Nonlinear Functional Analysis and Applications
Vol. 30, No. 2 (2025), pp. 625-646

ISSN: 1229-1595(print), 2466-0973(online) ,/l/ ‘”
~=

https://doi.org/10.22771 /nfaa.2025.30.02.20

http://nfaa.kyungnam.ac.kr/journal-nfaa 1spress

APPROXIMATE OF HOMOMORPHISM AND
DERIVATIONS ON BANACH ALGEBRA VIA DIRECT
AND FIXED POINT METHOD

Mohammed Salih Sabah! and Shaymaa Alshybani?

'Department of Mathematics, College of Science,
University of Al-Qadisiyah, Diwaniyah, Iraq
e-mail: sci.math.mas.23.4@Qqu.edu.iq

2Department of Mathematics, College of Science,
University of Al-Qadisiyah, Diwaniyah, Iraq
e-mail: shaymaa.farhan@Qqu.edu.iq

Abstract. This study examines the approximation of homomorphism and derivations asso-
ciated with the functional equation:

fQRrty)+ fRr—y)= fr+y)+ flz—y)+ 2f (22)+2f(x).

In the context of Banach algebras spaces, utilizing the direct and fixed-point methods.

1. INTRODUCTION

A functional equation F is considered stable if any solution f is approxi-
mately close to an exact solution.

Starting from Ulam’s question on stability posed in 1940 [17] during a math-
ematical colloquium at the University of Wisconsin. Hyers [10] was the first
author to provide an answer to Ulam’s question in Banach spaces. The result
of Hyers was extended by Aoki [6] and also by Rassias [14] by considering the
unbounded Cauchy differences. Following this, many mathematicians began
conducting studies and achieving results related to the subject due to its im-
portance and applications in various fields such as functional analysis, algebra,
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number theory, as well as practical applications in engineering, physics, and
economics.

Using different methods, the most prominent methods of stability are the
direct method and the fixed-point method. Mathematicians have proved the
stability of functional equations in multiple spaces and obtained generalized
and interesting results. Referring to both methods, we have selected some
papers that present results related to the subject [1, 2, 4, 5, 8, 11, 12, 16, 18]
and [15].

In this paper, we studied the stability of the additive functional equation
fQRr+y)+fQRx—y)=f@+y)+flz—y)+2f22)+2f(z). (1.1)

Furthermore, we discussed the homomorphism and derivation of the previ-
ous functional equation in a Banach algebra space in the case of the function
being odd, and we reached valuable results and good conclusions, whether by
the direct method or the fixed point method.

2. PRELIMINARIES

Definition 2.1. ([3]) Let X be a real vector space, which is called Banach
algebra if the following axioms are satisfied:
(1) X is a Banach space,
(2) X is an algebra,
(3) there exist a € X such that ax = xa = x for all x € X and |[ja]| =1,
4) [lzyll < ll=lllly[l for all z,y € X.

Definition 2.2. ([7]) Let X,Y be Banach algebras. A real linear mapping
H : X — Y is said to be a homomorphism if H (zy) = H (z) H (y) for all
z,y € X.

Definition 2.3. ([7]) Let X,Y be Banach algebras. A real linear mapping
d: X — Y is said to be a derivation if § (xy) = d (x) y+x0 (y) for all z,y € X.

Definition 2.4. ([9]) Let X be a set. A function d : X x X — [0, o0 is called
a generalized metric on X if,

(1) d(p,q) =0 if and only if p = ¢,

(2) d(p,q) = d(g,p) for all p,q € X,

(3) d(p,s) <d(p,q) +d(q,s) for all p,q,s € X.

