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Abstract. In this paper we describe all surjective gyrometric preserving maps on the three
models of gyrovector spaces, the Einstein gyrogroup, the Mobius gyrogroup and the Proper
Velocity gyrogroup.

1. INTRODUCTION

In the book [4] Ungar studied the gyrocommutative gyrogroup. The (gyro-
commutative) gyrogroup is a generalization of the (commutative) group, which
is not necessarily (commutative and) associative. In his book Ungar studied
the three models of gyrocommutative gyrogroup, the Einstein gyrogroup, the
Mobius gyrogroup and the Proper Velocity gyrogroup. These models also have
the structure of the gyrovector space and the gyrometric. The gyrometric on
the Einstein gyrogroup is related with the Bergman metric, and the gyromet-
ric on the Mdbius gyrogroup is related with the Poincaré metric. In the paper
[2], Kim established an isomorphism between the Einstein gyrogroup and the
set of all qubit density matrices representing mixed states endowed with an
appropriate addition. Moreover, he established a relation between the trace
metric for the qubit density matrices and the Einstein metric on the Einstein
gyrogroup.

Let (X,dx) and (Y,dy) be metric spaces. T : (X,dx) — (Y,dy) is said
to be an isometry if it satisfies dy (T'a,Tb) = dx(a,b) for any pair a,b € X.
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The study of isometry maps is important and many results are known. The
celebrated Mazur-Ulam Theorem states that a surjective isometry T from a
normed vector space X onto a normed vector space Y is of the form T(-) =
T(0) + To(-), where Ty is linear. This theorem referred to about algebraic
structure of an isometry.

In this paper, we study surjective gyrometric preserving self-maps on Ein-
stein gyrogroups, Mobius gyrogroups and PV gyrogroups. We will show the
algebraic structures of these maps and representation theorems.

In the following of the paper, V denotes a real inner product space with the
vector addition + and a positive definite inner product (-,-). We say that an
inner product (-,-) is positive definite if the following holds; (u,v) = 0 for all
u € V implies v = 0. We denote by || - || the norm on V induced by (-,-) and
B denotes the open unit ball of V; B = {u € V: |Ju|| < 1}.

2. GYROGROUPS

In this section, we recall necessary definitions and briefly sammarize funda-
mental results of gyrogroups based on the Ungar’s book [4].

Definition 2.1. ([4, Definition 2.1]) A groupoid (5, +) is a nonempty set, S,
with a binary operation, + : S x S — S. An automorphism ¢ of a groupoid
(S,4) is a bijective self-map of S, ¢ : S — S, which preserves its groupoid
operation, that is, ¢(a +b) = ¢(a) + ¢(b) for all a,b € S. Aut(S,+) is the set
of all automorphism of a groupoid (5, +).

Definition 2.2. ([4, Definition 2.7]) A groupoid (G, ®) is a gyrogroup if it
satisfies the following axioms.
(G1) There is a element, 0 € G, called a left identity, satisfying

0®ba=0,
for all a € G;
(G2) For each a € G there is an element ©a, called a left inverse of a,
satisfying
©a ® a = 0;

(G3) For any triple a, b, ¢ € G there exists a unique element gyr[a, bjc € G
such that the binary operation obeys the left gyroassociative law

a®(boc)=(adb)dgyra,blc;

(G4) The map gyrla,b] : G — G given by ¢ — gyr|a, b]c is an automorphism
of the groupoid (G, ®),

gyrla,b] € Aut(G, @).
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The automorphism gyrfa,b] of G is called gyroautomorphism of G
generated by a,b € G. The operator gyr : G x G — Aut(G,®) is
called gyrator of Gj

(G5) The gyroautomorphism gyr[a, b] generated by any a,b € G possesses
the left loop property

gyrla @ b, b] = gyr|a, b]
for any a,b € G.

Definition 2.3. ([4, Definition 2.8]) A gyrogroup (G, @) is gyrocommutative
if its binary operation obey the gyrocommutative law

(G6) a®b=gyrla,bl(b® a) for all a,b € G.

Example 2.4. A (commutative) group is a (gyrocommutative) gyrogroup
which all the gyroautomorphism is the identity map on G.

