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Abstract. In this work, we study the following sub-elliptic system involving strongly coupled
critical terms and concave nonlinearities:

—Amw = Tl 2ol 4 B ] ol P4 Ag(2) |l 2 € Q
Aoty = B e ofpi=2y 4 B oo o)t () ol 0, €9,
u=v=0, z € 082,

where 2 is an open bounded subset of H; with smooth boundary, —Ap, is the sub-Laplacian
on Heisenberg group Hi, 71,72, A, i, are positive, a1+ 61 = 2%, as+P2=2", 1 < ¢<2,2" =
QZ—?Q is the critical Sobolev exponent on the Heisenberg group with Q = 4 the homogeneous
dimension of H;. By exploiting the Nehari manifold and variational methods, we prove that

the system has at least two positive solutions.
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1. INTRODUCTION

In this paper, we are concerned with the sub-Laplacian system involving
strongly coupled critical terms and concave nonlinearities on the Heisenberg
group H; given below

—Agyu = T2 yjea=2pp| By 4 D2y 1002y Bayy 4 Ag(2)[u]92u, 2 € Q,
— Ao = %ru\awvwﬁr% + %\ur%\vrﬁﬂv + ph(2)|o| %0, zEQ,

u=v=0, z€ 09,

(1.1)
where (2 is an open bounded subset of H; with smooth boundary, —Ap, is the
sub-Laplacian on Hj. A, u, are positive, 2* = 4 is the critical Sobolev exponent,
and Q) = 4 is the homogeneous dimension of H; and g, h : 2 — R are positive
continuous functions.

We consider the following conditions:

(.Ao) 1<g<2,0<my< 00,4, B >1 and «; + 5; :2*(’i = 1,2),
4
("41) g, h € LT_Q(Q)7
(Ag) there exist ag, 79 > 0 such that By (0,79) C Q and g(z), h(z) > ao
for all z € B4 (0,79),

where By(z,r) denotes the quasi-ball with center at z and radius r with respect
to the gauge d. |u|®2u|v|% and |u|®|v|%~2v, i = 1,2 are called strongly
coupled terms.

We now recall some known results concerning the elliptic system involving
the strongly coupled critical terms. In the case of Euclidean space (R",+),
m=mn=1,a =a =a«, 1 = P2 =pand g = h = 1, problem (1.1)
becomes the following Laplacian elliptic system:

—Au = 29 y|*2|pPu + Nu|?%u  in Q,

v = o2 + ol in Q) (12
w=uv=0, on 0€).

The authors in [11] proved that the system (1.2) admits at least two positive
solutions. Later, Hsu [10] obtained the same results for the p-Laplacian ellip-
tic system. There are other multiplicity results or critical elliptic equations
involving concave convex nonlinearities, see for example [1, 2]. Systems similar
to (1.1) have been the subject of works [8, 21], where the fibering and Nehari
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manifold methods are applicable to obtain two positive solutions for

q—2
Cu = Bl 2o+ Bl 4 AT s,
q—2
EU — 771/81 |u|a1|’U|ﬁl_2’U + 77262 |U|a2|1}|52_2v ‘I— |U‘ ’U, = Q’ (13)
2% 2% |z|Y
u=7v=0, x € 09,
where, £L = —A or L is (—A)?®, the spectral fractional Laplacian operator.

Contrary to the nonlinear elliptic problems in Euclidean space that have been
widely investigated, the situation seems to be in a developing state for the
sub-Laplacian problem on Heisenberg groups. Recently, great attention has
been devoted to nonlinear elliptic problems involving critical nonlinearities,
in the context of Heisenberg group, see for example [7, 14, 15| and references
therein.

We look for weak solutions of (1.1) in the product space H := S§(Q) x S§(Q),
endowed with the norm

1
2

)l = (uly oy + o2y )" for (uv) € .
where the Folland-Stein space S§(Q) = {u € L*(Q) : [ |Vm,ul*dz < oo}, is
defined in [9] as the completion of C§°(€2) with respect to the norm

1
2
lullsyon = ( [ 19muaz)", vue sy,

By using the Nehari manifold and fibering map analysis, we establish the
existence of at least two positive solutions for a sub-elliptic system (1.1)when
(A, 1) belongs to certain subset of R2. Since the embedding S} (2) — L*(€)
is not compact, then the corresponding energy functional does not satisfy
the Palais-Smale condition in general. Therefore, it is difficult to obtain the
critical points of energy functional by simple arguments, which are based on
the compactness of the Sobolev embedding. To overcome this difficulty, we
extract a Palais-Smale sequence in the Nehari manifold and show that the
weak limit of this sequence is the required solution of problem (1.1).

