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1. INTRODUCTION

In 2006, Mustafa and Sims [15] introduced a generalization of the con-
ventional metric spaces called the G-metric spaces. Instead of a two-point
distance, the G-metric spaces measure the distance between three points si-
multaneously, allowing for more flexibility in spaces that may not fit the two-
point distance. The G-metric spaces continue to evolve as a focus in fixed
point theory and nonlinear analysis exploration. For instance, the notion has
been used for the extensions of classical theorems, exploring new types of con-
tractive conditions, and applying the framework to study various branches of
nonlinear analysis, see [1, 2, 3, 4, 8, 14, 17]. In what follows, we present some
useful definitions and terminologies of G-metric spaces.

Definition 1.1. ([15]) Let M be a non-empty set and let G : M x M x M —
R™ be a function satisfying:

(G1) G(u,v,w) =0if u=1v = w;

(G2) 0 < G(u,u,w) for all u,v € M with u # v;

(G3) G(u,u,v) < G(u,v,w) for all u,v,w € M with v Z w;

(G4) G(u,v,w) = G(u,w,v) = G(v,u,w) =...;

(Gs) G(u,v,w) < G(u,a,a) + G(a,u,w) for all u,v,w,a € M.

Then, the function G is called a generalized metric or simply a G-metric on
M, and the pair (M, G) is called a G-metric space.

Example 1.2. Let (M,d) be a metric space. Then the pairs (M, G.) and
(M, Gy) given by
Ge(u,v,w) = d(u,v) + d(u, w) + d(v, w),
gf(uu v, w) = max{d(uv 7)), d(”v ’U)), (Ua w)}

for all u,v,w € M, are G-metric spaces.

Definition 1.3. ([15]) Let (M,G) be a G-metric space and let {u,} be a
sequence in M. Then {u,, } is G-convergent to w if limy, ;00 G (4, Up, up,) = 0,
that is, for any € > 0, we can find ng € N such that G(u, u,,u,,) < € for all
n,m > ng.

Proposion 1.4. ([15]) Let (M,G) be a G-metric space. Then the following
are equivalent:

(1) {un} is G-convergent to u.
2) G(u,Up, Up) — 0 as n,m — 0.
) G(up,u,u) — 0 as n — oo.

) G(Uup,un,u) — 0 as n — 0.
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Definition 1.5. ([15]) Let (M, G) be a G-metric space. A sequence {u,} is
G-Cauchy if given € > 0, there exists ng € N such that G(up, um,u;) < € for
all n,m,l > ng, that is, G(un, um, ;) — 0 as n,m,l — oc.

Proposion 1.6. ([15]) In a G-metric space (M,G), the following are equiva-
lent:
(1) The sequence uy, is G-Cauchy.
(2) For every e > 0, there exist ng € N such that G(up, Um, um,) < € for all
n,m > ng.

Definition 1.7. ([15]) A G-metric space (M, G) is said to be G-complete if
every G-Cauchy sequence in (M, G) is G-convergent in (M, G).

Proposion 1.8. ([15]) A G-metric space (M, G) is G-complete if and only if
(M, dg) is a complete metric space.

Note that dg is a two-point metric associated with the G-metric. The fol-
lowing theorems are useful results in G-metric spaces.

Theorem 1.9. ([14]) Let (M,G) be a G-metric space and let T : M — M
be a G-continuous mapping satisfying the following conditions:

G(Tu, T, Tw) < AG(u, Tu, Tu) + G(v, To, To) + Glw, Tw, Tw)]  (1.1)

for all u,v,w € M, where M is an everywhere dense subset of M (with respect
to the topology of T-metric convergence) and 0 < X < %. If there is u € M
such that T™(u) — w, then is a unique fized point.

Theorem 1.10. ([14]) Let (M, G) be G—metric space and let T : M — M
be a G-continuous mapping satisfying

G(Tu,Tv, Tv) < X[G(u, Tu,Tu) + G(v, Tv,Tv)] (1.2)
for all u,v € M, where M is an everywhere dense subset of M (with respect

to the topology of G-metric convergence and 0 < A < %) If there is u € M
such that T"u — u, then u is a unique fized point.