Theorem 2.5. ([9]) Let (X, d) be a complete generalized metric space, and
let J: X — X be a strictly contractive mapping with the Lipschitz constant
L < 1. Then, for each x € X, either

d(J"z, J" M z) = 400
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for allmn > 0 or there exists a natural number ng such that

(1) d(J"z, J" ) < 400 for all n > ny,

(2) The sequence {J"x} is convergent to a fixed point y* of J,

(3) y* is the umqueﬁwedpomt of Jin the setY = {y € X, d(J”O:U y) <oo},
(4)

d(y,y") < =1 Ld(y,Jy)forallwer
3. STABILITY OF FUNCTIONAL EQUATION (1.1) USING THE DIRECT METHOD
Theorem 3.1. Let A,B be two Banach algebra spaces, and let f : A — B be

an odd mapping, f(0) =0, f (Ax) = Af (z) for all z € A, X € R. Suppose the
functions 0 : A2 — [0,00) and ¢ : A2 — [0,00) such that

Ze(3§132)<oof07"allxy€/l (3.1)

=0
nh_)rgo W =0 for all z,y € A, (3.2)
1Dy @)l < 6(z,) for all o,y € A (33)

where

Di(z,y)=fQx+y)+f(2x—y)—fx+y) —flzr—y)—2f(22) —2f (z),
1f (zy) = f(z) f(y )HB <((z,y), for all x,y € A, (3.4)
hm S2m C(3mx 3"y) = 0. (3.5)

Then there exists a unique homomorphzsm H : A— B such that

1= 0 (3,3
If (@)~ )l < £ 50 LT (36)
=0
Proof. If x =y in (3.3)

Dy (z,x) = f (3z) = 3f (x),

we get
1Dy (z,x) || = |lf Bz) =3f (x) || <0 (x,z)
and
Hf(gx) @) < é 0(2,7). (3.7)
Since
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252 - o) < [£52 - s + | 152 - L8
b |18 <§Z_‘§”f> H
< é 0 (z,x) + 3—129 (3z,3z) + ...+ 37 0 (3" 1z,3" ).
Hence, we have
185 - ] < ;3 1820 @
Now, there exist k£ € N such that for all m > n > k,
e o R ]
R

1=

Letting m — oo, we have

Hf (3™ mx)  f(3Mx)

3n+m 3m

H—>0.

Hence, {%} is a Cauchy sequence in B. Since B is a complete space, the

%} is convergent. Set H (z) = limy o0 L2, By [11], f is

an additive mapping and also is homogenous. Then f is hnear and by (3.4) is
approximately homomorphism.

sequence {

H(z+y) :W}E%Of(gmg;r Y))
- i (L) £6m)
= Jim PGt L0
= H (z)+ H (y),
Hw) = tim 282Dy SO

m— oo m m—00 3m
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and

| @y) B @ H ) |

H (x)
[ (P2 )—m@o(“é”l“’)n}znm(‘]fff”)\\

= 1im ( (3" (ry)  f(3"a) )H

m—00 32m 3m

1

= || B o (F (37 () - f<3mx>f<3my>)H

=t (7 (3 () - £ 37 £ (37)) |

< n}gnoo 3TC (3™, 3"Mz)

=0. (3.10)

Therefore, |H (zy) — H (z) H (y) || = 0, it implies that H (xy) = H (z) H (y).
Hence H is homomorphism. In (3.8), taking n — oo

1H (@) - f@)l < 5 Ze 32, 3%)

Since

1
*:Z@

1=0
IH (22 +y) + H (20 —y) — H (z+y) — H(z —y) — 2H (2z) — 2H (z)
f(3"(2z +y)) n fB"2z—y))  fB"(z+y))
3n 3n 3n

fBMx—y)  2f(3"2x) 2f(3"z) H

= lim

n—o0

1
< lim 379 (3"z,3"x)

n—o0

= 0. (3.11)

We get H satisfies the functional equation (1.1).

Now, we want to prove that H is a unique homomorphism. Assume that
there exists another one denoted by H : A — B such that H satisfies the
functional equations (1.1) and (3.8).



630 Mohammed Salih Sabah and Shaymaa Alshybani

Let .
H(:L’) = lim M

m—oo  3m

Then, we have

1) - i = | ) B

1 ,
- 371HH(3%) - H(3mx)H

< 3imH (1 @) — £ 3 | + £ @) - B @Ema)]).