We consider the following scalar critical equation:
—Ag,u = |ufPu in H;. (1.4)
For equation (1.4), it is well known (see e.g. [4, 12]) that positive solutions

have the following decay:

U(z) ~ as d(z) — oo, (1.5)

C
d(=)?
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where d is the gauge norm on H;. This result applies, in particular, to the
extremals of the Sobolev inequality on Heisenberg groups (whose existence
was proved in [17], that is, to the functions U that achieve the best constant
for the embedding S} (H;) < L*(Hy), that is,

o i le ]VH1u|2dz fH |VH1U|2dz
Hy =

ueSH (H1)\{0} <fH1 ’u|4d2> (fH |U|4dz)

We underline that the knowledge of the exact asymptotic behavior of Sobolev
minimizers turns out to be a crucial ingredient in order to obtain existence re-
sults for Brezis-Nirenberg type problems, whenever the explicit form of Sobolev
minimizers is not known, as in the present Heisenberg case. The knowledge of
the behavior of Sobolev minimizers turn out to be crucial also for the system,
due to the relation between the extremals for the best constant S, , g associ-
ated to the system and the Sobolev constant Sg, (see Theorem 2.1 below).

The energy functional I, , 3 : H — R associated to (1.1) is given by

1 1 1
In,&ﬂ(uv 1)) = 5”(”70)”%{ - EKU(U’; U) - 5\1’)\#(71,1)), V(U,U) €EH,

where
Ko(u0) = [ (bl ol + mafuf o) dz
Q

W, 0) = /Q AgNul® + ph(2)]e]) dz

It is easy to check that I, o 5 € C1(H,R), and the critical point of I)) o is the
weak solution of (1.1). We call a solution (u,v) positive if both u and v are
positive, (u,v) is nontrivial if u #Z 0 or v # 0.

Definition 1.1. A pair of functions (u,v) € H is said to be a weak solution
of problem (1.1) if

/(Vuv¢+ww) dx:/ (Pt 2 ol g + 22 2 ol ug ) do
Q Q
b (P ol 2o PR o2 )
Q

T / (A (@) [ul 92+ pg(a) 0|7 20) do
Q

(1.6)
for all (¢,v) € H.

Define the set
Do = {(A\p) € RT x RT\{(0,0)}: 0 < Mlgll, w2 +ulhll 2 <o}
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Let

_ 2 2—q  \F 17
v (aratma) S o

The main result of this paper can be included in the following theorem.
Theorem 1.2. Assume that (Ao), (A1) and (A2) hold. Then, we have the
following results:

(i) If (A, ) € D4, then (1.1) has at least one positive solution in H.

(ii) There exists a constant A, > 0 such that the system (1.1) has at least
two distinct positive solutions in H for all (A, p) € D, .

The paper is organized as follows. In Section 2, we recall some basic def-
initions of Heisenberg groups and we give some useful auxiliary lemmas. In
Section 3, we investigate the Palais-Smale condition for the energy functional
I, o 5. Finally, the proof of Theorem 1.2 is given in Sections 4 and 5.

2. THE HEISENBERG GROUP AND PRELIMINARIES LEMMAS

Let us recall some briefs on the Heisenberg group (see [3]). The Heisenberg
group Hy = (Rg, o) is the space R? with the noncommutative law of product

(z,y,t)o (¢, ') = (z+ 2",y + v, t +¢ +2(ya' —2)),

where z,2’,y,vy',t,t' € R. This operation endows H; with the structure of
a Lie group. The Lie algebra of H; is generated by the left-invariant vector

fields 9 5 5 9 9

T=—, X=—+42y—, Y =——-20—.

at’ o Yo oy ot
These generators satisfy the noncommutative formula
[X,)Y]=-4T, [X,X]=[Y,Y]=[X,T]=[Y,T]=0.
Let £ = (z,y) € R? and 2z = (&,t) € Hy. The parabolic dilation
Oz = (/\at, Y, )\2t)
satisfies
dx(z00z) = drz000x2
and /4
1/4 2

ol = (It + )" = (@2 +92)° +22)
is a norm with respect to the parabolic dilation which is known as Kornyi gauge
norm d(z). The Heisenberg distance between two points (£,t) and (£',t') is
given by

plet:€ 1) =|(€.t) "o (&)

Hy
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Clearly, the vector fields X, Y are homogeneous of degree 1 under the norm
||, and T is homogeneous of degree 2. The Kornyi ball of centre z9 and
1

radius 7 is defined by
By (z0,7) = {z : ‘z_l ozo‘d < r}
and it satisfies
|Ba (z0.7)| = | Ba(0,7)| = r* | B4(0, 1)

The Heisenberg gradient and the Kohn-Laplacian (the Heisenberg Laplacian)
operator on Hj are given by

Viu=(Xu)X + (Yu)Y
and
Ag, = X*+Y?,
respectively.

