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Abstract. In this paper, considering the exciting recent results on binomial distribution,
we examine an extensive subfamily O (C1, C2, Cs, C4) of univalent functions. Also, we give
some conditions for the functions F(3,4,1), F(3,d,J)h and the operator L(8, ¢,]) defined by
the binomial distribution to be in this subfamily. The novelty of this research to inspire re-
searchers of further studies to find new conditions to be in the subfamily O (C1, Ca, C3,C4),
not only for binomial distribution but also for many other special functions. Moreover, we

summarizes many previous studies.

1. PRELIMINARIES

A basic discrete probability distribution getting exactly ¢ successes out of
B Bernoulli trials is given by the binomial distribution (assuming that each
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Bernoulli trial’s outcome is true with probability d and false with probability
1 —0), and is widely used in probability theory and statistics, the binomial
distribution is relevant to the fields of biology, health, social sciences, quality
control, finance, and the outcomes of surveys or experiments involving binary
responses.

Let the binomial distribution g(3,0) defined by

g - B! -
9(6,5)=Pr(Y:t):<t>5t(1—5)5 ! mét(l—d)ﬁ Lt=0,1,---,8.

If 8 > t, then g(8,d) = 0.

The Poisson distribution and the binomial distribution are connected when
B0 is moderate such that § is small and 3 is large, also Bernoulli distribution
and the binomial distribution are connected when g = 1.

Let the family of analytic and univalent functions A of the form:
oo
)) =+ Y o, |x <1 (1.1)

such that h(0) = A'(0) — 1 =0.

Let us define a power series as follows:

— 1)l

(t_ Al 5t— 1( 6)/3—15%1%.

I1(3, 9, » —%—i—z

Also, consider the series

[e.9]

F(B,6,5) = »— Z t — 1) T (1= 6)P (1.2)

Moreover, by the convolutlon (*), let a linear operator F'(f,d,»)h : A — A
be defined as:

F(B,6,)h = F(B3,0, 5) * h(3) =  — Z

t=2

t—101 _ s\B—t, _t
t—1)5 (1 —=0)"" ays".

Definition 1.1. A function h € A is said to be in subfamily O (C1, Cs, Cs, Cy)
if

> (Cif? + Cot® + Cst + C) || < w,

=2
where C1, Cy, C5 and C4 are real numbers and w > 0.

Through specialization for the coefficients Cy, Ca, C3, C4 and w in Definition
1.1, we get that:
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(1) A function h € T(4,k) = ©1-5(0,0,1 — 0K,k — ) ([5]) if

> (t =0kt — 6+ 0k) Joy| <106

t=2
(2) A function h € C(0,k) = O1_5(0,1 — Ik, 0k — §,0) ([5]) if

NE

t(t— 0kt —0+0K)|ay| <1—0.

I
[N}

(3) A function h € gy (1,7m2) = ©1-4,(0,0,72 + 1, —m3(m +m2)) ([12]) if

(tne +1) —nz(m +m2)) || <1 —my.
t=2

(4) A function h € Cp (m1,m2) = O1-4, (0,92 + 1, —m3(m1 + 12), 0) ([12]) if
Zt(t(ﬂz +1) = n3(m +m2)) [ag| <1 —mn.
t=2

Very recently, several researchers fined a connections between various sub-
family of analytic and univalent functions, by using hypergeometric functions,
see for example [3], [14] and [17] and by distribution series, see for example
[9], [10] and [15].

This paper aims to introduce the comprehensive subfamily O (C1, Cs, Cs, Cy)
of the family A, that generalize many previous subfamilies of analytic functions
in open unit disk. Also, we give some conditions for the functions F(3, d, ),
F(B, 0, »>)h and the operator L(f3,d, ») to be in this subfamily.

Numerous authors have written about the geometric properties of different
special functions(see [1]-[7]).
2. MAIN RESULTS

In this section, we give necessary condition for the function F'(3,d, ) to be
in the subfamily ©,(C4, Ce, C3, Cy).

Theorem 2.1. The function F(B,9, ») is in subfamily ©5(C1,Cs, Cs,Cy) if
C16%(8 = 1)(B = 2)(8 = 3) + (6C1 + C2)0%(8 — 1)(B — 2)
+(7C1 +3C2+ C3)d(B—1) 4+ (C1 + Cy + C5 + Cy)T0(5,6) < w,

where

o5 GO s
t=1
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Proof. From Definition 1.1 and the function

o0

F(B,0,) = »— Z t—l) 61 — )Pt

it suffices to prove that

(8-1)!

t=1(1 _ 5\t < .
Goo -’ s

D (C1t? + Cat® + Cst + Cy)
t=2

We know that

t=(t—-1)+1
2=0t-1)t—-2)+3(t—-1)+1;
B=0t-1)Ft-2)t-3)+6¢—-1)(t—2)+7(t—1)+1.