Letting m — oo,

, 1[N0 (3Hmg, 3itmy >, 4 (3itmg, 3itmy
HH(:c)—H(x)HSg(Z ( S )+Z ( o )>—>0.
i=0 i=0

(3.12)
Hence, |H (z) — H (z)|| = 0, this implies H (x) = H(x). O

Corollary 3.2. Let A\, 3 be nonnegative real numbers. Let odd function f :
A — B satisfies the inequality ||Dy(x,x)||p < A for all x,y € A and ||f (zy)
—f (@) f)lls < B forallx,y € A. Then there exists a unique homomorphism

|H (@) - f@)] < 2

5 for all x € A.
Proof. In the Theorem 3.1, taking
0 (x,y) = A,
¢ (z,y) =p for all z,y € A,
then the result is immediate. O

Corollary 3.3. Let p,d be nonnegative real numbers. Let an odd function f :
A — B satisfies the inequality ||Dy¢(x,y)| < 6 (||z]|P + ||=[|?) for all x,y € A,
and || f (zy) — f(x) f(y) || < aP + yP for all z,y € A. Then there ezists a
unique homomorphism H : A — B such that
IH (z) = f(z) || <
Proof. In the Theorem 3.1, taking
0 (x,y) =0 (llz|” + [lyl|") for p <1,

C(z,y) =zl + [[ylP, p <2 forall z,y € A,
then the result is immediate. O

5 3 for all x € A.
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Theorem 3.4. Let A, B be two Banach algebra spaces, and let f : A — B be
an odd mapping, f(0) =0, f (Ax) = \f (x) for allz € A, A € R. Suppose the
functions 0 : A2 — [0,00) and ¢ : A2 — [0,00) such that

i 3z, 3Z < oo forall x,y € A, (3.13)
i=0
1Df (2, 9)llB < 6(x,y) for all z,y € A, (3.14)
lim W ~0, (3.15)
1f (zy) —zf(y) —yf(@)llp < C(z,y) forall z,y € A, (3.16)
Tim_ 32 ¢ (3™, 3™y) = 0. (3.17)

Then there exists a unique derivation § : A — B such that

0 (3’&:, 3’&:)

1 o0
IF (@) = 6(@)lls < 5 30 2

=0

(3.18)
Proof. We will suffice with the proof derivation and the rest is easy according
to the Theorem 3.1,
16(zy) — z6(y) — yo(z)|
< f(37 (@) 3maf (37y)  3"yf (3 )
- f |

M—00 2m 32m 32m
= lm oo i |7 @ @) —smar 3my) —smy s 37|
< : - m m
< lim_ 32mC(3 z,3™y)
= 0. (3.19)
Hence, ||0 (zy) — xd (y) — yd (z) || = 0, it implies § (xy) = xd (y) + yd (z) . So,
we have 0 is derivation. O

Theorem 3.5. Let A, B be two Banach algebra spaces, and let f: A — B be
an odd mapping, f(0) =0, f(Ax) = Af(z) for all x € A, A € R. Suppose the
functions 0 : A2 — [0,00) and ¢ : A% — [0,00) such that

23’ ( ) < oo for all z,y € A, (3.20)



632 Mohammed Salih Sabah and Shaymaa Alshybani

n Y
nh_}ngoii 0 (3n, 3") =0 forall z,y € A, (3.21)
|Dy (z,9)llz < 0(x,y) for all z,y € A, (3.22)
If(zy) — f(@)f(y)llB < C(z,y) forall z,y € A, (3.23)

2m Y o

3 C(?,m 3m) -

Then there exists a unique homomorphism H : A — B such that

flz)—H@) <Y 30 (33 33) . (3.24)
=1

Proof. This theorem can be readily demonstrated utilizing the same way to
the Theorem 3.1. U

Theorem 3.6. Let A,B be two Banach algebra spaces, and let f : A — B be
an odd mapping, f(0) =0, f(Ax) = Af (z) for allx € A, A € R. Suppose the
functions 0 : A2 — [0,00) and ¢ : A2 — [0,00) such that

23’ ( ) < oo forall x,y € A, (3.25)
n yy
nll_)II;O?) 0 (3n, 3n> =0 forall z,y € A, (3.26)
Dy (z.y)lB < 0(z,y) for all z,y € A, (3.27)
1f (xy) —xf (y) —yf(x)B < (2,y) forall z,y € A, (3.28)
2m y _

Then there exists a unique derivation § : A — B such that

If (@) = d()lls <Z3Z (G 3)- (3.29)