Example 2.5. ([4, Definition 3.45]) Let B be the open unit ball of V. Einstein
addition @ is a binary operation in B given by the equation

1 ’Vu(u,v>> 1
ubpv=——F—"-49|1+——|u+—v
g 1+<u,v>{< 147 Yu

et ( (1 #120) wree)

where o, = /1 — [|u]|2, v, = @, " . (B, @) is a gyrocommutative gyrogroup
and called the Einstein gyrogroup. By a simple calculation we see that the
identity of (B,®g) is the zero vector of V and the inverse element of u €
(B, ®E) is —u.

(2.1)

Example 2.6. ([4, p75]) Mobius addition @, is a binary operation in the
open unit disc D = {z € C: |z| < 1} given by the equation
a+b
b= . 2.2
CEMY =TS (22)
(D, ®pr) is a gyrocommutative gyrogroup. The identity of (D, ®ys) is 0 and
the inverse element of a € (D, ®yy) is —a.

Let us identify the complex plane C with the Euclidean plane R? in the
usual sense, we have a natural extension as the following.

Example 2.7. ([4, Definition 3.40]) Let B be the open unit ball of V. Mébius
addition @js is a binary operation in B given by the equation
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(1+2(u, v) + [v]*)u+ (1 — [lu]*)v
14 2(u, ) + [[u]?[Jv]?

(B, @) is a gyrocommutative gyrogroup and called the Mobius gyrogroup.

The identity of (B, @®)s) is the zero vector of V and the inverse element of

u € (B,®y) is —u.

uUdDpyv=

(2.3)

Example 2.8. ([4, Definition 3.47]) Let V be a real inner product space. The
PV (Proper Velocity) addition @p is a binary operation in V given by the
equation

u

L+ By
1

~{ s o buse,

where &, = /1 + ||[u]|?, B = 6, . (V,®p) is a gyrocommutative gyrogroup
and called the PV (Proper Velocity) gyrogroup. The identity of (V,@p) is the
zero vector of V and the inverse element of u € (V,&p) is —u.

u ®d v——{ (u,v) + 1}u—|—v
P Y
/6’[)

(2.4)

Definition 2.9. ([4, Definition 6.2]) Let G be a subset of a real inner product
space V. A real inner product gyrovector space (gyrovector space, in short)
(G,®,®) is a gyrocommutative gyrogroup (G, @) with a scalar multiplication
® : R x G — G that obey the following axioms:

0) (gyrlu,v]a,gyr[u,v]b) = (a,b) for all u,v,a,b € G;

1®a =a for all a € G;

(ri+r)®a=(r1®a)®(r;®a) for all a € G, r1,ry € R;

(riry) ®a=r1 ®(re®a) for all a € G, ri,m9 € R;

" ® a
[real |
gyr[u,v|(r ® a) =r ® gyr[u, v]a for all u,v,a € G, r € R;
gyr[ry ® v,19 @ v] = idg for all v € G, r1,r2 € R;
|G| = {x]la]| € R : @ € G} is an one- d1men81onal real vector space
with vector addition ¢ and scalar multiplication ®, such that for all
re€Rand a,b € G,

(V7) Ir @ afl = |r| @ al;
(V8) [la® bl < [la] o] .

V1
V2
V3

for all a € G, r € R;

(V
(
(
(
(
(V5
(V6

Ny
\/\/\/ z ==

(VV

Gyrovector spaces are defined only on a subset G of a real inner product
space V, and V is called a carrier of G. The gyrometric ¢ on a gyrovector
space (G, ®,®) is given by o(a,b) = || © a @ b|| for any pair a,b € G, where
|| - || be the norm on the carrier of G. Einstein gyrogroups, Mobius gyrogroups
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and PV gyrogroups turn themselves into gyrovector spaces and we can cosider
their gyrometrics.

Example 2.10. ([4, Definition 6.86]) An Einstein gyrogroup (B, ®g) forms
a gyrovector space (B, ®g, ®g) with the scalar multiplication ® g on (B, ®g)
defined by

r ®p v = tanh(r tanh ||v||)ﬁ, (2.5)

v
where r € R, v € B\ {0}; and r ® 0 = 0. The gyrometric on the Einstein
gyrogroup og(u,v) = || — u @ v|| called Einstein gyrometric and (B, og) is

a metric space. Let dp(u,v) = tanh™! pp(u, v) then dg is also the metric on
B. In fact, the metric dg on B corresponds to the Bergman metric on the
ball in C™ if V = R".

