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Abstract. The paper is devoted to the study of a Volterra integral equation of the sec-
ond kind related to the macroeconomic models. Using contraction mapping principle and
some techniques of nonlinear analysis, the uniqueness existence, approximation and asymp-
totic expansions of solutions with respect to small parameters appeared in the model are
established.

1. INTRODUCTION

In [1], [2], from the analysis of macroeconomic models as the Harrod-Domar
model, Phillips, or Leontief model and other models, S. I. Chernyshov and the
authors have pointed out the need to establish a model in which the inte-
gral equation is used to model the process of economic. Specifically, in [1], a
methodology based on balance relations for modelling of economic dynamics,
including forecast estimates, is developed. The problems considered are re-
duced to Volterra and Fredholm integral equations of the second kind, such
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as the following integral

x(t) = q(t) +/1 k(t,s)x(s)ds, t > 1, (1.1)

where

(1.2)

{ k(t,s) = —a— B — 52,

q(t) = —a — B_(tl_t)Yll + 1171,
a, B,7,Y1,Y] are given constants, the solution of this equation can be found
via the procedure of successive approximations (see [1], page 15).
The above ideas leads to study the existence and some properties of the solu-
tion of Eq. (1.1). Note that, by the transformation t = 7+1, s=r+1, 7 > 0,

r > 0, and setting

f(T) = x(t) — $(T 4 1)7

gr)=qt)=q(t+1) = —a— @Yll + —ri-i-lylv (13)
(r,r)=k(t,s)=k(r+1,r+1)=—-a—5— B—1—r

2 L
then Eq. (1.1) has the form
z(r) = q(7) +/ k(r,7)z(r)dr, T >0, (1.4)
0

with g€ C® (R}), k€ C®(A), A= {(r,r) eR% :r < 7}

This paper consists of five sections. In section 2, the uniqueness existence
and some properties of the solution are proved. Section 3 presents an ap-
proximate of a solution of Eq. (1.1) by a convergent sequence of polynomials.
Finally, in sections 4 and 5, asymptotic expansions of solutions with respect
to small parameters appeared in the model are established.

2. THE EXISTENCE AND SOME PROPERTIES OF SOLUTIONS

We rewrite Eq. (1.4) as follows

t
z(t) = q(t) + / k(t,s)x(s)ds, t >0, (2.1)
0
where
q(t) = —a — %Y{ + t%yl’ t>0,
B—1—s (22)
k(t,s)=—a—B—-77,0<s<t

Because «, 3,7,Y1,Y{ are given constants, it is clear that ¢ € C*° (Ry) and
keC® (L), A={(t,s) eR? : s <t}

Theorem 2.1. With the functions q, k defined by (2.2), Fq.(2.1) has a unique
solution x € C* (Ry) .
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Proof. Using contraction mapping principle, it is not difficult to show that for
any T > 0, Eq. (2.1) has a unique solution x € C ([0, T]) satisfying

t
x(t) = q(t) +/ k(t,s)z(s)ds, 0 <t <T. (2.3)
0
On the other hand, we have

(®)] < sup lq@O)]+ sup [k(t,s)] /0 a(s)|ds, 0<E<T,  (24)

0<t<T 0<s<t<T

by applying Gronwall’s lemma, it implies that

|z(t)| < sup |q(t)| exp (T sup \k(t,s)\) =Cp, 0<t<T. (2.5)
0<t<T 0<s<t<T

Therefore, it can be extended to obtain a unique solution z € C% (R, of Eq.
(2.1). Furthermore, the right hand side of (2.1) is the function Hi(t) with its
derivative as follows

ok
Hi(t) = ¢'(t) + k(t,1) a(t) + [ 20 (F s)a(s)ds, (2.6)
0
so Hi € C'(R}). Hence, z € C'(Ry). The same manner leads to = €
C?(Ry), z€C3(Ry), -,z € CFRyY), for all k=1,2,---, it means that

Theorem 2.2. Assume zg € C([0,T]) and let the recurrent sequence {x,}
be defined by