We will give some results which will be used to prove the existence in mul-
tiple critical case. Let U be a fixed positive minimizer for the best constant
Sm, and define the family

Uc(z) = U (5%(2)) . Ve (2.1)

The functions U, are also minimizers for Sy, and, up to a normalization, they
satisfy

/ Vi, U2 = / Ue(2)*dz = S3, Ve>o.
Hl Hl

For any 0 < n; < oo (i = 1,2), 4,08, > 1 with o; + 5; = 2%, by the
Young inequality, the following best Sobolev-type constants are well defined
and crucial for the study of (1.1):

le (|VH1U|2 + |VH11)|2) dz

1/2
(s, (mlulesfol?s + molufozlv]2) da)

-1/2

_ inf 7 2 / arly|Pr 4 az |, B2 d> )
SRS (CA0] (H (ol + maful2 o] da

(2.2)

Snapg = inf
mef (u,v)e’;lgl\{(0,0

For any t > 0, we define the function

o) = — T8 (2.3)

1
(mtPr + matP2)?
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Since b is continuous on (0, 00) such that lim h(¢) = lim h(t) = 4o, there
t—0+ t——+o0

exists tg > 0 a minimal point of function b, that is,

b (to) = minh(¢) > 0. (2.4)

t>0

Summarizing, we have the following relationship between Sy, and S,  s.

Theorem 2.1. Assume that (Ag) hold. Then
(i) Sn,aﬁ =D (to) SH, ;

(ii) Sy,a,8 has the minimizers (Us(2),toUs(2)),e > 0, where U.(z) are de-
fined as in (2.1).

Proof. Suppose x € S§(H;). Choosing (u,v) = (k,tok) in (2.2), we have

V. k|2dz
142 /Hl| Hi |

5 5 I 172 > Sn,a,ﬁ- (2.5)
(771?501 + 772t02> </ |/§|4dz)
Hy
Taking the infimum as x € S§(H;) in (2.5), we have
b (t0) Sit, = Sy (2.6)
Let {(un,vn)} C H be a minimizing sequence of S, o 3 and define w, = s, vy,
where
1
—1 4
Sp = </ || dz) / lun|* dz | .
Hl Hl
Then

/ |w,, | dz:/ |un|t dz. (2.7)
Hl Hl

From the Young inequality and (2.6) it follows that

[t @z <% [l @z 5l d:
H, 4 Ju, 4 Jm,

:/ | |* dz:/ lw, |t dz, i=1,2.
H,y H,

(2.8)
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Consequently,
1, vn) |12
172
([ (mbualsonl? + lanf ) )
Hy
/ |V, tn|*dz 3;2/ |V, 20| *dz
Hy H;
Tt i
5 _ _ 2
(7718 Mt sn )fH |Un|4) ((77157151 +7725nﬁ2> Ju, lwnl! dz)

Sn,a,,B 2 b (tO) SH17
which together with (2.6) implies that

Sn.ap = b (to) Sy -
By (2.2) and (2.1), S, has the minimizers (U.(z), toUe(z)). O

Let R > 0 be such that By(0, R) C 2 (we can suppose 0 € 2, due to the
group translation invariance) and let a cut-off function ¢ € C§° (B4(0, R)),
0<p<1,o=1in By (0, ) and ¢ = 0 in H;\By(0, R). Set

ue(2) = ¢(2)Ue(2).
Then, from [[12], Lemma 3.3], we obtain the required results.

Lemma 2.2. The functions u. satisfy the following estimates, as € — 0 :

/Q |VH1UE|2d'Z = S]%h +0 (82) )

/Q lu|*dz = SI%h +0 (54)
and

/ luc?dz = Ce?|Ine| + O (%) .
Q

Moreover, similarly as the proof of [[13], Lemma 6.1], we get the following
results.

Lemma 2.3. The following estimates hold as ¢ — 0 :

/“sz> O (e*ln(e)]), ifg=2,
o |0 .

(€), if1<q<2.
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3. THE PALAIS-SMALE CONDITION

In this section, we use the second concentration-compactness principle and
concentration-compactness principle at infinity to prove that the (PS). con-
dition holds.

Definition 3.1. Let c € R and I, o 3 € C*(H,R).

(i) A sequence {(un,vn)},cny C H is a Palais-Smale sequence at the level
¢ ((PS).-sequence in short) for the functional I;) o 3 if I;) o g (Un,vn) —

cand I} , 5 (un,vp) — 0 as n — oo.

(i) We say that I, , g satisfies the (PS). condition if any (PS).-sequence
{(un,vn)}, ey € H for I o g has a convergent subsequence in H.