Proof. This theorem can be readily demonstrated utilizing the same way to
the Theorem 3.4. g
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4. STABILITY OF FUNCTIONAL EQUATION (1.1)
USING FIXED POINT METHOD

633

Theorem 4.1. Let A, B be two Banach algebra spaces, and let f : A — B be
an odd mapping, f(0) =0, f(Ax) = Af (z) for all z € A, X € R. Suppose
functions 0 : A2 — [0,00) and ¢ : A2 — [0,00) such that for allz € A,m € R

there exists L < 1 with 6 (mx, mz) < mLb (x,x),
1Df (z,y)llp < 0(x,y) forall z,y € A,
where
Dy(z,y)=fQe+y)+f2x—y)— flz+y)
—flez—y) —2f(2z) - 2f (2),
1f (zy) = f (@) f W)lls < C(2,y) for all x,y € A,

1
lim 3—( (3"z,3"y) = 0.

n—oo 321
Then there exists a unique homomorphism H : A — B such that

If (z) = H(z)||p <

Proof. If x =y in (4.1), then
Dy (z,2) = f (3z) = 3f (x),

3_3L0(x,x).

we get
1Dy (2, 2) || = [f Bz) = 3f () || < 6 (2, )
and

H fBz)

. f(x)HgéH(x,x).

(4.1)

(4.5)

Let the set X = {g: A — B} and introduce the generalized metric on X,

d(p,q) =inf{ceRT :|p(z) —q(2) |z < b (z,z), Vo € A}.

Then (X, d) is complete by [8]. Let J : X — X be a linear mapping such that

J(p(x) = p(ij)) forallz € A
and .
[J(f (x)) = f () < 3 6 (x,z) for all z € A.
Then )
d(Jf, f) < 3

Let f, H € X. Then,
If (z) — H(z)|s <0 (2,2),
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d(f,H)=1,
1T(f (x)) — J(H (2))||p = Hfi”x) _ H(g?»w) |
Therefore,
L1If (32) — H (32) | < 20 (32, 30)
3 =3 )
< é3L0 (z,2)
= L0 (z,x).

Then d (Jf, JH) < L it implies
d(Jf,JH) < Ld(f,H). (4.6)
(1) H is fixed point of J, that is,
J(H (x)) = H (),
]
H (3z) = 3H (z) . (4.7)
Hence, for all x € A, the H is a unique fixed point of J in the set
Y={geX:d(f,g) <oo}.
Therefore, there exists ¢ € (0,00) such that d (f, H) < c. Hence,
f(z)—H (z)g < cf(z,z) for all z € A. (4.8)
(2) d(J"f,H) — 0 as n — oo this implies the equality
lim f(3"z)

A = H (x) for all x € A. (4.9)
(3) 1
d(f, H) < 7—Fd(£,7f),
1 1
d(f,H) < =73
that is, 1
d(fH) < g7
Hence,
£ @)~ H (@)llp < 50 (.0). (4.10)

Using the same method as in Theorem 3.1, H satisfies the functional equa-
tion (1.1). O
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Corollary 4.2. Assume thatr < 1, m > 1 and let f : A — B be an odd
mapping, f(0) =0, f(Az) = Af (x) for all z € A, X € R such that
1Dg (z,y)lls < ="+ [lyll",r <1 for all z,y € A

and
1S (@y) = (2) f Wl < =" lyll", » <1 for all z,y € A.
Then there exists a unique homomorphism H : A — B such that

If (@) = H(@)ls < 53—

"

Proof. In the Theorem 4.1, if we choose
0 (z,y) = llz|" +[lyll", r <1forall z,y € A,

Cla,y) =zl [[yll", r <1forall z,y € A,
then the result will be achieved when L > m"~!, m > 1, r < 1. d

Corollary 4.3. Let m > 1 and f : A — B be an odd mapping, and f (0) =0,
f(Ax) =Af(x) for allz € A, X\ € R such that

1
|Ds (z,y)||p < ———— forallz,y € A,
! el + Tyl
and )
If (@y) = f () f WllB < o for allz,y € A.
=]l + lly
Then there exists a unique homomorphism H : A — B such that
1 1
— H < —— ———,
If (@)~ H@ls < 3=57 5
Proof. In the Theorem 4.1, if we choose
0(z,y) = ————— forall z,y € A,
]| + [l
1
((z,y) = ———— for all z,y € A,
]Iy
then the result will be achieved when L > #, m > 1. O

