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Abstract. Fixed point theory is an important discipline in mathematics because of its re-

sults which are utilized to investigate the existence of solutions for the problems in applied

sciences and engineering. Many fixed point results have been widely generalized throughout

the years in various directions by introducing new metric spaces and setting of new contrac-

tion mappings. The results in fixed point theory can be noticed in geometry, computational

algorithms, economics, fluid dynamics, micro-structures, nonlinear sciences, medical fields

and optimization theory. Recently, Feng Gu and Hongqing Ye introduced third power type

contraction mappings and also established related fixed point theorems under G-metric. In

this article, we introduce new fourth power type contraction conditions in G -metric space.

Further, the obtained fixed point of a fourth power contraction is proved as a G -contractive

fixed point. In addition, eigen value problem will be solved as an application of fourth power

contraction.

1. Introduction

Definition 1.1. ([15]) Let M be a set which is nonempty and G : M ×M ×
M → [0,∞) such that
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(G1) G (φ, ξ, ψ) = 0 for φ, ξ, δ ∈M with φ = ξ = ψ,
(G2) G (φ, φ, ξ) > 0, when φ, ξ ∈M with φ 6= ξ,
(G3) G (φ, φ, ξ) ≤ G (φ, ξ, ψ), whenever φ, ξ, ψ ∈M with ξ 6= ψ,
(G4) G (φ, ξ, ψ) = G (π(φ, ξ, ψ)), whenever φ, ξ, ψ ∈M and π(φ, ξ, ψ)denotes

permutation of elements in the set {φ, γ, ψ},
(G5) G (φ, ξ, ψ) ≤ G (φ, κ, κ) + G (κ, ξ, ψ) for φ, ξ, ψ, κ ∈M .

Then G is a called G -metric and (M ,G ) is called a G -metric space. Here
(G4) reveals that G is symmetric under the permutation of the arguments
φ, ξ,ψ and (G5) denotes the rectangle inequality of G .

The following propositions are used to establish our proofs:

Proposition 1.2. ([13]) If (M ,G ) is a G -metric space, then we have

G (β, κ, κ) ≤ 2G (β, β, κ) for β, κ ∈M . (1.1)

Proposition 1.3. ([13]) Suppose that (M ,G ) is a G -metric space and G (β, κ, κ) = 0
for β, κ ∈M . Then β = κ.

Definition 1.4. ([15]) If,

G (β, κ, κ) = G (β, β, κ) for β, κ ∈M , (1.2)

then (M ,G ) is called a symmetric G -metric space.

The following definitions and lemmas in [15] are used to prove our main
results:

Definition 1.5. ([15]) If (M ,G ) is a G -metric space, then a G -ball in M is
in the form of

BG (ξ, k) =
{
φ ∈M : G (ξ, φ, φ) < k

}
.

It is very clear that the family of these balls forms a topology which is
known as G -metric topology on M and is denoted by τ(G ).

Definition 1.6. ([15]) In (M ,G ), 〈αζ〉 ∞ζ=1 is said to be G -convergent to an

element ω ∈M , if it converges to ω in τ(G ) where τ(G ) is a G -metric topology.

Lemma 1.7. ([15]) The following are equivalent in (M ,G ):

(Ga) 〈αζ〉 ∞n=1 ⊂M G -converges to an element ω ∈M ,
(Gb) lim

ζ→∞
G (αζ , αη, ω) = 0,

(Gc) lim
ζ→∞

G (αζ , ω, ω) = 0.
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Definition 1.8. ([15]) In (M ,G ), 〈αζ〉 ∞ζ=1 is said to be G -Cauchy, if for

every ε > 0 there is a positive integer N such that G (αζ , αη, αψ) < ε for all
ζ, η, ψ ≥ N .

Definition 1.9. ([15]) If every Cauchy sequence in M is G -convergent in it,
then (M ,G ) is called G -complete.

Lemma 1.10. ([15]) Suppose that (M ,G ) is a G -metric space. Then G -metric
is jointly continuous in all of its variables.

In [7], Karapinar et al. proved the fixed point theorem under Banach type
contraction in a G -metric space. For different fixed poitn results on G -metric
space in recent years, refer to [1], [2], [10], [11], [14] and [19].