In 2018, Karapinar [10] obtained the following result in a standard metric
space.

Definition 1.11. ([10]) Let (M,d) be a metric space. A self-mapping T :
M — M is called an interpolative Kannan-type contraction if there exist
A €10,1) and v € (0, 1) such that

d(Tu, Tv) < pd(u, Tu)*d(v, Tv) (1.3)
for all u,v € M\ Fiz(T), where Fiz(T) ={ue M : Tu=u}.
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Theorem 1.12. ([10]) Let (M,d) be a complete metric space and let T :
M — M be an interpolative Kannan-type contraction. Then T has a unique
fixed point in M.

The above result has two advantages over the Kannan contraction [9],
namely, (a) it is suitable to study the operators with non-unique fixed points,
and (b) the non-integer power a contributes to the contractiveness of the
map. For a few robust versions and extensions of the condition (1.3), see
[5, 6, 11, 12, 13, 16, 18]. In [7], Jiddah et al. introduced an independent
version of the interpolative contraction (1.3) in G-metric spaces as follows:

Definition 1.13. ([7]) Let (M, G) be a G-metric space. A self-mapping T :
M — M is called an interpolative Kannan-type G, o-contraction if there exist
p € [0,1) and a € (0,1) such that

G(Tu, Tv, T?) < uG(u, Tu, T?u)*G(v, Tv, T?v)1=* (1.4)
for all u,v € M\ Fiz(T).

Brief comments on the poseness of (1.4): It is worthy of noting that con-
dition (1.4) improves the adaptability to solve complex systems, but then it
was ill-posed due to the constant p defined between 0 and 1, whereas this
should only valid in the standard metric space. Since each G-metric has a
three-metrical term, the choice of u controls each of the metrical terms. That
is, for any G-metric G(u,v,w) and u a real non-negative number, uG(u, v, w) =
G(pu, pro, pw).

Furthermore, if G(u1,v1,w;1) and G(ug, ve, ws) are any two G-metrical terms,
then

pG (ur, v1,w1)G (uz, va, w2) = G(pur, por, pw1)G (uz, v2, we)
= G(ur,v1, w1)G(pug, pva, pws). (1.5)

Equality (1.5) shows that the constant p controls only one G-metric apart in
the product of two G-metrical terms.

Motivated by the result of Mustapha et al. [14] and (1.5), we redefine the
condition (1.4) as follows:

Definition 1.14. Let (M, G) be a G-metric space. A self-mapping 7 : M —
M is called an interpolative Kannan-type G, o-contraction if there exist a €
(0,1) and p € [0, %) such that

G(Tu, Tv, T?) < uG(u, Tu, T?u)*G(v, Tv, T?v)1~* (1.6)
for all u,v € M\ Fiz(T).
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Remark 1.15. By replacing p € [0, 1) with the choice of x € [0,1) in [7,
Theorem 2], the proof therein is a routine.

In view of Definition 1.14, we define a Kannan-type G-contraction of the
form (1.2) by replacing the third entry operator 7 with 72.

Definition 1.16. Let (M, G) be a G-metric space. A self-mapping 7 : M —
M is called a Kannan-type G-contraction if there exist A € [0, ¢) such that

G(Tu, Tv, T?0) < X[G(u, Tu, T?u) + G(v, Tv, T?v)] (1.7)
for all u,v € M.

In the sequel, we shall define a more elaborate Kannan-type map in G-
metric spaces that harmonizes and improves the results of Jiddah et al. [7],
Karapinar [10], and Mustapha et al. [15].

2. MAIN RESULTS

The goal of this section is to define and prove the existence properties of
a new Kannan-type G-contraction that can handle some operators that may
not meet the hypotheses of previous Kannan-type conditions.

