. Appl., 9(5) (2017), 2347-2363.



372

3]

[10]

[11]

[12]

P. Singh, S. Singh and V. Singh

A. Aghajani, M. Abbas and J.R. Roshan, Common Fized Point of Generalized Weak
Contractive Mappings in Partially Ordered b-Metric Spaces, Mathematica Slovaca, 64(4)
(2014), 941-960.

M.U. Ali, T. Kamran and A. Kurdi, Fized point theorems in b-multiplicative metric
spaces,U.P.B. Sci. Bull., Series A, 79(3) (2017), 107-116.

A.E. Bashirov, E.M. Kurpinar and A. Ozyapici, Multiplicative calculus and its applica-
tions, J. Math. Anal. Appl., 337 (2008), 36—48.

A. Bataihah, M. Shatnawi, .M. Batiha, I.H. Jebril and T. Abdeljawad, Some Results
on Fized Points in b-Metric Spaces Through an Auxiliary Function, Nonlinear Funct.
Anal. Appl., 30(1) (2025), 251-263.

F.E. Browder and W.V. Petryshyn, Construction of fized points of nonlinear mappings
in Hilbert spaces, J. Math. Anal. Appl., 20 (1967), 197-228.

T. Dosenovi¢ and S. Radenovié¢, Multiplicative Metric Spaces and Contractions of Ra-
tional Type, Adv. Theory of Nonlinear Anal. its Appl., 2(4) (2018), 195-201.

A. Gebre, K. Koyas and A. Girma, A Common Fized Point Theorem for Generalized-
Weakly Contractive Mappings in Multiplicative Metric Spaces, Adv. Theory of Nonlinear
Anal. its Appl., 4(1) (2020), 1-13.

M. Grossman and R. Katz, Non-Newtonian Calculus, Lee Press, Pigeon Cove, MA
(1972).

S.M. Kang, P. Kumar, S. Kumar, P. Nagpal and S.K. Garg, Common Fized Points for
Compatible Mappings and Its Variants in Multiplicative Metric Spaces, Int. J. Pure and
Appl. Math., 102(2) (2015), 383-406.

C. Khaofong, P. Saipara and A. Padcharoen, Some results of generalized Hardy-Roger
mappings in rectangular b-metric spaces , Nonlinear Funct. Anal. Appl., 28(4) (2023),
1097-1113.

M. Ozavsar and A.C. Cevikel, Fized Points of Multiplicative Contraction Mappings on
Multiplicative Metric Spaces, J. Eng. Tech. Appl. Sci., 2(2) (2017), 65-79.

E. Qudah and A. Talathah, Strong b-metric spaces and fixed point theorems , Nonlinear
Funct. Anal. Appl., 29(4) (2024), 991-1006.

P. Singh, S. Singh and V. Singh, Some fized points results using (—¢) generalized weakly
contractive map in a generalized 2-metric space, Adv. Fixed Point Theory, (2023), 13—
21.