Example 2.11. ([4, Definition 6.83, Theorem 6.84]) A Mobius gyrogroup
(B, @) forms a gyrovector space (B, @y, ®@pr) with the scalar multiplication
®@nr on (B, @) defined by

v

r ®pr v = tanh(r tanh ™! ||v]|) (2.6)

o]’
where r € R, v € B\ {0}; and » ®z 0 = 0. The gyrometric on the Mdbius
gyrogroup opr(u,v) = || —u @y v|| called the Mébius gyrometric and (B, oar)
is a metric space. Let dps(u,v) = tanh™! opr(w,v) then (B,dyy) is also the
metric space and we call dp; the Mobius metric. In the special case when
we consider the Mobius gyrogroup on the complex open unit disc (D, ®yy),
Mobius gyrometric reduces to

a—2b
1—ab
The Mobius gyrometric on D is known as the pesudo-hyperbolic metric and
Mobius metric dps on D is also known as the Poincaré metric.

QM(a,b):‘—a@Mb‘ =

Example 2.12. ([4, Definition 6.87]) The PV gyrogroup (V,&p) forms a
gyrovector space (V,®p,®p) with the scalar multiplication ®p on (V,@p)

defined by
r®p v = sinh (rsinh ™ ||v])) ﬁ (2.7)
v
where r € R, v € V\ {0}; and r ® p 0 = 0. gp denotes the gyrometric on the

PV gyrogroup; ¢p(u,v) = || —u@p v|.

Definition 2.13. ([4, Definition 6.15]) An automorphism 7 of a gyrovector
space (G,®,®) is a bijective self-map of G, 7 : G — G, which satisfies the
following conditions (a), (b) and (c):
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(a) T(a®b) =Ta® 7b for any a,b € G;

(b) 7(r®a) =r®ra for any r € R, a € G;

(¢c) (ra,7Tb) = (a,b) for any a,b € G where (-,-) be the inner product on
carrier of G.

Denote Aut(G, @, ®) the set of all automorphism of a gyrovector space (G, ®, ®).

Ungar has shown that the gyrometric is invariant under automorphisms and
left gyrotranslations.

Theorem 2.14. ([4, Theorem 6.12]) Suppose that o be the gyrometric on a
gyrovector space (G, ®,®). We have p(a ®b,a @ c) = o(b,c) and o(Tb,Tc) =
o(b,c) for any a,b,c € G, T € Aut(G, ®, ®).

Gyrometrics op, oy and op can be treated into the equations in the fol-
lowing proposition.

Proposition 2.15. For any u,v € B,

(1= [lul?)(1 — o)\ 2
(1~ {u,0))? } (28)

oB(u,v) = {1 -

R A R PR
om(u, ) {1 1+HUHQHU||2—2<u,v>} . (2.9)

For any u,v €V,
1
op(u,v) = ({u,v)? = 20,8, (w, v) + [[u]* + [[o]* + [lu]?[lv]*)2.  (2.10)

Proof. Put a = |lul|, b = ||v|| and z = {u,v). Since |au + Bv| = o?||ul/® +
B2||v||? + 2aB{u, v) for any «a, 8 € R, we have

| —u@pv|?= HM { <1 + m> (=) +auv}

2
= ! -1+ x u + a,v
1—=x 1+ oy “

<1 — 1+’Uau)2a2 + (1 —a?)b? - 2ay (1 - lfau> x
B (1)
22 — 2z + a® + (1 — a?)b?
(1—z)?

2
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(-2 (1)1 —b?)
B (1—x)?
(1-a®)(1-0%
(1—x)2 ’
(1 +2(~u,v) + [o]*)(~u) + (1 = ul®)v |

14 2(=u, v) + [[ul?[v]]?
2

:1—

n—u@Mm2=H

1+ a2bh? —
(14 6% —22)%a® + (1 a?)?b? — 2(1 +v* — 22)(1 — a?)x
(1+ a2b? — 2z)2
_4a? = 2(1+ a®) (14 bz + (a® + b?) (1 + a?b?)
B (1 + a2b? — 27)2
(1 +a?? —22)* — (1 —a?)(1 — b*)(1 + a?b® — 22)
B (1+ a2b? — 22)2
(1—a?)(1—0?)
14 a2b?2 —2x

H 1—{—b2—2:c)u+(1—a2)v

| —uep ol = H{ (-0 4, (u) v

:{ } a2+2{1f;u+5v}(—x)+b2

6) 2 22 252 2
= + {2 2 +
|—|—(5 {5( — Oy) (5v}x a0, +b

= $2 — 2040y + a2 + b2 + a2b2.