Since g, h € Lﬁ(Q), we obtain from the Holder and Sobolev inequalities
that, for all u € S} (),

fmses () " (1)

_9g
<9l s, S Il (3.1)

Similarly, we get

Jremras< (] |h<z>ﬁqdz>44q (f v|4dz)Z

A
<l o S ol o (32
Hence, from (3.1) and (3.2), we have
A
Wn(,0) < (Mgl o, + bl ) S s o)1, (3.3)
Moreover, the Young inequality and (3.1), (3.2) imply that
2 < (4 —q\ 7
q —qoa% (4-a\ 7
Baluno) <ol + 250807 (150
4 (3.4)

2

< (M1, ) 7+ (ulnl e, )7
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Lemma 3.2. Let {(un,vn)},eny C H be a (PS)c-sequence of I o 5 with
(Un,vn) = (u,v) weakly in H. Then I} , 5(u,v) =0 and

(4-9)(2—9q) 4—q
Iya,p(u,v) = — TSHl ( 5 )

< (Mgl 1) 7+ (el )

Proof. Since {(un,vn)} ey C H is a (PS) )c-sequence of I, o g with (up, v,) —
(u,v) weakly in H, it is easy to check that I} , s(u,v) =0, and then

< aﬁ U, v) )> =0,
that is,
1(w, 0) 3, = Ko, v) + U u(u, v).
Then from (3.4), we have

1 4—q
Iﬂvaﬁ(u?v) :ZH(U’ U)H’QH - qujk,u(uav)

B9 @-a) ot (4-a) T
- 8q Hh 2

< (gl a, )77+ (i, )7

This ends the proof. O

Lemma 3.3. Assume that {(un,vn)},eny C H is a (PS)c-sequence of Iy o g
and the condition (Ay) holds. Then {(un,vn)},cy i bounded in H.

Proof. Assume by contradiction that [|(u,,vy)|l,, = +00. Set

(an;f}n) = ( o ) Un ) .
[[Ctns on) 3" [ (uns on) [l
Then, [|(@n, V)| = 1, and

(Up, Up) — (u,v) weakly in H,
(i, Tn) — (u,v) strongly in (L™(Q))? for all r € [1,4), (3.5)
(Un(2),0n(2)) = (u(z),v(2)) a.e. in Q.
Set @, := U, — u, v, := U, — v, then there exists a positive constant C' > 0
such that

/ |, |*dz < C, / |0, |*dz < C (3.6)
Q Q
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and by (3.5), one has that for any € > 0, there exists ro > 0 such that

/ fiin] dz < & and / Ba|4d < e, (3.7)
Bg4(0,m0) Bd(O,’r‘o)

for n large enough, where By (0,r9) = {z € Hj : d(0,2) < rp} is a ball with
center at 0 and radius rg with respect to the gauge d.
4
Moreover, since g, h € L1-4(2), for the above constant ry, we have

/ ()| idz < ¢ and / ()| Tads <. (3.8)
Q\By(0,70) N\ Bq(0,m0)

Then, by (3.6), (3.7), (3.8) and Holder inequality, we get

U (i, 1) = / Ag(2)|in]? + ph(2)[5m]7)

Q\Bd (0,7‘0)

4 / (gl + ph(2)[5ala?) dz
Bd(O 7"())

4—q

% :
<) / gl dz / PRIER
Q\B4(0,r0) Q\B4(0,m0)

4—q

4
+ / \h|ﬁdz / |5, | d 2
Q\Bd(ovro) Q\Bd (O,UQ)

4—q q

o T4 4
o) ([ jalts
Bd(o r0) B4(0,70)

4—q

4 T4
|h| T dz / |0 |*d2
Bd(o r0) Bg(0,up)

<C1€ T +02€4

NN

NS

which yields that W ,, (@, ?7,) — 0 as n — oco. Consequently,

lim Wy, (tn, 0p) = hm \IJ,\# (T, On) + Wy (u,v) = ¥y 4(u,v). (3.9)

n—o0

On the other hand, since {(upn,vn)},cy C H is a (PS).-sequence of I o 3
and w, = ||(un, vn)lly - Uny V0 = || (Un, Vn)|ly - Un, we deduce that

1 o 1 o
3 1ty v ) 3 11 (G, )3 =1 (s v )3, Ky (i, )
(3.10)

1 .
+ 5 [ (vn, Un)”g-[ \Ijx\,u (T, Un) + 0n(1)
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and
(s ) 3 11 (s ) 13 = 1| (s v0) 34 Ky (@i, T)
+ || (tn, Un)”g-[ 5 (i, D) + 0n(1).
From (3.9), (3.10), (3.11), 1 < ¢ < 2 and |[(up,vp)|lyy — +00, we have

. -~ 4—q .. Uy, (U,
lim H(un,vn)Hi = lim (1 Qﬁ)q =
n—o00 q n—oo H(unavn)”q.[

(3.11)

9

which contradicts ||(tn,0n)|ly; = 1. Therefore, {(un,vn)},cy is bounded in
H. O

Lemma 3.4. 7, , g satisfies the (PS). condition in H, with c satisfying

_2 _2
0<c< o= 4537 o — Co [(Augym%)“ + (uuhuLﬁ)Q‘Q], (3.12)

_9q
where Cy = Cp(q) := %((12(])5 > (4—5‘1) *~ is a positive constant depend-
ing only on q and Sy, .