Definition 2.1. Let (M, G) be a G-metric space. A self-map 7 : M — M will
be called a condensed Kannan-type G, » o-contraction if there exist a € (0, 1),
A€[0,%), and p € [0, %) such that

<\ [g(u, Tu,ﬂu)2“+g(v,Tv,ﬂv)2(1_a)] (CK1)
G(Tu, Tv, T*)
> uG(u, Tu, T?u)*G (v, Tv, T?v) = (CK2)
(2.1)
for all u,v € M\ Fiz(T) and contrariwise.

We note that the Definition 1.13 is suitable for approximating non-unique
fixed points. However, if M\ Fiz(T) is changed to M, the map T is suitable
for both unique and non-unique fixed points. In this respect, we redefine
condition (2.1) as follows:

Definition 2.2. Let (M,G) be a G-metric space. A self-map 7 : M — M
will be called a refined Kannan-type Gy o-contraction if there exist o € (0, 1),
A € [0, %) such that

G(Tu, Tv, T?) < A [g(u, Tu, T2u)% + G(v, To, T?0)21-) (2.2)
for all u,v € M.
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By interchanging the fractional powers 2« and 2(1 — ), inequality (2.2) is
still valid. Obviously, every Kannan-type Gy-contraction is a refined Kannan-
type G -contraction with o = %, but the converse is false if otherwise. We
justify this exclusion in the next example.

Example 2.3. Let 7 : [-1,1] — [-1,1] be a self-map defined by Tu =
g ifu e {-1,1} and Tu = %, if u € (—1,1) with the G-metric G(u,v,w) =
max{d(u,v),d(u,w),d(v,w)}, for all u,v,w € [-1,1]. Then, T forms a refined
G),o-Kannan-type contraction for o > % but T does not satisfy the Gy-Kannan
contraction.

To see this, we select u = —1, v = 1, A = 0.166, and a = 0.6 in (2.2) to get
G(T(-1),T(1),T*(1)) < 0.166[G(~1, T(~1), T*(~1))*?
+6(1,T(1), T%(1))°%].

This implies that 0.3333 < 0.166(1.2032 + 0.8643) ~ 0.3432. On the other
hand, if v = =1, v = 1, A = 0.166, and o = 0.5, we obtain 0.3333 <
0.166(1.1667 + 0.8333) ~ 0.3320 which is a contradiction.

The following Theorem is one of the main results.

Theorem 2.4. Let (M,G) be a complete G-metric space and T : M — M
be a condensed Kannan-type G,  -contraction for a € (0,1), A € [0,3), and
p € [0,1) with M\Fix(T). Then T has a unique fized point in M.

Proof. Let uyg € M be a random point and define a sequence u, € M by
Up = T"ug. If there exists some m € N such that Tu,, = Umi1 = Um, then
Uy, 18 a fixed point of 7, and so the proof is complete.

On the other hand, assume that wu,, # w1 for any n € N. Using (CK1) in
(2.1), we have that

G(Un, Unt1, Unt2) = G(Tun—1, Tun, Tuy)
<A [g(un,l, Ttin-1, T?tn_1)** NG (1, T i, T2un)2(1_o‘)}
=\ [g(un_l,umunH)QO‘ + g(un,un+1,un+2)2(1_a)} .
(2.3)
Also, using (CK2) in (2.1), we get
G (U U1, Unt2) = G(Tun—1, Tn, Tup)
> G (un—1, Tn—1, T *tn—1)G(ttn, Ttn, T>un) '~
= UG (Un—1, Un, Unt1)2G(Un, Ung1, Unga) 2. (2.4)
Combination of both (2.3) and (2.4) gives

—_al2
[g(un—h unyun—i-l)a - g(un7un+la un+2)1 a] 2 07 (25)
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where p = 2X. Two cases arise from the inequality (2.5), that is,
Case (a) g(un—la Un, un—i—l)a < g(una Un+1, Un+2)1_a-
Case (b) g(un’ Un+1, Un+2)1_a < g(un—la Un, un—i—l)a-
Case (a): If G(up_1,Un, Unst1)® < G(Un, Uni1, Uns2) ™%, then inequality
(2.3) becomes

_ 1
g(unyun+1;un+2)2(1 a) S % < 57

which is a contradiction for e > 0. Thus, Case (a) fails.