3. MAIN RESULTS

Let X and Y be subsets of two inner product spaces respectively. S: X — Y
is an inner product preserving map if it satisfies (Swu, Sv) = (u,v) for any pair
u,v € X. Let (G,®) be a gyrovector space and ¢ denotes the gyrometric on
(G,®). Wesay T : (G,®) — (G,®) is a gyrometric preserving map if it
satisfies o(T'a, Tb) = o(a, b) for any pair a,b € G.

The following three theorems are main results of the paper.

Theorem 3.1. Let B be the open unit ball of a real inner product space V
and T : (B,®g) — (B,®g) be a map from the FEinstein gyrogroup (B, ®g)
into itself. Then the following conditions (E1), (E2) and (E3) are equivalent.



8 Toshikazu Abe

(E1) The map T satisfies the following conditions (a), (b) and (c):
(a) T(0) = 0,
(b) T is a surjection,
(¢) T is an Finstein gyrometric preserving map.
(E2) T = O|g for some surjective inner product preserving linear operator
0:V—-V.
(E3) T € Aut(B, &g, ®p).
In particular, if dimV < oo, then the condition (a) and (c) of (E1) together
imply the condition (b) of (E1).

Theorem 3.2. Let B be the open unit ball of a real inner product space V and
T: (B,®y) — (B,®uM) be a map from the Mébius gyrogroup (B, @®)y) into
itself. Then the following conditions (M1), (M2) and (M3) are equivalent.
(M1) The map T satisfies the following conditions (a), (b) and (c):
(a) T(0) = 0,
(b) T is a surjection,
(¢) T is a Mébius gyrometric preserving map.
(M2) T = O| g for some surjective inner product preserving linear operator
0O:V—=V.
(M3) T € Aut(B,®nr, @nr)-
In particular, if dimV < oo, then the condition (a) and (c) of (M1) together
imply the condition (b) of (M1).

Theorem 3.3. Let V be a real inner product space. T : (V,®p) — (V,@p)
be a map from the PV gyrogroup (V,@®p) into itself. Then the following con-
ditions (P1), (P2) and (P3) are equivalent.
(P1) The map T satisfies the following conditions (a), (b) and (c):
(a) T(0) =0,
(b) T is a surjection,
(c) T is a gyrometric preserving map on the PV gyrogroup.
(P2) T is a surjective inner product preserving linear operator on V.
(P3) T € Aut(V,®p,®p).
In particular, if dim'V < oo, then the condition (a) and (c) of (P1) together
imply the condition (b) of (P1).

4. LEMMAS

In this section we give some lemmas with which Theorem 3.1, 3.2 and 3.3
will be proved.

For any nonnegative real number a, define 7, = {u € V : ||u|| = a}.
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Lemma 4.1. Let T : (B,®g) — (B,®g) be an Einstein gyrometric preserv-
ing map from an Einstein gyrogroup into itself. Suppose that T(0) = 0. Then
(T'w, Tv) = (u,v) for any u,v € B.

Proof. We first note that T'(m,) C 7, for any 0 < a < 1 since ||[Tu| =
0£(0,Tu) = op(T0,Tu) = 0p(0,u) = ||u| for all w € B. Let 0 < a,b < 1 be
arbitrary and put

(1-ah)( _l’?)}é. (4.1)

—l1_
Then the function f : [—ab, ab] — R is a monotone function because z < ab < 1
for any = € [—ab,ab]. We infer that f is injective. Let u € w4, v € .
We have —ab < (Tu,Tv) < ab and gg(u,v) = f({u,v)). We also have
oe(Tu, Tv) = f((Tu,Tv)) because Tu € 7, and Tv € m,. Hence

(T, Tv)) = 0p(Tw, Tv) = 0p(uw, v) = f((u,v)).
We conclude that (T'u, Tv) = (u,v). O

Lemma 4.2. Let T : (B,®)) — (B, ®n) be a Mébius gyrometric preserving
map from a Mdébius gyrogroup into itself. Suppose that T(0) = 0. Then
(Tu, Tv) = (u,v) for any u,v € B.