Proof. Let {(tn,vn)},eny € H be a (PS)c~sequence for I o 3 with ¢ € (0, ¢o)-
It follows from Lemma 3.3 that {(un,vn)}, ey is bounded in H. Then, there
exists a subsequence still denoted by {(un,vn)},cn and (u,v) € H such that
(U, vp) — (u,v) weakly in H, and

Up —u, v, — v weakly in L(Q),
Up = u, v, — v strongly in L"(Q2) for all 1 <r < 4, (3.13)
un(2) = u(z), wvp(z) = v(z) a.e. in Q.
Hence, from (3.13), it is easy to verify that
I o p(u,v) =0 and nlg]go Ui (Un, vn) = Wy u(u, ). (3.14)
Set U, = up — u, Uy = vy, — v. By Brzis-Lieb lemma [18], we get

(s 03 = (s 0) g + 11 (G, ) 15 + 00 (1), (3.15)

/]un\4dz—/ \u!4dz+/ (]2 + on(1), (3.16)
/\vny dz:/ |v|4dz~|—/ (6 4dz + on(1) (3.17)
Q Q Q

/!un|0"'\vnlﬁidZ—/ |u]°‘i\v]f3idz+/ (] (5P dz + 0n(1).  (3.18)
Q Q Q
So, (3.16), (3.17) and (3.18) yield

K (un,vp) = Ky(u,v) + K (G, 0n) + on(1). (3.19)

and
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Then, using (3.14), (3.15) and (3.19), we have
1. . 1 .
c= ) H(Umvn)Hg—L - ZKW (i, Dn) + In,a,ﬁ(uav) + on(1) (3.20)
and
0n (1) = ||(tn, T)n)Hg{ - K, (tn, Un) - (3.21)

We may assume that
| (@n, 0n) |3, = 1, Koy (fn, Bn) = 1 >0 asn — oo.

If [ = 0, the proof is completed. Assume that [ > 0, then from (3.21), we have

1
1 . ~ ~ 2 . ~ ~
Snasl? = Spas (lim Ky (i, )" < B (@, 50) I = 1,

which implies that [ > S% o,5- Hence, from (3.20) and Lemma 3.2, we have

c=1Ipqap(Un,vn) +on(l)

1 1
= <2 - 4) L+ Iy.0.(u,v) + 0,(1) (3.22)
1 = =
> 2520 =Co | (Mgl =, )7 + (ullall_s, )™
which contradicts ¢ < ¢o. The proof is completed. O

4. NEHARI MANIFOLD

Now we focus our attention on Problem (1.1) by using the Nehari manifold
approach. For this reason, we introduce the Nehari manifold

Nap = {w € H\{0} : (I} o 5(w), w) = 0},

where w = (u, v) and ||w||3 = ||(u,v)||%. Note that N, , 3 contains all nonzero
solution of (1.1), and w € NV, 4 g if and only if
lwll, = Ky(w) + @ p(w). (4.1)

Lemma 4.1. I, , g is coercive and bounded below on Nma,ﬂ-

Proof. Let w € N, o3 by (3.3) and (4.1). We find
1 4—q
Inap(w) = [lw]lf — — =¥ . (w)
4 4q
o (4.2)

1 _a
> 2wl = 22 (Mgl o, + sl ) S ol

Since 1 < ¢ < 2, then I, 4 3 is coercive and bounded below on N, o g. This
achieves the proof. O
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Define ®(w) := <I7’7 ap(W

(w), >, then for all w = (u,v) € N, o3, we have
(@'(w), w) = 2|wlf; — 4Ky(w) — ¥y pu(w)

= (2 - @lwlf, — (4 - q) Ky(w) (4.3)
= 2[|w|[F; + (4~ q) U»,p(w).

Now, similar to the method used in [16], we split N, o g into three disjoint
parts:

Nios={weNyas: (¥ (w),w) >0},
Npas = {w € Npas : (¥'(w),w) =0}, (4.4)
:{we./\f,a,5:<®’w,w><0}.