¢
Tm(t) = q(t) + / k(t,s)xm-1(s)ds, 0 <t <T, m=1,2,---. (2.7)
0
Then
sup |z, (t) —z(t)] = 0, as m — +oo. (2.8)
0<t<T

Proof. By applying the contraction mapping principle, Theorem 2.2 can easily
be proven. O

According to the Weierstrass Theorem, for any 7" > 0, the functions ¢(t),
k(t,s) are approximated by sequences of polynomials with an variable or two
variables {qn(t)}, {kn(t,s)}, respectively. Let z,(t) be the solution of (2.1)
corresponding to q(t) = qn(t), k(t,s) = kn(t, s).

Then we have the following theorem.
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Theorem 2.3. Assume that
lan — alloozy = Sup_laa(t) — a(t)] =0,
0<t<T

[kn = Elloay = sup  |kn(t,s) — k(¢ s)| = 0,
0<s<t<T

as n — +oo, with Ap = {(t,s) : 0 < s <t <T}. Then
Jim iz — zllogo,r) = 0-

Furthermore

@ — xHC([O,T]) <cC (HCIn - C]”(J([O,T}) + [[kn — k‘”c(AT)) )
for all n € N, where C is a constant independent of n.

Proof. Note that x,(t) satisfies the following equation

nt) = gult) + /Ot (2, $)an(s)ds, 0 <t <T.

Putting y,(t) = z,(t) — x(t), it follows from (2.1) and (2.12) that

yn(t) = qn(t)—q(t)—i-/O (kn(t,s) — k(t,s))xn(s)ds—i—/o k(t, s)yn(s)ds.

Consequently
[ (6)] < lgn(t) = a()] + Jy kn(t, s) = k(t, )| [z (5)| ds
+ Jo [(t, )| lun(s) ds
< lan = dlleqory + T ke = Ellc(am 1#nlloqo,m)
+ 1kl eagy Jo 19n(s)] ds.
Applying Gronwall’s Lemma, (2.14) leads to

|yn (2]

< [an_QHC([O,T})_'_T 1kn =kl camm HanC([O,T])} exp(T' [kl cap)s
for all ¢ € [0,T]. Thus

[2n = 2l o(o,m)

< [an_QHC([O,T})_'_T 1kn =kl c(ar) HanC([O,T])} exp(T'[[kllc(apm)-

Moreover, (2.9) and (2.12) give the following inequality

t
2] < lanllogoy + nlloan /0 an(s) ds, 0< ¢ <T.

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)
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Continuing applying Gronwall’s Lemma, we conclude from (2.9) and (2.17)
that

lznlleqo,m) < lanlleqor exp(T [[knlloagy) < €, Yn=1,2,---,  (2.18)

where C' is a constant independent of n. Combining (2.16), (2.18), we obtain
(2.11) and (2.10) follows. O

3. AN APPROXIMATE OF A SOLUTION BY A CONVERGENT SEQUENCE OF
POLYNOMIALS

In the above section, {x,} is defined by (2.12) so it may be not a sequence
of polynomials. However, we can establish {x,} such that it is a sequence of
polynomials and it convergences to a solution of (2.1).

For every T > 0, according to the Weierstrass Theorem, the functions ¢(t),
k(t,s) are approximated by sequences of polynomials with an variable or two
variables {q(t)}, {kn(t, s)}, respectively, given by

Qn(t) = Z —0q; t7, kn(tv S) = Z kz“ t's?,
F=0 Tk iti<n (3.1)

lan — dlleoryy = 0 Ilkn = Ellg(agy = 0-

We shall construct the recurrent sequence {z,} below

l’o(t) = 0,
: (3.2)
{ Tn(t) = qu(t) + [o kn(t, s)zn-1(s)ds, 0 <t <T,n=1,2,---.

It is clear to see that {x,(t)} is a sequence of polynomials with an variable ¢,
and the following property is fulfilled.
Theorem 3.1.