Proof. Note T'(mg) C mg for any 0 < a < 1 since ||[Tul| = om(0,Tu) =
om(T0,Tu) = op(0,u) = ||u| for all w € B. Choose 0 < a,b < 1 be
arbitrary and put

1
(1—-a®)(1-0b%)2
=q1- . 4.2
9(x) { 14 a2b? — 22 (42)
Then the function g : [—ab,ab] — R is a monotone function because 1 +

a’b? > 2ab > 2z for any x € [—ab,ab]. We infer that f is injective. Let
U € mg,v € M. We have —ab < (u,v) < ab and op(u,v) = f((u,v)). We
also have gps(T'u, Tv) = g({(T'w, Tv)) because Tu € 7, and Tv € m,. Hence

9((Tw, Tv)) = om (Tu, Tv) = on(u, v) = g((u, v)).
We conclude that (Tu, Tv) = (u,v). O

Lemma 4.3. Let T : (V,®p) — (V,®p) be a PV gyrometric preserving map
from a PV gyrogroup into itself. Suppose that T(0) = 0. Then (Twu,Tv) =
(u,v) for any u,v € V.
Proof. Note T'(m,) C 7, for any 0 < a since [|[Tu|| = op(0,Tu) = pp(70,Tu) =
or(0,u) = ||ul| for any u € V. Let a, b be arbitrary non-negative real numbers.
Put

h(z) = (2% — 26,0,2 + a® + b* + azbz)%. (4.3)
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We show that h : [—ab, ab] — R is a monotone function. We have
2
(h2Y () = dhd (@) oy~ 26,0, (4.4)
x

(h?)(z) < 0 for any = € [—ab,ab] because x < ab < 6,0,. Hence we have
that h? is a monotone function and hence h is also monotone. Therefore h is
injective. Let u € m,,v € m,. We have —ab < (u,v) < ab and gp(u,v) =
h({u,v)). We also have gp(Tu,Tv) = h((T'u,Tv)) because Tu € m, and
Tv € m. Hence

h({Tu,Tv)) = op(Tu,Tv) = op(u,v) = h({u,v)).
It implies that (T'u, Tv) = (u,v). O

The following lemma shows that an inner product preserving map on B is
extensible to the whole space.

Lemma 4.4. Let B be the open unit ball of a real inner product space V.
Suppose that T : B — B be an inner product preserving map. Then T can be
extended to an inner product preserving map S : V — V defined by

Stw) = 2wl (5 ) (15

for any w € V\ {0}; and S(0) = 0. Moreover, S is a linear operator if T is
surjective.

Proof. Put
S(w) = 2wl (52 (16)

for any w € V'\ {0}; and S(0) =
First we show that 7' = S|g. Let u € B\ {0}, r > 0 which satisfy ru € B.
We have

(T(ru), Tu) = (ru,u) = rlul® = rulllu] = | 70w Tu].

On the other hand, by the Cauchy-Schwarz inequality, (x,y) = ||z||||y| if and
only if  and y are parallel. This means that T'(ru) and T'u are parallel, that
is T'(ru) = sTu for some s € R. We have s = ¢ by the equation

rllull* = (ru,u) = (T(rw), Tu) = (sTw, Tu) = s|Tul* = s|ul.

Hence we have T'(ru) = rT'(u) for any w € B\ {0} and r > 0 which satisfy
ru € B. In particular,

() = 2ul7 (5t ) = T(w)
for any u € B\ {0}.
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Next we show that S is an inner product preserving map. It is clear that
(Sw,Sz) =0 = (w,z) if w=0or z=0. For any pair w,z € V\ {0}, we

(sw.52) = (2l (s ) 20T (5757 )
=2wl21el (7 (50) 7 (57))

z
:2’“’”2”z”<2n 120z ||>

= (w, z).

Finally, we show that S is a linear operator if T is surjective. Assume that
T is surjective. We can prove that S(sv) = sS(v) for any s > 0 and v € V in
way similar as a T'(ru) = rT'(u) for any r > 0 and u € V such that ru € B.
Therefore, we have

s (2117 (50)) =2t (7 (520))
s (2)

=2lyl5r—r =y
2HyH

for any y € V\ 0. Clearly, S(0) = 0. Thus S is a surjective isometry from a
normed space onto itself. The Mazur-Ulam Theorem asserts that S is a linear
operator. Il

The following lemma is appeared in [1, Excercise 2.4.1]. A proof is elemen-
tary and is omitted.