Case (b): If G(un, Uni1,Uni2)' ™ < G(Un_1,Un, Uns1)®, then inequality
(2.4) gives
g(unu Un+1, un+2) > ,ug(una Un+1, un+2)2(1_a)- (26)
By combining inequalities (2.3) and (2.6), we get
,Ug(una Un+1, un+2)2(1_a) <A [g(un—ly Un, un+1)2a+g(un7 Un+1, un+2)2(1_a) .
(2.7)

This further gives the recursive relation

1
A 2(1-a) _a
g(unvun+17un+2) < </-L—)\> g(unflaunzunJrl)l*a

= 5g(un—l’unaun+l)p7 (28)

n—1 k n
G (U, Unt1, Una) < 02k=0 " G(ug, ug, un)"". (2.9)
If a < %, then the proof is completed. On other hand, let o > % and taking
limit as n — oo over the last inequality, we have
lim G(up, Unt1, Unt2) = 0.
n—oQ
For any n,m,l € N with n < m <[ and by G5, we obtain
G(tUn, um,u;) -0 as n,m,l — oo.

Hence, {uy} is a G-Cauchy sequence in (M, G) and so by the completeness of
(M, G), there exists a point p € M such that {u,} is G-convergent to p, that

is,
lim G(up,un,p) =0.
n— oo

Next is to show that the map T is fixed. Let p € M so that p # Tp # T>p,
by using (G5):

G(p, Tp, T*p) < G(p, Ttin, Tun) + G(Tun, Tp, Tp). (2.10)
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But,
G(T i, T, T20) < X [G(utn, Ttn, T2un)** + G(p, T, T2p) "=
= X |G, i wns2) + G0, Tp. Tp)0 0] (2.11)
Taking limit as n — oo across (2.11) to get
lim Guntr, T, T7p) < AG(p, Tp, T2p)*1 7).

Therefore, inequality (2.10) becomes

G(p. Tp, T?p) < M G(p,tni1, uns1) +AG(p, Tp, T2p)*17),

which further reduces to

1
G(p, Tp, T?p)** 1 <A< 5

This leads to a contradiction for some a € (0,1). Thus, G(p, Tp, T?p) = 0
only if p = Tp = T?p.

Finally, suppose that p and ¢ are fixed points of 7 for which p # ¢, p =
Tp=T2p,and q = Tq = T?q. By hypothesis,

G(p.a,Tq) =G(Tp, Tq, T?q) < A [Q(p, T, T°p)* +G(q, T4, TQq)Q(l"")}

=\ [g(p, p.p)** +G(q,q, q)Q“_“)}

— 0. (2.12)
Also,
G(p.q.Tq) =G(Tp, Ta. T?q) > uG(p, Tp, T*p)*G(q, Tq, T?q)' @
= uG(p,p,p)*G(q,q,9)' (2.13)
—0.

From both (2.12) and (2.13), we have that G(p, ¢, T¢q) = 0, which is a contra-
diction. Hence, the fixed point of 7 is unique. O

Theorem 2.5. Let (M, G) be a complete G-metric space and T : M — M be
a refined Kannan-type G o-contraction for o € (0,1) and A € [0,}). Then T
has a unique fixed point in M.

Proof. By adopting only the (CK1) in Theorem 2.4, the proof is a routine. [
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Corollary 2.6. Let (M,G) be a complete G-metric space and T : M — M
be a condensed Kannan-type QM \ 1 -contraction satisfying
b 72

<M [G(u, Tu, T?*u) + G(v, Tv, T?v)]
G(Tu, T, T?v) 1 1 (2.14)
> 1uG(u, Tu, T?u)2G (v, Tv, T?v)2
for allu,v € M\Fiz(T), A€ [0,%) and p € [0, %). Then T has a unique fized
point in M.
Proof. The proof is immediate from Theorem 2.4 with o = % U
Corollary 2.7. Let (M, G) be a complete G-metric space and T : M — M
be a Kannan-type g/\jé—contmction satisfying