It is very clear that in (M ,G ), every complete G -metric space is f -orbitally
complete at every element in M . Converse of the above is not true due to the
following:

Example 1.11. Let M = Q and

G (β, γ, δ) = max{|β − γ| , |γ − δ| , |δ − β|} for all β, γ, δ ∈M . (1.3)

Then we know that (Q, |·|) is not complete. Therefore, (M ,G ) is not G -
complete. Define F : M →M by Fα = α/2 for all α ∈M . Then

OF(α0) = 〈α0, α0/2, ..., α0/2
n, ...〉

convergent to 0 ∈M . Hence M is F-orbitally complete but not G -complete.

2. Main results

Note that (M ,G ) represents complete G -metric space in all of our results
which are given below.

Theorem 2.1. Suppose that F is a mapping on (M ,G ) with

G 4(Fα,Fβ,Fγ) ≤ λG (α, β,Fα)G (β,Fα,Fβ)G (γ,Fα,Fβ)G (β,Fγ,Fγ) (2.1)

for α, β, γ ∈M and 0 < λ < 1/4. Then F has unique fixed point.

Proof. Let α0 ∈M . Define 〈αη〉∞η=1 ⊂M by

αη = fαη−1 for η ≥ 1. (2.2)

Now substituting α = αη−1 and β = γ = αη in (2.1), and employing (1.1), we
observe that

G 4(αη, αη+1, αη+1) = G 4(Fαη−1,Fαη,Fαη)
≤ λG (αη−1, αη,Fαη−1)G (αη,Fαη−1,Fαη)G (αη,Fαη−1,Fαη)G (αη,Fαη,Fαη)
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= λG (αη−1, αη, αη)G (αη, αη, αη+1)G (αη, αη, αη+1)G (αη, αη+1, αη+1)

≤ 4λG (αη−1, αη, αη)G
3(αη, αη+1, αη+1),

it implies that

G (αη, αη+1, αη+1) ≤ KG (αη−1, αη, αη) for η ≥ 1 and K = 4λ.

By induction, we have

G (αη, αη+1, αη+1) ≤ KηG (α0, α1, α1) for η ≥ 1. (2.3)

For ζ > η, using (G 5) and (2.3), we get

G (αη, αζ , αζ) ≤ G (αη, αη+1, αη+1) + G (αη+1, αη+2, αη+2)

+ · · ·+ G (αζ−1, αζ , αζ)

≤ (Kη + Kη+1 + Kη+2 + · · ·+ Kη+(ζ−η−1)︸ ︷︷ ︸
ζ−η terms

)G (α0, α1, α1)

≤ Kη · 1−Kζ−η

1−K · G (α0, α1, α1)

≤ Kη

1−K · G (α0, α1, α1). (2.4)

Now employing η →∞, we get G (αη, αζ , αζ)→ 0 which follows that 〈αη〉∞η=1

is G -Cauchy in M . Due to completeness ofM , there exists an element ω ∈M
such that

lim
η→∞

αη−1 = lim
η→∞

αη = ω. (2.5)

Now, writing α = αη−1 and β = γ = ω in (2.1), we get

G 4(Fαη−1,Fω,Fω)

= G 4(αη,Fω,Fω)

≤ λG (αη−1, ω,Fαη−1)G (ω,Fαη−1,Fω)G (ω,Fαη−1,Fω)G (ω,Fω,Fω)

≤ λG (αη−1, p, αη)G (ω, αη,Fω)G (ω, αη,Fω)G(ω,Fω,Fω)

= λG (αη−1, ω, αη)G
2(ω, αη,Fω)G (ω,Fω,Fω).

Taking η →∞ together with Lemma 1.10 and (2.5), we have

G 4(ω,Fω,Fω) ≤ λG (ω, ω, ω)G 2(ω, ω,Fω)G (ω,Fω,Fω) (2.6)

so that G (ω,Fω,Fω) = 0, which implies that ω = Fω in view of Proposition
1.3. Hence, ω is a fixed point of F.