Ny, no,B
Note that N, o s contains every nonzero solution of problem (1.1). In order
to study the properties of Nehari manifolds. We now present some properties
of Nt o NO o5 and N o, b0 state our main results.

Lemma 4.2. Assume that wo = (ug, vo) is a local minimizer for Iy 5 on the
set Ny.a,8 \ N, a - Then In o5 (wo) =0 in HL, where H™1 denotes the dual
space of the space H.

Proof. The proof is similar as that of [20, Lemma 3.4] and the details are
omitted. 0
Lemma 4.3. N, 5 =0 for all (\, p) € RT x R with

0< Mol o +pllhl| o <A
where A is given in (1.7).

Proof. We argue by contradiction. Assume that there exist A\, € (0, +00)
with
0 <Allgll, o +ulhll 2 <A

such that N, 5 # 0. Then, foerNoaﬁ, by (4.3), we have

4—q
ol = 5= Fa(w) (45)
and
4—q
Jwllfy = =5 1w (). (4.6)

From the Young inequality, we have that

Ky(w) < (m+m2) S~ w3,
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and (4.5) yields

2—q 9 2
lrollze = <<m T (Ao q)S]Hh) | (4.7

On the other hand, from (3.3) and (4.6), it follows that

ol < (42 (Mgll o+ pllbl] o) 52 >)“. (48)

Therefore, in view of (4.7) and (4.8), we obtain

2

A\ h > 2 24 s =
a4 A o
HgHL‘éq el ||L4fq T 4—q <(7]1 +12) (4_‘])) i

which is a contradiction. This completes the proof. O

b

By Lemmas 4.2 and 4.3, for (A, 1) € D, we can write N, o3 = N ap Y

7,
Nmo% and define o
c = in w),
1,8 WEN, .5 n,a,ﬁ( )
Jr
CTLa:B - Ej\r/%’f:a 5 17770475 (w)7

Cn,a,ﬁ - j\l/,li Iﬂ,aﬁ(w)‘

n,a,83

Lemma 4.4. Assume that (Ag) hold. Then, we have the following results:
(i) cna5<c g <0 for all (A, pn) € Dy.

(ii) There exists a constant Cop = Co (A, p, q, Sm,, A) > 0 such that
> Cp >0 for all (A, ) €D

Cno8
Proof. (i) For w € N'™ op C Nyja,8, by (4.3), we have
4
2
l|wllz > 2—_(]Kn(w)
and so X
11 , (1
o) = (5= ) ol = (5 - 3) #6w)
¢g—2 4-q2—q¢q 2
< (5 + A el
2—q, 2
= —WHWHH <0
Thus, from the definition of ¢, o g and Cp o> WE CAN deduce that
Cpap < C;a,ﬁ < 0.
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(ii) For w € N, , 5, similar to (4.7), we have

2—q 9 2

In view of (4.2) and (4.9), we get

=

1 9 4 — q -4
Tnatw) 2ol (ol = L2 (Mol + sl s, ) 557
2—q
1 2 — q 2 2
> q - S q
>[Jwllz, <4 <(771+772) (4—Q)> o

gy h S
e (gl sl ) S ).

So, if namely,

2—q
q 2—q g
0<A h < Sp? = =A
ol o, + 00, o, < 72 (i) S =34
we get
2 5 (1 2 5!
—q 2 —q 2—q
1 w) > S - S
0@ 2 (G =5 (4 (rm=a) %
4—q '
=L (Ml + ) 552
= Co (N, i, q, Su, , A) >0,
and this completes the proof. O

For each w € H\{0}, we have K, (w) > 0 and let
1
2 — 2 \2
tmax = < ( q7>HwH,H ) > 0.
(4 — q) Ky (w)
So, we get the following result.

Lemma 4.5. Let (A, ) € Dp. For everyw € H with K, (w) > 0, the following
results hold:
(i) If ¥y u(w) < 0, then there is a unique t~ > tyax such that (t~w) €
Nn_a g and

Iya,8 (tiw) = sup I o g(tw).
>0
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(ii) If Uy ,(w) > 0, then there are unique t+and t~with 0 < t+ < typax <
t~such that (tTw) e Nt . (t7w) € Nyap and

n,0,8
Lag (tTw) = _inf Iaps(tw), Ijag(t w)=suplqgstw).
0<t<Imax >0
Proof. The proof is similar to [[6], Lemma 2.6] and is omitted here. O

5. PROOF OF THE MAIN RESULTS

In this section, we provide the proofs of the main results of this work. Before
giving the proof of Theorem 1, we need the following lemma.

Lemma 5.1. Assume that (Ag) hold. Then, we have the following results:

(i) If (A, ) € D, then there exists a (PS), , 5-sequence {(un,vn)}, ey C

Nn7a’ﬁ for ]77,0475‘
(ii) If (A, p) € D gy, then there exists a (PS)C;,a,@ -sequence {(Un, Vn) }pen C

Nn_,aﬂfor Iag.