Corollary 4.4. Let r > 0, m > 1 and let f : A — B be an odd mapping,
f(0)=0,f(Ax)=Af () for allz € A, X\ € R such that

]
Iyl

\f@w—f@w«mmsHer>ofmau&yeA

Dy (2, 9)ll5 < r>0 forall z,y€ A,
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Then there exists a unique homomorphism H : A — B such that

1l
I @) - H@)ls < 537 17

Proof. In the Theorem 4.1, if we choose

0(z,y) = H'”EHHT,T >0 for all z,y € A,
Yy
_ =l
((z,y) = I Hr,?“ >0 for all z,y € A,
Y
then the result will be achieved when L > #, m>1,7>0. O

Corollary 4.5. Assume thatr <1, 0<m <1 and let f: A — B be an odd
mapping, f(0) =0, f (Az) = \f (x) for all x € A, A € R such that

1Ds (z,y)lls < llzl[-lyll for all z,y € A.

1f (zy) = f (@) f W)lls < ll=l"[lyll", r <1 for all z,y € A.

Then there exists a unique homomorphism H : A — B such that

If (x) = H(z)||p <

Proof. In the Theorem 4.1, if we choose

]

3—-3L

0 (x,y) = [[=ll.lyll for all z,y € A,

¢z, y) = llz]|"lylI",r <1 forall 2,y € A,
then the result will be achieved when L > m?, 0 < m < 1. O

Corollary 4.6. Let m > 1, and f : A — B be an odd mapping, f(0) = 0,
f(Az) =Af (z) for allx € A, X € R such that

2]l ]

IDs (2,9)||lp < Tttt
d ][+ [yl

r>1 forall x,y € A,

. ]+ ]
17 Geo) = @) ] W)l < e

Then there exists a unique homomorphism H : A — B such that
1=l
3—3L2|z|"

r>0 forall z,y € A.

If (z) = H(z)||p <
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Proof. In the Theorem 4.1, if we choose

|-yl
6(I7y) = W, r > 1 for all T,y S A,
C(z,y) = M, r>0 forall z,y € A,
)"+ llyll”
then the result will be achieved when L > —= 1,m > 1,r > 1, because
[ma|]. [ma|] [l
[ma||” + [|mz|” = " 2fz"
1
mrfl S L

and

o 3l 4 3yl
1 ——(C(3"x.3™y) = lim
A, g ¢ (30 3) = I e T 3yl

O

Theorem 4.7. Let A, B be two Banach algebra spaces, and f : A — B be
an odd mapping, f(0) =0, f(Ax) = Af(z) for all x € A, X € R. Suppose
functions 0 : A2 — [0,00) and ¢ : A?> = [0,00) such that for all z € A,m € R,
there exists L < 1, where 0 (mz, mz) < mL6 (x,x),

|Ds (z,y)|lB < 0(x,y) forall z,y € A, (4.11)
If (zy) —zf (y) —yf (@)llB < C(z,y) forall z,yc A (4.12)

and
nh—>Holo 3%( (3"z,3"y) = 0. (4.13)

Then there exists a unique derivation § : A — B such that

If (@) = b(a) s < 5—=

Proof. Same method as the previous theorem, only we prove that ¢ is deriva-
tion.

0(z,z). (4.14)

10 (zy) — 26 (y) — yd (2) |
(f(32" (wy))  3"zf(3"y) 3y"f(3"x) )H

32n 32n 32n

) (4.15)
— lim —nH (f (32" (xy)) — 3"af (3"y) — 3" f (3")
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Hence, we have
6 (zy) = 6 (y) +yd ().

Then § is derivation. O

Corollary 4.8. Assume thatr <1, m > 1 and f : A — B be an odd mapping,
and f(0) =0, f(A\x) =Af(x) for allx € A, X\ € R such that

1Ds (z,y)l[z < llzl" + llyll", r <1 forall 2,y € A,

I (zy) —xf (y) —yf @)l < lz"llyll", r <1 forall z,y € A.