Hence we get

(6 —1)!

t—1/1 _
Goo-m (07

> (Crt® + Cot? + Cst + Cy)
t=2

=D A{CUt = 1)t = 2)(t = 3) + (6C1 + Co)(t — 1)(t — 2)

+(7C1 +3C2 + C3)(t — 1) + C1 + Co + C3 + Cy}

(ﬁ - 1)‘ 5t—1(1 _ 5)6—t

Z —t l( 4) o=’ 1( 5)B_t
+ (6C1 + C2) 2 (G0t - 3 _(ﬁt)!(tl)_! 3)!5“1(1 — §)p-t

= (3-1)
HIC 3G+ )Y (5 G )
= (-1
25017

5t—1 (1 o 5),3—15

+ (C1 + Ca + C3 4 Cy) R )
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_ - (ﬁ - 1)! 3 B—t—4
_01§M5t+ (1—6)°t

+ (60 +C2) Y, oy p-1) T2 (1 = 5)f

t=0 (B —t-3)
S (fB — 1)! t it
+(7Cl+302+03)tz:;t!(6_t_2)!5 +1(1 — §)B-t=2
- (,3 - 1)! t 4
+(C1+CQ+C3+C4);M5(1_5)ﬁ 1
=C1*B-1)(B-2)(B-3)) M‘St“ —§)A-t4
t=0 :

(01 + C)I(F = 1)(8 =) Y e P 01 9

t=0 :

o (8-2)! -
+ (7C1 +3Cs + Cg)&(ﬁ — 1) ; mét(l _ 5)ﬁ t—2
+ (C1+ Ca+ C3+ Cy) Z t!(éﬁ—_tl—)!l)!ét(l _ 5)6—t—1

= C16°(B = 1)(B — 2)(B = 3) + (6C1 + C2)0°(8 — 1)(8 — 2)
+ (701 +3Cy + 03)5(B — 1) + (Cl + Cy + C3 + C4)F0(ﬂ, (5)

< w.

This completes the proof. O

3. INCLUSION PROPERTIES

For e; € (0,1], e2 < 1 and e3 € C — {0}, a function h € A is said to be in
the subfamily G (g1, ) if it satisfies

(1— )™ 4 ein/(5) -1
2e3(1 — e3) + (1 —e1) 22 4 g1 h/(50) — 1

Ve

<1, |x <1

Lemma 3.1. ([16]) If h € G*3(e1,¢€2) of the form (1.1), then

2 |53| (1 — 82)

<
el = ei(t—1)+1°

teN—{1}.
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Theorem 3.2. For h € G%3(e1,¢2), if the inequality

{62C1(B—1)(B—2) +3(3C1 + C2)(B — 1) + (C1 + C2 + C3)['x(B,6) }
I
= el (1= 2a)

is satisfied where T'y(B,9) is in (2.1), then F(B,9, )h € ©45(C1,Cs,C3,0).

Proof. Let h € G%3(e1,£2), by Definition 1.1 it suffices to prove that

tZQ(Clt3+CQt2+C3t) (B(IB)(t)—l)(St 1 -6 o] < w.
Since h € G%3(e1,€2), then by Lemma 3.1
- 3 2 (B-1)! 11 s\6—
;(Clt + Cat +03t)—(ﬁ i) 51— 6)P 7 oy
> Clt3+02t2+C3t) B-1 o
< 23 (1 ; TEE )(t_l)ét (1—6)1
Also, since e1(t — 1) + 1 > teq, we get
- 3 2 (B—1)! 1 B
;(Clt +C2t +C3t) mét ( 5) t|05t|
2le3] (1 — 2) o= (C1t* + Cot + C3) (B—1)! , Bt
ST a2 weaw-ny 0 07
:2’63“61162)Z(C’l(t—l)(t—2)+(301-i-C'g)(t—l)—l-Cl—i—CQ-i-C'g)
t=2
(B-1)! -1 B—
"Bt >'<t—1>'5t S
2’53| {CIZ VL 1( 5),8—1:
i= )
(8- ) 1
(301+02)t B-0l(t—2) ————" (1 (5)
(CI+CQ+CSZ t_1)5t M1 -9)’ t}
t=2
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_ 2es|(1—e2) I Ak VL TT PR
- a {Clgt!(,ﬁ—t—?))!w(l %)

o~ (B-1)!