G(Tu, Tv, T?0) < X[G(u, Tu, T?u) + G(v, Tv, T?v)] (2.15)

for all u,v € M, X\ € [0, %) Then T has a unique fized point in M.
Proof. If Fiz(T) C M in Corollary 2.6, then the proof follows immediately.
O

Example 2.8. Let M = [-1,1] and let T : M — M be a self-map on M
defined by
g, ifue{-1,1};
Tu=
I ifue(-1,1) forallue M.
Define G: M x M x M — R, by G(u,v,w) = |u—v|+ |[u—w|+ |v — w| for
all u,v,w € M with Fiz(T) = {%}. Then, the map T

(1) does not satisfy the Kannan Gy-continuous (1.2).

(2) does not satisfy the Kannan Gy-contraction (1.7).

(3) does not satisfy the interpolative Kannan-type Gy-contraction (1.6).
(4) satisfies the condensed Kannan-type G, ) o-contraction (2.1).

(5) satisfies the refined Kannan-type Gy ,-contraction (2.2).

Firstly, if u,v € (0,1), then all of the above-mentioned conditions are sat-
isfied. On the other hand, suppose that u # v for u,v € [—1,1]\Fiz(T), or
specifically u = —1 and v = 1, then the left side Q(—%, ) = 0.8. To know
the condition with the dominant right side, we let o = 8

11

5 0 4

E,M:%,andA:%
to compare some G-Kannan-type maps.
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TABLE 1. Comparison of various G-Kannan-type maps

] No\ Conditions \ Right sides \ Remark ‘
1 | Kannan g%-continuous (1.2) 0.5120 Not satisfy
2 | Kannan G 4 -contraction (1.7) 0.6400 Not satisfy
3 Interpolatiiie Kannan Gs s-contraction (1.6) 0.7178 Not satisfy
4 | Refined Kannan G 4 “contraction (2.2) 0.8755 Satisfy

As presented in Table 1, only the refined G, ,-contraction is dominant.
Thus, Theorem 2.5 is applicable for studying Example 2.8. Also, it is observed
that the value of G(—2, £, 1) lies between the condensed conditions (CK1) and
(CK2), that is, 0.8 € (0.7178,0.8755). Therefore, Example 2.8 satisfies all
hypotheses of Theorem 2.4.

3. DISCREPANCY MEASURES

In this section, we study another variant for measuring the discrepancy be-
tween the condensed conditions (CK1) and (CK2) associated with the positive
real constant «v. This measure suggests all suitable values of a € (0, 1) that are
reliable for approximating any nonlinear map 7 satisfying (2.1). We define a
discrepancy measure for the condensed Kannan-type G, ) o map as follows:

Definition 3.1. Let T : R x R x (0,1) — R" be a multivalued function
and a-measure of the condensed Kannan-type map be given by a non-negative
real number

Ay =T (v, v, a)l,

l—«

where Y(v,v,a) = v — 7% v, v € RT are G-metric terms with v # v and

ac(0,1).
(1) If A, = 0, then the condensed Kannan-type map is highly reliable.

(2) If 0 < A, < 1, then the condensed Kannan-type map is reliable.

(3) If A, > 1, then the condensed Kannan-type map is not reliable.

Theorem 3.2. Let (M,G) be a complete G-metric space and T : M — M
be a self-map. If T is a condensed Kannan-type G, x -contraction, then there
exists an o € (0,1) for which A, = 0.
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Proof. Since T is a condensed Kannan-type G,  o-contraction, then for u, €
M such that u, # up41 # unt2 for each n € N, we have from (CK1) that

g(un7un+17un+2) = g(Tun—laTungun) (3'1)
<A |:g<un—17 Tun—ly TZUn—1)2a+)\g(Una Tunu 7—2un)2(1ia)]