Then there exists a unique derivation § : A — B such that

If (z) = d(z)|B <

Proof. In the Theorem 4.7, if we choose

2 s
0(x,y) = [[=lI" + [lyll", r <1 forall z,y € A,

C(zy) = llzlI"lyll"; r < 1forall z,y € A,
then the result will be achieved when L > m™ !, m > 1,r < 1. O

Corollary 4.9. Let m > 1, and f : A — B be an odd mapping, f(0) = 0,
f(Az) = Af (z) for all x € A, X € R such that

1
1Dy (z,y)llB < TEESE forall z,y € A,

Iyl

I (29) — 2f (4) — yf ()]s < M for all 2,y € A.

Then there exists a unique derivation § : A — B such that
1 1
If (x) = 6(2)|5 <

3-3L2x
Proof. In the Theorem 4.7, if we choose

1
0(z,y) = ———— forall z,y € A,
(@9 = T

1
C(z,y) = —— forall z,y € A,
[l [ly]

then the result will be achieved when L > #, m > 1. O
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Corollary 4.10. Let m > 1 and f : A — B be an odd mapping, f(0) =0,
fAx) =Af(x) for allz € A, X\ € R such that

o
1Dy (z,9)llB < ‘:LJHHT’ r>0 forall z,y€ A
and
o
Hf@w—ﬂﬁuﬁ—yf@MBédgﬂ,r<l(ﬁrdlayeA-

Then there exists a unique derivation § : A — B such that

L el
I @) = 8@)s < 55510

Proof. In the Theorem 4.7, if we choose

0 (x,y) = ’}‘x’:’r, r >0 forall z,y € A,
Y
_ =l
C(x,y) = T r <1 forall z,y € A,
Y
then the result will be achieved when L > #, m>1,r>0. O

Corollary 4.11. Assume thatr <1, 0 <m < 1, and f: A — B be an odd
mapping, f(0) =0, f(Ax) = Af (x) for allx € A, A € R such that

1Ds (z,9)llp < llzlllyll for all z,y € A,
If (@y) —=f () —yf @)z < llzl"llyl", » <1 for all x,y € A.
Then there exists a unique derivation § : A — B such that

1 (&) = 5(@)lp < ——ar ]

3—-3L
Proof. In the Theorem 4.7, if we choose
0(z,y) = llz|llyll for all z,y € A,

Cl@,y) = llz"lyll", r <1 forall z,y € A,
then the result will be achieved when L > m?, 0 < m < 1. O

Corollary 4.12. Let m > 1 and f : A — B be an odd mapping, f(0) =0,
fx) =Af(x) for allz € A, A € R such that

-l

1Dy (z,9)||5 < ,
/ (" + [y

r>1 forall z,y€e A

and
If (zy) — zf (y) — yf (2)||5 < [zl + vl

_— >0 1l c A.
el + g >0 Joralb ey
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Then there exists a unique derivation § : A — B such that
1l
If (z) = d(z)|[B <

3—3L2|z|"
Proof. In the Theorem 4.7, if we choose

0(x,y)= M, r>1 forall z,y € A,
lz]]" + [lyll
]| + [yl
((r,y) = ——==, r>0 forall z,y € A,
] + [[yll"
then the result will be achieved when L > —+1 . m > 1,7 > 1. O

mr—1»

Theorem 4.13. Let A, B be two Banach algebra spaces, and f : A — B be
an odd mapping, f(0) =0, f(Ax) = A\f (z) for all x € A, X € R, suppose
functions 0 : A2 — [0,00) and ¢ : A% — [0,00) such that for all z € A,m € R,

there exists L < 1, where 0 (%, %) <mLl (z,z),
IDf (z,y)l|p < 0(x,y) forall x,y € A, (4.16)
1f (zy) = f(x) f W)l < (@) for all z,y € A, (4.17)

m 3ne (28 =
R (419

Then there exists a unique homomorphism H : A — B such that

15 @)~ Bl <

Proof. This theorem can be demonstrated using the same way as in the The-
orem 4.1. g

0 (z,x). (4.19)

Corollary 4.14. Let m > 1 and f : A — B be an odd mapping, f(0) =0,
f(Az) =Af (z) for allx € A, X € R such that