!
+ (3C1 + Cy) 2 NGB —t—2)

5t+1( 5),8—t—2

By i
(Cl+02+03)zl (B—t—l)d(l_é)ﬁ 1}

2 |€3| { —1)(8 - 2) tz: tu(éﬁ__t?)_)!g)!dt(l _ 5)B—t—3

+HO(BCL+C)(B-1)Y t,((ﬁ —2)

5t (1= 5)P
par poi-an’

00 u i—1 _s B—t—1
+(01+CQ+C3);t!(5_t_1)!5 (=0 }
_ 2esl(1=e2)

L2 g5 - 1)(8 - 2) + 6601+ (3 - 1)
+ (C1+ C2 + C3)['o(B,9) }-
The proof of Theorem 3.2 is completed with the last equation, which is

bounded above by w. O
4. AN INTEGRAL OPERATOR L(f3,d, )

Theorem 4.1. If the integral operator L(f, 6, ») is given by
TF(B,0,
M%:/ (B:0) s 1o < 1, (4.1)
0

then L(B,6,x) € O4(C1,Cy,Cs,0) if
F2C1(B = 1)(8 =2) +6(3C1 + C2) (B — 1) + (C1 + Co + C3)To(B,6) < w,
where To(3,0) is given by (2.1).

Proof. Since

L(B,0,5) = s — Zt _t t—l) (1= 6)7 7,
t=2
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then by Definition 1.1, it suffices to prove that

S (8-1)!
2 (7 + Gt Cat) o)

51— 0)

(C1t? + Cat + C3) RIS _(Bt)!(tl)_! 1)!5H(1 —6)7t

IN

I
SN

Similar to the proof of Theorem 3.2, we have

S (8—-1)!

tz_; (Cit® + Cot® + Cst) D= 1)!5*1(1 —§)*!
< 6°C1(B—1)(B—2) +6(3C1 + Co)(B — 1) + (C1 + Ca + C3)Lo(B,6)
< w. (4.2)

g

Theorem 4.2. If the operator L(3,9, ») is given by (4.1), then L(fB,9, ) €
O (C1, Co, C3,Cy) if

CiT1(B3,6) + (6C1 + Co)T2(3,8) + (TC1 + 302 + C3)['3(85,9)
+(C1+ Ca+ C3+ Cy)T4(B,9) < w,

where
_ v (5 —1)! ' -
I (8,6) = ;t!(ﬂ—t—4)!(t+4)5+3(1_5)6 1
_ v (5 —1)! ' e
F2(,0) = tz:;t!(ﬁ—t—3)!(t+3)5+2(1_6)6 %
R (8 -1t : i
T3(8,9) = ;t!(ﬁ—t—Q)!(t+2)5H(1_5)B : (43)
and
T4(B,8) = m(st—lu — )%, (4.4)
1! !
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then by Definition 1.1, it suffices to prove that
2(01 + Cot* + C3 +C4)t(,3 )(t—l) ( )

t

(Cut® + Cot® + Cst + Cy) t(!/(Bﬁ—t))ét L1 -9)"

IA |
3 1M

So

> —1)!
D (Cit? + Cot? + Cst + Cy) M&t—lu —6)7t
=2 ' '

e (B —
=2 e

G -
+ (604 +c2);t(5_t)!(t_3)!5 11— 6)°

o0

B-D t
+ (7Cy + 30y +03)t§;t(ﬁ_t)!(t_2)!5 L(1-6)%

— (B—1)!
+ (C1 + Ca+ C3 + Cy) ('67)575_1(1 - 5)5_t

:Clgt!(ﬁ 1 = )

+ (6C1 + Co) Z (7 —(tﬁ—_ 1))'215 n 3)5”2( — §)p~t3

= (B -1 t+101 _ 5\8-t—2
+(7C1 +3C2 + C3) tZt, _t_2),(t+2)5 (1-4)
+(C1+ C2 + C5 + Cy) Zt(ﬂﬂ 5“1—5)5—'5
t=

< w.

This completes the proof O

5. COROLLARIES

By specializing the coefficients C1, Cs, C3, Cy and w in our Theorems, we
obtain many results studied by many authors, as an illustration:
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Let C1=0,C=0,C3=1—-0k,Cy =0k — 6 and o = 1 — § in Theorem
2.1 we get the following corollary, which is due to [13] in Theorem 2.1.
Corollary 5.1. ([13]) The function F (3,0, ») is in the subfamily T (9, k) if

0(B—1)(1=06r)+ (1 =0)y(B,0) <1—0.