Lemma 4.5. Let (X,d) be a compact metric space. Suppose that T : (X,d) —
(X,d) is an isometry. Then T is surjective.

5. PROOF OF MAIN RESULTS
Proof of Theorem 3.1. (E2)=-(E3): Suppose that T' = O|g for a surjective

inner product preserving linear operator O : V — V. First, T is an inner
product preserving map because O is so. Next,
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T
r ®p T(u) = tanh(r tanh ™! HTuH)ﬁ

= tanh(r tanh ™! HOuH)HgZH

_0 (tanh(rtanhl HuH)“)

[

=T <tanh(rtanh_1 ’UH)HZ\O =T(r®p u)

for every r € R, u € B. Moreover,

T(u) ®p T(v) = 15 (7w, To) { <1 + ) Tu+ OéTuT’U}

ot {1+ 52) ]

for any pair u,v € B. Finally, O(B) = B since O is a surjective isometry. It
implies that 7' is surjctive.
(E3)=(E1): Suppose that T' € Aut(B,®g, ®g). By Theorem2.14 T is a gyro-
metric preserving map. By the definition of the automorphism of a gyrovector
space, T is surjective. Moreover, T'(0) = 0 because 7' is an inner product
preserving map.
(E1)=(E2): Suppose that T satisfies the condition (E1). Then Lemma 4.1
asserts that 7' is a surjective inner product preserving map. Moreover, Lemma
4.4 asserts that T' is extended to be a surjective inner product preserving linear
operator O : V — V.

Finally, we show that if dimV < oo, then the condition (a) and (c) imply
the condition (b). The condition (a) and (c) imply that T'(m,) C 7, for any

0 < a < 1since [|[T(u)]| = ||u| forallu € B. If dimV < oo, then 7, is compact
for all 0 < a < 1. Lemma 4.5 asserts that T'(7,) = 7, for all 0 < a < 1 and
hence T'(B) = B. O

Proof of Theorem 3.2. (M2)=(M3): Suppose that T' = O|pg for a surjective
inner product preserving linear operator O : V — V. Then T is an inner
product preserving operator. Moreover,
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T
r @ T'(uw) = tanh(r tanh ™! HTUH)ﬁ
O
— tanh(r tanh™? HOuH)ﬁ
u
4 u
= O ( tanh(r tanh HuH)W
u
=T (tanh(r tanh ™! |u||)HuH> =T(r@m u)
u

for every r € R, u € B and

(14 2(Tu, Tv) + |Tv|?)Tu + (1 — || Tu|/?)Tv
1+ 2(Tu, Tv) + ||Tul|]?||Tv|?
(1 4+ 2(u, v) + [[v]*)Ou + (1 — [[u]*)Ov
1+ 2(u, v) + [Jul]?[[v]?
_0 ((1 + 2(u,v) + [[v]P)u + (1 - Hu\P)v)
1+ 2(u, v) + [[ul/?||v]?
=T(u®pv)

T(u) ©p T(v) =

for any pair u,v € B. Finally, O(B) = B since O is a surjective isometry.
(M3)=-(M1): Suppose that T" € Aut(B,®r,Qn). By Theorem 2.14, T is
a gyrometric preserving map. By the definition of the automorphism of a
gyrovector space, T' is a surjection. Moreover, T'(0) = 0 because T is an inner
product preserving map.
(M1)=-(M2): Suppose that T satisfies the condition (M1). Then Lemma 4.2
asserts that 7' is a surjective inner product preserving map. Moreover, Lemma
4.4 asserts that T' is extended to be a surjective inner product preserving linear
operator O : V — V.