1Dy (z,y)llB < lzlI" +[lylI", r >0 forallz,y € A,

1f (zy) = f (@) f @W)ls < =" Nlyll"s 7>1 forallz,y € A
Then there exists a unique homomorphism H : A — B such that

If (z) = H(z)|[ s <

Proof. In the Theorem 4.13, if we choose
0(z,y) = |lz|" +llyl", >0 forall z,y € A,

r
"

C@,y) =" llyll", r > 1 forall z,y € A,
then the result will be achieved when L > —-+ m > 1,7 > 0. O

m'r+l I
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Corollary 4.15. Assume that m > 1 and f : A — B be an odd mapping,
f(0)=0, f(Ax) =X\ (z) for allz € A, X € R such that

,
D5 Gl < W w0 for att ey e 4
Yy
" ]
T T
1f (zy) = f (=) f()lB < Wl r>3 forall x,y € A.
Then there exists a unique homomorphism H : A — B such that
L ="
|f(z) —H(z)|p < —F
1—L [y
Proof. In the Theorem 4.13, if we choose
[l]”
0 (z,y) = TR r>0 forall z,y € A,
Y
_ =l
C(x,y) = Tl r>3 forall z,y € A,
Yy
then the result will be achieved when L > #, m > 1,r > 0, because
e 1" [
=m s
Il [z
that is,
1
— <L
mr
and

lim 3¢ <£ i) = lim 376" [} -0
nooe TAZRTERS mooo Iyl )~

0

Corollary 4.16. Assume that m > 1 and f : A — B is an odd mapping,
f(0)=0, f(Ax) =Af(x) for allx € A, X\ € R such that

X
1Dy (2, 9)ll < |:'y||‘L, r<2 forallzy €A
" ]
X
I (@) = £ @) FWls < o 7 < —1 for allay € A

Then there exists a unique homomorphism H : A — B such that

If (@) - H@)lp < — 1

— Lyl
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Proof. In the Theorem 4.13, if we choose

0 (z,y) = ‘:’xHL, r<2 forall z,y € A,
Yy
_ =l B
C(z,y) = TG r<—1 forall z,y € A,
Y
then the result will be achieved when L > —1+1. m > 1,r < 2. O

m'r+1 ’

Corollary 4.17. Letr > 1, m > 1 and f : A — B be an odd mapping,
F(0)=0, f(Ax) =Af(x) for allx € A, X € R such that

1Dy (@, 9)lls < llzlllyll for allz,y c A

and
If (zy) = f (@) f @)lls < [l=l]"lyll", r>1 forallz,y € A
Then there exists a unique homomorphism H : A — B such that

IF (@)~ H@) s < - ol

Proof. In the Theorem 4.13, if we choose
0 (z,y) = llz|llyll for all z,y € A,

Clzoy) = z["[ly]", r>1 forall z,y € A,
then the result will be achieved when L > #, m > 1. d

Corollary 4.18. Let m > 1 and f : A — B be an odd mapping, f(0) =0,
f(Ax) =Af(x) for allz € A, X\ € R such that

]Iyl
|IDs(x,y)|lp < 77—, r<3 forallz,y € A
! el + Tyl
and
] + [yl
1f (zy) = f(2) f(W)llB < Ma r<-—1 forallz,ye A.

Then there exists a unique homomorphism H : A — B such that

1 =]

—H < — .

I @) - H@ls < =g o

Proof. In the Theorem 4.13, if we choose

el iyl
O(x,y)=——————, r<3 forall z,y € A,
@) = G+ T v
el + Iyl
z,y)=——"—, r<—1 forall z,y € A,
@Y = Iyl v

then the result will be achieved when L > m™3, m > 1,r < 3. O
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Theorem 4.19. Let A, B be two Banach algebra spaces, and f : A — B be
an odd mapping, f(0) = 0,f(Ax) = Af(z) for all x € A\ € R, suppose
functions 0 : A% — [0,00) and ¢ : A2 — [0,00) such that for allz € A, m € R,
there exists L < 1, where 0 (%, %) < mLl (x,x),