Sl =2l oo = 0-

Proof. In order to prove Theorem 3.1, we need the following lemma.

Lemma 3.2. Let A, B > 0 be reals given, let {z,} C C(Ry) be a sequence of
continuous functions and positive such that

20(t) S A+ B [ zn_1(s)ds, t >0, n=1,2,--- .

(3.3)
z0 € C(Ry), 20(t) >0, t>0.
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Then
(i) za(t) < A [1+Bt+B2§+B3§+...+Bk%}
+Bk+1tk£! fot Zp—k—1(r)dr,
t>0, k=0,1,2,---,n—1; n=1,2,---, (3.4)
(ii) 2n(t) < A {1 + Bt + B2. 4 B3L 4 .. 4 B! (j:fll)!}

n tnfl
+B 0

mf(fZO(T)dh t>0, n=1,2,---.

Proof. The proof of Lemma 3.2 can be done relatively easily by induction. O

Now, we show that {z,,(t)} is bounded in C([0,T7).
Because |lgn — 4l (jo,r1) = 05 kn — Ell¢(a,) — O, there exists two positive
reals A, B such that

anHC’([O,T]) < 4, HanC(AT) <B,Vn=12,---. (3.5)
On the other hand, by (3.2) we get

t
|z, (2)] §A—|—B/ |Tn—1(s)|ds, 0<t<T, n=1,2,---. (3.6)
0

Using Lemma 3.2, (3.4) (ii), in which z,(t) = |z, (t)], 20(t) = |zo(t)| = 0, (3.6)
leads to

tn—l

2, (t)] < A [1 +Bt+ B*5 + B3 + ..+ Br

(3.7)
< Aexp(Bt), 0<t<T, n=1,2,---.

Next, we show that ngrfoo [#n = 2l (0, = 0-
Putting y,(t) = x,(t) — z(t) and
Bn(0) = Gn(t) — 4(t), Fult, ) = hnlt, 5) — K(t,5). (33)
It implies from (2.1) and (3.2) that
t t
un(t) = Gn(t) + / Fon(t, )01 (3)ds + / K(t )y (s)ds.  (3.9)
0 0

Since |z, (t)] < Aexp(Bt), (3.5) and (3.9) yield
_ A T !
)] < Il + 3 x0T [l + B [ a(ollds. - (3.10)

For all € > 0, by

1Znllco,7) = lan = aleqoy = 05 [Enlloga,y = 1kn = Elloag = 0,
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there exists ng € N such that

3 A - €
1@nllcqo.ryy + 5 exp(BT) Enll oag < 5o (BT)’ Vn>mng.  (3.11)
Consequently
c t
n() < 5 —mm + B n— , Vn > ny. 12
O] < o + B [ I ®lds Yo zm. (@12
Using Lemma 3.2 again, (3.4)(i), with z,(¢) = |yn(t)], A = W(BT)’ -

n — ng, we obtain

2 3 n—mn,
’yn(t)lgﬁw:p)[l+3t+32t—+33%+ . 4 Bn—no_t"="0

(n—no)!
B no+1 t" 0 d
+ )l fo |yn0 1( )| r

E (n—no) - nO (3.13)
— 2exp(BT) eXp(BT) +B (n—nop)! fO ’yno 1( )‘d?”
< %—FB(I(?# fo |Yno—1(r)| dr, Vn > ng.
Since B((n# fo |Yno—1(7)| dr — 0, there exists n; > ng such that
BT)" o T €
((n)no)'/ g1 (D] dr < 5, 0>y, (3.14)
—no)! Jo
Combining (3.13) and (3.14), the result is
lyn(t)| <&, VYn>ng, Vte|0,T)]. (3.15)
This ends the proof of Theorem 3.1. g

4. AN ASYMPTOTIC EXPANSION OF THE SOLUTION WITH RESPECT TO I3

In this section, we consider an asymptotic expansion of the solution of (2.1)
with respect to 5. When 8 = 0, Eq. (2.1) has the form

z(t) = qo(t) + /Ot ko(t,s)x(s)ds, t >0, (4.1)

where
Y{t—Y
{qawz—a =0,

ko(t,s) = —a+ £, t>0,5>0.