Proof. The proof is almost the same as Proposition 9 in [19]. O
Now we establish the existence of a local minimizer of I, , 3 on N, 77' B
Theorem 5.2. Assume that (Ag) hold. If (A, ) € D, then I, 5 has a
minimizer (ui,v1) € J\/;;raﬁ such that (ui,v1) is a nonnegative solution of
(1.1) and
Iy o p (u1,v1) = Cpag = C;,a,ﬁ < 0.

Proof. In view of the Lemma 5.1, (i), there exists a minimizing sequence
{(un,vn)}pen C Npa,p such that

TLILH;O Iy o3 (Un,vn) = Cpa,p and nl;rglo leﬂ (up,vy) = 0. (5.1)

Since I 4,5 is coercive on N, 4 5, we get that {(un,vn)},cy is bounded in H.
Passing to a subsequence, still denoted by {(un,vn)},cn, We can assume that
there exists (u1,v1) € H such that (up,v,) = (u1,v1) weakly in ‘H and

Up — w1, vp — v weakly in L(Q),
Up — u1, vy — v1 strongly in L7(Q) for all r € [1,4), (5.2)
un(2) = u1(2), wvp(z) = vi(z) a.e. in Q.

By the proof of Lemma 3.3 and (5.2), we get

lim Wy, (Un, vp) = Wy (w1, 01) (5.3)

n—oo
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From (5.1), (5.2) and (5.3), it is easy to prove that (uj,v;) is a weak solution
of (1.1). Moreover, the fact that (up,v,) € N, o g implies that

q 4q
Ui (tns 0n) = 7l (tm: va)ll3 — 1= g lnas (wnyvn). (5.4)

Let n — oo in (5.4), by (5.3) and ¢;4,38 < 0, we deduce that

677,0475 > 07

4
Uy (ur,v1) > 1 1

which implies that (u1,v1) € H is a nontrivial solution of (1.1).

Now, we prove that (uy,v,) — (u1,v1) strongly in H and that
I a8 (u1,v1) = ¢y a5 By applying Fatou’s lemma and (u1,v1) € Ny a8, We
have

a8 < Inays (U1, v1)
1 9 —
= Iur o)z — “ag D (u1,v1)
.. 1 2 -
< hnrgl.gf 1 [ty ) Iy — ——

= C’?»a:ﬁ'

This yields I, (u1,01) = ¢pap and limy, o0 || (wn, va)||5, = [|(u1,v1)]|5,- The
standard argument shows that (u,,v,) — (u1,v1) strongly in H.

Next, we claim that (uq,v1) € N;’ra”g. In fact, if (uj,v1) € T by
Lemma 4.5 (i), there are unique ¢and t; > 0 such that (¢fu,tfvi) €
Ny o (ETuntyo)) € N g and ¢ <t = 1. Since A Lpap (Eur, tfv) =0
and %In,aﬁ (twr, tv1) > 0, there exists ¢ € (t],¢) such that

Inap (tful, tfvl) < Iyap (tTur, tivr).
By Lemma 4.5, it follows that
Lyas (tur, tfo1) < Iyap (Hur, tior) < Iyag (B un,tyor) = Inag (w1, 01)

which contradicts I, o g (u1,v1) = ¢ya,8. Moreover, since I o5 (ui,v1) =
Ly g (Juil, Ju1]) and (Juil, Jv1]) € J\/;taﬁ, we may assume that (uj,v1) is a
nonnegative nontrivial solution of system (1.1). By means of Bony’s maximum
principle [5], such solution turn out to be strictly positive. O

Now we establish the existence of a local minimizer of I, o 3 on N, o3
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Lemma 5.3. Assume that Ay hold. Then, there exist (ug,vo) € H\{(0,0)}
and A, > 0 such that for all (A, pn) € Dy, , the following holds:

sup Iy o8 (tuo, tvg) < Coo, (5.5)
t>0

where coy 1S a constant given in (3.12). In particular, Cpap < Coo for all

Proof. Without loss of generality, we assume that 0 € Q. Let R € (0,79)
be such that the quasi-ball By(0,R) C €, and let a cut-off function ¢ €
C&° (B4(0,R)) satisfying 0 < ¢ < 1,0 = 1 in By (0,%) and ¢ = 0 in
H;\B4(0, R). Here r¢ is given in (Asg).