1Dy (2,95 < 0 (,y) for all z,y € A, (4.20)
1f (zy) —af (y) —yf (@)llB < ¢ (z,y) for all z,y € A, (4.21)
and
e (Y _
g, 376 (3n’ 3n) =0 (4.22)
Then there exists a unique derivation 6 : A — B such that
If (@) — 8(z)lp < 0 (z,2). (4.23)

Proof. This theorem can be demonstrated using the same way as in the The-
orem 4.7. [l

Corollary 4.20. Assume that m > 1 and f : A — B is an odd mapping,
f(0)=0, f(Ax) =X\ (z) for allz € A, X € R such that

1Ds (@, 9)l[p < llz|" + llyll", »>0 forallz,yeA

and

1f (@y) = F () f Wl < =" llyll", »>1 for all z,y € A.
Then there exists a unique derivation § : A — B such that

If () = é(@) s < ——

Proof. In the Theorem 4.19, if we choose

"

0 (z,y)=|lz]|" + ||y||",r >0 for all z,y € A,

C(zy) = llzlI"[lylI"sr > 1 for all z,y € A,
then the result will be achieved when L > #, m>1,r>0. O

Corollary 4.21. Assume that m > 1 and f : A — B is an odd mapping,
F(0)=0, f(Ax) =Af(x) for allz € A, X € R such that

- el
— )
vl

Dy (z,y) 5 r>0 forallx,y€e A

and
[|[]"

lyll~

1f (zy) —xf (y) —yf (@)||lB < r>3 foralwzy€ A
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Then there exists a unique derivation § : A — B such that

L
If (z) = 6@@)llp < T— il

Proof. In the Theorem 4.19, if we choose

0 (z,y) = HH?:‘ , >0 forall z,y € A,
_ =l
C(z,y) = TR r>3 forall z,y € A,
)

then the result will be achieved when L > #, m>1,r>0.

O

Corollary 4.22. Assume that m > 1 and f : A — B is an odd mapping,

F(0)=0,f(Az) =\f(z) for allz € A, X € R such that

x
Dy (z,y)l|B < |}‘3JH|L’ r<2 forallz,ye A
and
x
If (zy) —xf (y) —yf (2)||B < ’}L/ |HT, r<—1 forallz,y € A.
Then there exists a unique derivation § : A — B such that
1 fl]l
1f (x) =d@)lB < +—F 17
1= Lyl

Proof. In the Theorem 4.19, if we choose

0(x,y) = ’}|mHHT, r <2 forall z,y € A,
)

_
Iyl

¢(z,9)

r<—1 forall x,y € A,

then the result will be achieved when L > m™ !, m > 1,r < 2.

g

Corollary 4.23. Letr > 1, m > 1 and f : A — B be an odd mapping,

f(0)=0, f(Ax) =\f(x) for all z € A, \ € R such that
1Ds (z,9)llB < =yl for all z,y € A

and

I (zy) —2f (y) =yf @)l <llz"[lyl", r>1 forallz,y e A.

Then there exists a unique derivation § : A — B such that

If (2) = d(2)llB < ).

1-L
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Proof. In the Theorem 4.19, if we choose
0(z,y) = llz|llyll for all z,y € A,

Clzy) = z["[lyll", r>1 forall z,y € A,
then the result will be achieved when L > #, m > 1. O

Corollary 4.24. Let m > 1 and f : A — B be an odd mapping, f(0) =0,
f(Ax) = Af(x) for all x € A, A € R such that

x|y
1Dy (z,9)llB < M, r<3 forallz,yec A
and
|+
If (zy) —2f (y) —yf (@)][B < ”” HU n :yHT, r<—1 forall xz,y€ A.

Then there exists a unique derivation § : A — B such that
1 z]?

I (@) = 6@)lls < = F g

Proof. In the Theorem 4.19, if we choose

[zl l[yll
O(r,y)=————, r<3 forall z,y € A,
)™ + [lyllI”
]| + [l
((zr,y) = ——————, r<—1 forall z,y € A,
[z l|” + [lylI"
then the result will be achieved when L > m’”_?’, m>1,r<3. O

5. CONCLUSION

We have come to conclusion that the approximate of homomorphism and
derivation of additive functional equation in Banach algebra. Moreover, we
can get other results in various spaces and for many other functional equations
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