= [g(un,l,un, Unt1)?® 4+ G (Un, U1, un+2)2(1_0‘)] .
Also from (CK2), we get
G (U, U1, Ung2) = G(Tun—1, T, T *up)
> 16 (Un—1, Ttn—1, T2 tn—1)%G (tn, Ty, T2ty ) ™
= G (Un 1, ;U 1) G (U, Un 1, Unt2)' " (3.2)

By letting v, = G(un—1,Un, Un+1), Vn = G(Un,Unt1,Unt2), and combining
both (3.1) and (3.2), these give

A2 = (02— vl ) >0, (3.3)
where A, = ]U — v}=%|. Here, two possibilities arise from inequality (3.3),
that is, v* < 1/ and UO‘ > 1/1 a
By inserting va <vl7into (3.2), we have
Up > /u/,%(l_o‘). (3.4)

Solving (3.1) and (3.4), we obtain a recursive relation

()

Similarly, by inserting v® > v1=% into (3.2), and then solve using (3.4), w
obtain another recursive relation

1
2
;a<< A > v (3.6)

l/

| /\

W= A
By subtracting (3.6) from (3.5), we obtain
A
0 = b < o
or simply,
A
A% < = A2 3.7
2<2oal (3.7

Since ﬁ < 1for any A € (0,%) and p € (0, 3), then inequality (3.7) gives a

1
contradiction, that is, A, < (%) Ay < A, Therefore, A, = 0. O

‘R



558 O. T. Wahab, S. A. Musa, A. A. Usman, D. John and G. N. Mohammed

Remark 3.3. (1) The converse of Theorem 3.2 is true and the proof is
obvious.
(2) If there exists an a* € (0,1) such that Ay« = 0, then the point
(a*, Ay+) is stationary.

As an application of Theorem 3.2, we demonstrate the reliability of the map
T in Example 2.8. This provides a clear framework for choosing suitable real
constants « in the interval (0, 1).

Example 3.4. Let 7 : M — M be a self-map as presented in Example 2.8.
Then, T forms the condensed Kannan-type G, » o-contraction for all a € (0, 1)
at u = v = 1 with stationary value (a*, Ay+) = (0.5,0).

To see this, we select the pair of points

(uv U) = {(_17 _1)> (L 1)7 (_17 1)7 (17 _1)}

in the set {—1,1} C M to plot four graphs of A, against «.

Ag vs afor (uv)=(1,1) Ay vs afar (uv)=(-1-1)

N d
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o ol
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o |
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o |
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FIGURE 1. Graphs of A, against « for any pair of {—1,1}
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TABLE 2. Reliability of the condensed Kannan-type map

Reliability of 7 in Example 2.8
Point (u,v) Range of A, Rangeofa (o, Ayx)

(1,1) (0,0.6) (0,1) (0.5,0)
(—1,-1) (0,1) (0.139,0.861)  (0.5,0)
(—1,1) (0,1) (0,0.861)  (0.3493,0)
(1,-1) (0,1) (0.139,1)  (0.6507,0)

As shown in Figure 1, the map 7 forms a condensed Kannan-type G, \ o-
contraction and is reliable at the point (u,v) = (1,1) for all « € (0,1) with
stationary point (0.5,0). The map T is also reliable at the points (—1,—1),
(—1,1), and (1, —1), respectively, in the intervals (0.139,0.861), (0,0.861), and
(0.139, 1).

4. CONCLUSION

The study introduced the notion of condensed Kannan-type G, x o-contract-
ion to prove the fixed point theorems of nonlinear operators in G-metric spaces.
The study also proposed a framework for selecting appropriate real constants
« of the condensed map for examining nonlinear operators. We investigated
the condensed map using Example 2.8 to validate and show its generality
for any u,v € M. The practical experiments indicated that the condensed
Kannan-type G, ) o-contraction is strictly a larger class than some of the ex-
isting Kannan-type maps; it is robust and efficient for solving unique and
non-unique fixed points in G-metric spaces. Furthermore, we showed that the
reliability of the condensed map varies and highly depends on M as presented
in Figure 1. Lastly, the study enhanced the flexibility of existing Kannan-type
mappings to study more complex systems in various fields where pairwise in-
teractions may not be suitable.
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