Now, let u.(z) = ¢(2)U:(z) and consider the function

t? t
In(t) = 5 (1+83) el ey — 7 (mitg" +motf?) /Q uel*dz, (5.6)

where Zy be given in Theorem 2.1. By Lemma 2.2 and the definition of S, , g,
we obtain that

2
1 (14 13) llusllg o
w0 < g o
= (nltgl + ngtgz) (fQ \ug\‘ldz) 2
1 HUEH?S%(Q)
< 1 b(t)) ———
(fo lucl*dz)?
2 (5.7)
1 b (to) Sg, ++0(e?)
= — 0 1
4 =
(s, +0(=")*
1
=7 (0 (to) Sy )? + c1€?
1
= Z ,2],0{75 + 0162,

where ¢; is a positive constant and the following fact has been used:
R 1A?
sup <2A — B> = ZE for all A, B > 0.

Choosing A1 > 0 such that 0 < )\HgHL% ‘f‘MHhHLi < A1, by the definitions
—q
of I) o 3, there exists t,,, € (0,1) such that

4—q
2

t
Lyap (tuz, ttous) < 5 (1+13) ||ug\|§01(m <o forallt < tp,
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and we have

sup Iy a8 (tue, thoue) < Coo (5.8)
0<t<tm

for all A, ;1 € (0, +00) with
0 < Allgll, o, +pllbll 2 <A

Moreover, by the definitions of I, , 3 and (u.,tou.), using the condition
(A3), Lemma 2.3 and (5.7), we have

4
sup I o g (tue, ttou:) = sup (JA(t) — v /Q (Ag(z) + ph(2)td) |u€|qdz)

t>tm t>tm
<1 2 +c€2—%a A+ tq)/|u |9dz
-4 777057B 1 q 0 H 0 Q €
1
=1 mag 0187
th c2e?|lne|, ifqg=2,
— Zag (A + utd) q' | ,
q c3e, if ¢ <2,

(5.9)
where co, c3 are positive constants.
For 1 < ¢ < 2 and £ > 0 small enough, we can choose Ay > 0 such that

q

1 g t
0 < sup Ip.ap (tue, ttous) < ZS”Q’C“’B +c1e? — an004gq < Coo (5.10)
t>tm

for all A\, u € (0,400) with 0 < )\HgHLﬁT + MHhHLﬁT < As.

Thus, taking As = min {A;, A2}, (5.8) and (5.10) induce that
SUP;>0 In,a,8 (e, thote) < oo holds for all A, pu € (0, +o00) with

0 <Allgll, pa, + nllhll 1, < As.

I—q
Finally, we prove that ¢, , 5 < coo for all A, pu € (0, +00) with (A, ) € Da,.
Recall that (ug,vo) := (ue, toue). It is easy to see that K, (ue, tous) > 0. Then,
combining (5.5) with Lemma 4.5, and using the definition of Cpa,p WE Obtain
that there exists t; > 0 such that (tz_uo, tz_vo) € Nn_a 3 and

€pas < Inas (20 15 00) < 8D Iy p (tuo, tuo) < coo
for all A\, u € (0, +00) with (A, u) € Dp,. The proof is completed. O

Theorem 5.4. Under the assumptions of Theorem 1.2. If (A\,u) € Dy,,
then the functional I o5 has a minimizer (uz,ve) € /\/;aﬁ and it satisfies

Inap(u2,v2) = ¢, 5, and (uz,v2) is a positive solution of (1.1), where A, =
min {A3z, ZA}.
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Proof. By Lemma 5.1(ii), there exists a minimizing sequence {(un,vy)} C
N,y pint H for I o g, for all (A, p1) € RT x R¥satisfying

q
0 <Algll o, +pllhll o, < A

ger 1
In the light of Lemmas 5.3, 3.4 and 5.1(ii), for 0 < )\HgHLZ%} ‘H‘”h”in—q < A,

the functional I o g satisfies (PS),-  condition for ¢, 5 > 0. Since Iy q,5 is

n,a,p
coercive on NV, o 3, we can deduce that {(u,,vn)}, ey is bounded in N, , g and
H. So, there exists a subsequence still denoted by {(un,vn)}, ey and (ug,v2) €
N~ g such that (un, vn) — (ug, v2) strongly in H, and Iy o g (u2,v2) = ¢, 5 >
0,1) o5 (u2,v2) =0 for all (A, ) € R* x R*with

777a7

0< Algl 1.+l s, < A

Finally, arguing as in the proof of Theorem 5.2 , we have that (ug,vs) is a
positive solution of the system (1.1). O

Proof of Theorem 1.2: By Theorem 5.2, we obtain that for all (A, u) € D,
Problem (1.1) has a positive solution (u,v1) € N;aﬂ. By Theorem 5.4 , we

obtain a second positive solution (uz,vs) € /\/;;a g forall (A, p) € Dy, C Dy

Since N;’“aﬂ NN, .5 =0, this implies that (u1,v1) and (uz,v2) are distinct.
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