Let C1 =0,Co=1—-0k,C3=0k—0,Cy =0and p=1— 46 in Theorem
2.1, we conclude the following corollary, which is due to [13] in Theorem 2.2.
Corollary 5.2. ([13]) The function F(3,0, ) is in the subfamily C(0, k) if

PB-1(B—-2)(1—0k)+0(8—-1)(3—20k—08)+ (1 —6)y(B,6) <1—0.
Let C1 =0,Co=1—-0k,C3=0k—0,Cy =0and p=1—4 in Theorem
3.2, we conclude the following corollary.
Corollary 5.3. For h € G3(e1,¢e9), if the inequality
51(1 — 5)
0(B—-1)(1=0r)+(1=0)y(B,0) < ——"—
(/8 )( ) ( ) U(ﬁ ) 2|€3|(1_52)
is satisfied, then F(f,d,x)h € C(6, k).

Let C1=0,Cy=1—-06kK,C3 =0k —6, Cy =0and p =1—¢ in Theorem

4.1, we conclude the following corollary, which is due to [13] in Theorem 2.3.

Corollary 5.4. ([13]) If the integral operator L(3,0, ») is given by (4.1), then
L(B,0,) € C(6,K) if

0(1—=0r)(B—1)+ (1 =0)y(B,0) <1—0.
Let C1=0,Cy=0,C3=1-0k,Cy =0k —9 and w =1 — § in Theorem
4.2, we conclude the following corollary, which is due to [13] in Theorem 2.4.

Corollary 5.5. ([13]) If integral operator L(j,0, ) is given by (4.1), then
L(B,6,) € T(6,kK) if

(1 - 5H)F3(576) + (1 - 6)F4(675) <1- 57
where T'3(3,0) given by (4.3) and T'4(S3,9) given by (4.4).

Let C;1 =0, Cy =0, Cy =12 + 1, Cy = —773(171+772) and w =1—1n; in
Theorem 2.1 we get the following corollary, which is due to [4] in Theorem 2.1.
Corollary 5.6. ([4]) The function F\(f3,6, ») is in the subfamily oy, (m,n2) if

(m2 +1)6(8 — 1) + (n2 — m3(m +m2) + Dlo(B8,6) <1 —m1.
Let C; =0, Cy =m+1,Cs = —n3(m +m2), C4 = 0and p =1 —1m

in Theorem 2.1, we conclude the following corollary, which is due to [4] in
Theorem 2.2.
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Corollary 5.7. ([4]) The function F(B,6, ) is in the subfamily Cy (n1,m2) if

(2 +1)6%(8 = 1)(8 = 2) + (3(n2 + 1) — n3(m +112))8(6 — 1)
+ (12 = m3(m +12) +1)Fo(5,6) <1 —m.
Let C1 = 0,C2 =m2+1,C5 = —n3(m +1m2), C4, = 0and p=1—1m

in Theorem 3.2, we conclude the following corollary, which is due to [4] in
Theorem 3.2.

Corollary 5.8. ([4]) For h € G=(e1,¢2), if the inequality
e1(l —m)
0(B—-1)1-0r)+ (1 -0)Iu(B,0) < ———"—
(/8 )( ) ( ) U(ﬁ ) 2|€3|(1_52)
holds, then F'(B,,3)h € Cp (m1,n2)-
Let C1 =0,Cy =+ 1, C3 = —n3(m +1m2), Cy = 0and p =1 —1m

in Theorem 4.1, we conclude the following corollary, which is due to [4] in
Theorem 4.1.

Corollary 5.9. ([4]) If the integral operator L(B,0, ») is given by (4.1), then
L(Ba 67 %) € 67*;3(7717772) Zf

5(1 —8r)(8 — 1) + (1~ §)To(B.8) < 1 —mr.

Let C1 =0,Cy=0,C3 =m2+ 1, Cy = —n3(m +1m2) and w =1 — 1 in
Theorem 4.2, we conclude the following corollary.

Corollary 5.10. If integral operator L(B, 0, ») is given by (4.1), then L(, 9, )
O (M1,m2) if

(1 =066)I'3(8,0) + (1 = 6)['4(B,0) <1 —m,
where T'3(3,6) given by (4.3) and T'4(S,9) given by (4.4).

6. CONCLUSIONS

Using of the binomial distribution, we find necessary conditions for the func-
tions F(B,0, ), F(5,0,s)h and the operator L(f,0, ») defined by binomial
distribution to be in the inclusive subfamily O, (C1, Cy, Cs, Cy). Furthermore,
this paper inspire researchers of further studies to find new conditions to be in
the subfamily ©4(C1,Cy,Cs,Cy4), not only for binomial distribution but for
many other special functions.
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