Finally, we show that if dimV < oo, then the condition (a) and (c) imply
the condition (b). The condition (a) and (c) imply that T'(m,) C 7, for any

0 < a < 1since ||T(u)|| = |Ju| for allw € B. If dimV < oo, then 7, is compact
for all 0 < a < 1. Lemma 4.5 asserts that T'(m,) = 7, for all 0 < a < 1, hence
T(B) = B. O

Proof of Theorem 3.3. (P2)=-(P3): Suppose that T is a surjective inner prod-
uct preserving linear operator T': V — V. Needless to say, T is surjective and
an inner product preserving map. Moreover,
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Tu
[Tl
Tu

[l

=T <sinh ('r sinh ™! ||uH) Hu‘>
u

r @p T(u) = sinh (r sinh ! | Tull)

= sinh (rsinh™" ||ul|)

=T(r®pu)

for every r € R, u € B and

T(u)®pT(v) = ( (Tu, Tv)) Tu+Tv

1‘|‘5Tu
;(u v) | Tu+Tv
1445,

(R

=T(u®pv)

for any pair w,v € V.
(P3)=(P1): Suppose that T € Aut(B,®p,®p). By Theorem 2.14, T is
a gyrometric preserving map. By the definition of the automorphism of a
gyrovector space, T is a surjection. Moreover, T'(0) = 0 because T is an inner
product preserving map.
(P1)=-(P2): Suppose that T satisfies the condition (P1). Since T satisfies the
conditions (a) and (c), Lemma 4.3 asserts that 7" is an inner product preserving
map. Moreover, T is surjective and hence the Mazur-Ulam theorem asserts
that T is a linear operator. Indeed, T': V — V is a surjective inner product
preserving linear operator.

Finally, we show that if dimV < oo, then the condition (a) and (c) imply
the condition (b). The condition (a) and (c) imply that T'(7,) C m, for any

0 < a since ||T(u)|| = ||u| for all w € V. If dimV < oo, then 7, is compact
for all 0 < a. Lemma 4.5 asserts that 7'(m,) = m, for all 0 < a and hence
T(V)=V. O

6. GYROMETRIC PRESERVING MAPS ON THE EINSTEIN GYROGROUP, THE
MOBIUS GYOROGROUP AND THE PV GYROGROUP

We have exhibited in Theorems 3.1, 3.2 and 3.3 the form of gyrometric
preserving maps with the assumption 7(0) = 0. Generally, a gyrometric
preserving map does not necessarily preserve the identity O.
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We note that any gyrogroup (G, @) satisfies a®(©a®db) = b for any a,b € G
(the left cancellation law) (See [4, p30])). Let T : (G,®,®) — (G,®,®)
be a map from a gyrovector space into itself. Put Ty(-) = ©T(0) & T(+).
Then Theorem 2.14 shows that o(Tp(a),To(b)) = o(T'(a),T(b)) for any pair
a,b € G. Hence T is a gyrometric preserving map if and only if 7T is so.
Clearly, Tp(0) = 0. Moreover, Ty is surjective if and only if 7" is so. Applying
Theorem 3.1, 3.2, 3.3 to Ty we obtain Corollary 6.1, 6.2, 6.3. These corollaries
gives us complete descriptions of all surjective gyrometric preserving self-maps
of our three models without the assumption 7°(0) = 0.

Corollary 6.1. Let B be the open unit ball of a real inner product space V.
Suppose that T : (B,®g) — (B,®g) is a map from the Einstein gyrogroup
into itself. Then the following conditions are equivalent.

(E-A) T is a surjective Einstein gyrometric preserving map.

(E-B) There exists a surjective inner product preserving linear operator O :
V — V such that T(u) = T(0) g Ou for any u € B.

(E-C) T is a surjective isometry with respect to the metric dg.

Proof. (E-A)<(E-C): It is easy to be verified since dp(u, v) = tanh™! op(u, v)
for any u,v € B.

(E-A)&(E-B): Let T : (B,®g) — (B,®g). Put Ty(-) = =T(0)®gT(-). First,
we assume that 7" satisfies the condition (E-A). Then we have 7(0) = 0 and
Ty is a surjective Einstein gyrometric preserving map. Theorem 3.1 shows
that T is the restriction of some surjective inner product preserving operator
O :V — V. It follows that T(u) = T(0) &g Ou for any u € B because
T(0) ®p To() =T(0) ©p (©T(0) Dp T(-) =T(:).

Conversely, let O : V — V be a surjective inner product preserving linear
operator and T'(u) = T'(0)® g Owu for any u € B. Then we have Ty(u) = O(u)
for any u € B. Theorem 3.1 asserts that Ty is a surjective Einstein gyrometric
preserving map, hence 7T is so. O

Corollary 6.2. Let B be the open unit ball of a real inner product space V.