(4.2)
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Assume that x(t) is a solution of (4.1). Let us denote by x1(t), --- ,xn(t),
the solutions of the following integral equations respectively
x1(t) = q1(t —|—f0 ko(t,s)z1(s)ds, t >0,
xo(t) = q2(t) + fo ko(t,s)za(s)ds, t >0,

(4.3)
an(t) = an(t) + [ ko(t, s)zn(s)ds, t>0,
in which
cn( > = iy + 42 fé zo(s)ds, >0,
(4.4)
;ﬁfox” i=2,3,---,t>0.

Suppose that z(t ) is a solution of (2. ) Then y(t) = z(t) — Zf\io Bia;(t) is a
solution of the following integral equation

y(t) = BVg(r) + /0 Kt $)y(s)ds, >0, (4.5)
with
_ t+2
q(t) = 51 ), xn(s)ds, t > 0. (4.6)

It follows from (4.5) that

2(t) < 263(t) + 202(0) /0 ' (s)ds, @)

t
2(8) = y2(1), a(t) = [B1" T a(t)], b(t) = /0 k*(t,s)ds, t>0. (4.8)
Using Gronwall’s Lemma again, from (4.7), we obtain

2 2 "y L
z(t) < 2a”(t) + 4b (t)/o a“(s) exp [2/3 b (T)d’l”:| ds, t > 0. (4.9)
Yo (1) < 20(1) VT2, £ >0, (4.10)
with

() = () + 2% (1) /Ot 3*(s) exp [2 /: b2(r)dr] ds. (4.11)

Chosing 3 small enough, such as |3| < 1, the function k(¢, s) is bounded by a
constant independent of 3, because of the fact that

B—
|k(t,s)| < |—a—pB— t+1

VaeR, Vie[-1,1], t,seR;, s<t.

|B]+1+s
+ < |a| + 3,
t+1 | | (4.12)
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The result is
= [JK2(t,s)ds < (|a] +3)t,
4.13)
) .2 (
f b2(r)dr < ( yay+3) (f—?).
We get

B(t) < P(t) + 2 (Ja] + 3)*t [ ¢*(s) exp [(\a|+3)2 (t2—52)} ds
= U2(¢),

(4.14)

for all t > 0, where U(t) is continuous in R, independent of 5. Obviously,
U(t) >0, Vt>0. From (4.10) and (4.14), we obtain the following theorem.

Theorem 4.1. There ezists the function ¥ € C (Ry.) independent of 5 such
that

<V2U() BV, ¢ >0, (4.15)

N .
o(t) =Y Blai(t)
1=0

where xo(t), x1(t), -+ ,xn(t) are defined by (4.1)-(4.4).

5. AN ASYMPTOTIC EXPANSION OF THE SOLUTION WITH RESPECT TO «, ﬁ

This section gives an asymptotic expansion of the solution of (2.1) with
respect to a, 8. When ae = 8 = 0, (2.1) has the form

x(t) = qo(t) + /Ot ko(t,s)z(s)ds, t >0, (5.1)

where

_ _ Y/t—~vY;
@o(t) = qoo(t) = — 1, >0,

0
o(t,s) = koolt,s) = Lif, t>0, s>0.

(5.2)

k
Let Zo(t) = Zo,0(t) be a solution of (5.1). It is not difficult to see that

! t
1
Y- Y,
A bt

To(t) =

’t207

t
is a unique solution of (5.1). Assume that z;;(t) = 2;;(t), ¢, j =0,1,--- , N,
1 <i+4j < N, respectively, are the solutions of the following integral equations
xi;(t) = qi5(t) + fot ko(t, s)xij(s)ds, t>0;