Suppose that T : (B, ®n) — (B, @) is a map from the Mébius gyrogroup

into itself. Then the following conditions are equivalent.

(M-A) T is a surjective Mébius gyrometric preserving map.

(M-B) There exists a surjective inner product preserving linear operator O :
V — V such that T(u) = T(0) & Ou for any u € B.

(M-C) T is a surjective isometry with respect to the Mdébius metric dyy.

Proof. (M-A)<(M-C): Tt is obvious since d(u, v) = tanh™! pps(u, v) for any
u,v € B.

(M—A)@(M—B): Let T : (B,EBM) — (B,@M>. Put To(‘) = —T(O) Dm T()
First, we assume that T satisfies the condition (M-A). Then we have Ty(0) = 0
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and Ty is a surjective Mobius gyrometric preserving map. Theorem 3.2 asserts
that Ty is the restriction of some surjective inner product preserving linear
operator O : V — V. It follows that T'(u) = T'(0) & Ou for any u € B.
Conversely, let O : V — V be a surjective inner product preserving linear
operator and 7'(u) = T'(0)@& s Ou for any u € B. Then we have Tp(u) = O(u)
for any w € B. Theorem 3.2 show that Tj is a surjective M6bius gyrometric
preserving map, hence 7T is so. O

Corollary 6.3. LetV be a real inner product space. Suppose thatT : (V,Sp)—

(V,@®p) is a map from the PV gyrogroup into itself. Then the following con-

ditions are equivalent.

(P-A) T is a surjection such that op(Tu,Tv) = op(u,v) for all u,v € V.

(P-B) There exists a surjective inner product preserving linear operator O :
V — V such that T(u) = T(0) ©p Ou for any u € V.

Proof. Let T : (B,®p) — (B, ®p). Put To(-) = =T(0) &p T(+).

First, we assume that T satisfies the condition (P-A). Then we have Ty(0) =
0 and Tj is a surjective PV gyrometric preserving map. Theorem 3.3 shows
that Ty is a surjective inner product preserving linear operator on V. Since
T(-) =T(0)@®p To(-), T satisfies the condition (P-B).

Conversely, let O : V — V be a surjective inner product preserving linear
operator and T'(u) = T(0) & p Ou for any u € V. Then we have Tp(u) = O(u)
for any u € V. Theorem 3.3 asserts that Tp is surjective and preserves the
gyrometric on the PV gyrogroup, hence T is so. U

In particular, if V = R" then gyrometric preserving maps on our three
models are automatically surjective. We have the following three corollaries.

Corollary 6.4. Suppose that B be the open unit ball of the Fuclidean space

R" and T : (B,®g) — (B,®g) a map from the Einstein gyrogroup into itself.

Then the following conditions are equivalent.

(E-A’) T is an Einstein gyrometric preserving map.

(E-B’) There exists a n x n orthogonal matriz O : V. — V such that T'(u) =
T(0) &g Ou for any u € B.

(E-C’) T is an isometry with respect to the metric dg.

Corollary 6.5. Suppose that B be the open unit ball of the Fuclidean space

R™ and T : (B,®p) — (B, @) a map from the Mébius gyrogroup into itself.

Then the following conditions are equivalent.

(M-A’) T is a Mobius gyrometric preserving map.

(M-B’) There ezists a n x n orthogonal matriz O : V — V such that T(u) =
T(0) ®pr Ou for any u € B.
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(M-C’) T is an isometry with respect to the Mdbius metric dpy.

Corollary 6.6. Suppose that T : (R",@p) — (R",@p) is a map from the PV

gyrogroup into itself. The following conditions are equivalent.

(P-A’) op(Tu,Tv) = op(u,v) for allu,v e V.

(P-B’) There exists a n x n orthogonal matriz O : V. — V such that T'(u) =
T(0) ®p Ou for any u € V.

Remark 6.7. If dimV = oo, then some Einstein gyrometric preserving map
is not necessarily surjective. Let V = ¢?(N) and S be the shift operator
on £, that is S(x1,2,23,...) = (0,21,29,...) for any (x1,z2,23,...) € 2.
Then S is an inner product preserving linear operator and hence S is an
Einstein gyrometric preserving map. Nevertheless, S(B) is a proper subset of
B. Moreover S preserves the Mobius gyrometric and the gyrometric on the
PV gyrogroup.
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