(5.3)
7’.]:0717"'5Na 1§/L+]§Na
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in which
qo(t) = quo(t) = -1 — fo Zo(s)ds, t>0,
qo1(t) = qo1(t) = — 2 — 22 [Lzo(s)ds, ¢ >0, (5.4)
Gij(1) = 4ij (1) = = fo Tim13(s)ds — 5 [[Zi 5 1(s)ds, t >0,

Let x(t) be a solution of (2.1). Then y(t) = z(t) — > zii(t) a7 is
0<i,j<N,i+j<N
a solution of the following integral equation

y(t) = En(a, B,t) +/0 k(t,s)y(s)ds, t >0, (5.5)

where

EN(Q/,B,t) = — Z |: + 6ﬂ :| a’ﬂj /t a’cij(s)ds, t >0. (5.6)
0

t+1
0<4,j<N, i+j=N +

Then we have the following lemma.

Lemma 5.1. There erists the function ¥ € C (Ry) independent of a, B such

that
Ex(o,f.0)] < (1) (vVa? + 52)N“ >0 (5.7)

Proof. The proof of Lemma 5.1 is as follows. We have, for all ¢ > 0,

Evtesils S (lal+s T Ylal 199 [ leg(olds 69

t+1
0<4,j<N, i+j=N +

Note that
lof 18122 Yol 18F < (1422 ) (Va2 52)
aQ 1 ) 1< > 41 o (5.9)
N+1 .
<3(Va?+ @), 0<ij<N, i+j=N, s<t.
So
N+1
Ex(8.01<3 X [ilayg(s)lds (Va2 + )
0<i <N, i+j=N : (5.10)
_ N+
= T, (1) («/aQ +52) L t>0
]

The main result of this section is the following.
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Theorem 5.2. There exists the function ¥, € C(Ry) independent of o, 3
such that

x(t) — Yo z(H)ap| < T(1) (\/&2 + BQ)NH , >0, (5.11)

0<4,j<N,i+j<N

where \/a? + 2 <1 and 7;§(t), i,j >0, i+j < N are defined by (5.3), (5.4).
Proof. We have gy satisfies the equation

i) = B /k:ts $)ds, t > 0. (5.12)

It implies from (5.12) that

2(t) < 2a*(t) + 2b%() /t z(s)ds, (5.13)
0

where z(t) = 72(t), and

alt) = ¥(0) (Ve + )" bt = /t k2t s)ds, >0, (5.14)

0
Using Gronwall’s Lemma, (5.13) yields
t
2(t) < 2a2(t) 4 4b%(2) / 5) exp [2 ] ds, t>0. (5.15)
or 2N+2
Y2 (t) < ®(t) (\/oﬂ + B2> , t>0, (5.16)
with

(t) = 203 (t) 4 4b*(t) / t T?(s) exp {2 / t b2(r)dr] ds. (5.17)

0

Note that, with «, 8 small enough such that /a2 + 82 < 1, the function
k(t,s) is bounded by a constant independent of «a, 3, t, s, because of

B—1—s
()| < |—a - 8- B <

t+1

(5.18)
§3<\/a2+52) —1—;%9 <4, Vt,seRy, s<t.
Thus
t t
B(t) = / K2(t, 5)ds < 161, / B (r)dr < 8 (1 — 52) . (5.19)
0 s
Consequently

B(0) < 20°(0) + ot | " 52(s) exp [16 (12 — 52)] ds = B2(8), Wt > 0. (5.20)
0
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It is obviously that W,(¢) is continuous in R, independent of a, 3. Theorem
5.2 is proved completely. O

Acknowledgements. The authors wish to express their sincere thanks to
the referees and the Editor for their valuable comments and remarks.

REFERENCES

[1] S.I. Chernyshov, A.V. Voronin and S.A. Razumovsky, The Problem of Modeling of
Economic Dynamics (new version) (2010).
http://arxiv.org/ftp/arxiv/papers/1003/1003.4382.pdf

[2] S.I. Chernyshov, V.S. Ponomarenko and A.V. Voronin, The Problem of Modelling of
Economic Dynamics in Differential Form, (2008).
http://arxiv.org/pdf/0804.3658.pdf