Suppose that δ is a point in M such that Fδ = δ. Now taking α = ω,
β = γ = δ in (2.1) and using (1.1), we get

G 4(ω, δ, δ) = G 4(Fω,Fδ,Fδ)
≤ λG (ω, δ,Fp)G (δ,Fω,Fδ)G (δ,Fω,Fδ)G (δ,Fδ,Fδ)
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= λG (ω, δ, ω)G (δ, ω, δ)G (δ, ω, δ)G (δ, δ, δ),

it implies that G 4(ω, δ, δ) ≤ 0 and hence, ω = δ. Thus ω is a unique fixed
point of F. �

The following is the example to Illustrate Theorem 2.1.

Example 2.2. Let M = {0, 12 , 1}, with a mapping G : M ×M ×M →
[0,∞) defined by G (0, 1, 1) = 6, G (1, 0, 0) = 3

2 , G (0, 12 ,
1
2) = 4,G (12 , 0, 0) =

4,G (12 , 1, 1) = 5,G (1, 12 ,
1
2) = 5,G (0, 12 , 1) = 15

2 and G (φ, φ, φ) = 0 for all
φ ∈M . Then (M ,G )is a complete G -metric space.

Define F : M → M by F0 = 0, F1
2 = 1, F1 = 0. We show that F satisfies

the inequality (2.1) with λ = 1
5 .

G 4(Fα,Fβ,Fγ) = G 4(F0,F
1

2
,F1) = G 4(0, 1, 0) =

81

16
,

G (α, β,Fα) = G (0,
1

2
,F0) = G (0,

1

2
, 0) = 4,

G (β,Fα,Fβ) = G (
1

2
,F0,F

1

2
) = G (

1

2
, 0, 1) =

15

2
,

G (γ,Fα,Fβ) = G (1,F0,F
1

2
) = G (1, 0, 1) = 6,

G (β,Fγ,Fγ) = G (
1

2
,F1,F1) = G (

1

2
, 0, 0) = 4.

Hence, we have

λG (α, β,Fα)G (β,Fα,Fβ)G (γ,Fα,Fβ)G (β,Fγ,Fγ) =
1

5
×4× 15

2
×6×4 = 144

and

G 4(Fα,Fβ,Fγ) =
81

16
.

Therefore, we have

G 4(Fα,Fβ,Fγ) ≤ 1

5
G (α, β,Fα)G (β,Fα,Fβ)G (γ,Fα,Fβ)G (β,Fγ,Fγ)

for α, β, γ ∈ M , which implies that F satisfies all the conditions of Theorem
2.1. Hence, we have that 0 is unique fixed point of F.

Theorem 2.3. If F is a mapping on M with the condition

G 4(Fα,Fβ,Fγ) ≤ λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ) (2.7)

for all α, β, γ ∈M with 0 < λ < 1/2, then F has a fixed point which is unique.
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Proof. Let α0 ∈ M . Define 〈αη〉∞n=1 ⊂ M by (2.2). Writing with α = αη−1
and β = γ = αη in (2.7), and using (1.1), we find that

G 4(αη, αη+1, αη+1)

= G 4(Fαη−1,Fαη,Fαη)
≤ λG (αη−1, αη, αη)G (αη,Fαη,Fαη)G (αη,Fαη−1,Fαη)G (αη,Fαη−1,Fαη)
= λG (αη−1, αη, αη)G (αη, αη+1, αη+1)G (αη, αη, αη+1)G (αη, αη, αη+1)

≤ 2λG (αη−1, αη, αη)G
3(αη, αη+1, αη+1),

simplifying this and we get,

G (αη, αη+1, αη+1) ≤ KG (αη−1, αη, αη) where η ≥ 1 and K = 2λ.

By induction, we have

G (αη, αη+1, αη+1) ≤ KηG (α0, α1, α1) for η ≥ 1 (2.8)

Now using (G 5) and (2.8) with ζ > η, we see that

G (αη, αζ , αζ) ≤ G (αη, αη+1, αη+1) + G (αη+1, αη+2, αη+2)

+ · · ·+ G (αζ−1, αζ , αζ) (ζ − η terms)

≤ (Kη + Kη+1 + Kη+2 + · · ·+ Kη+(ζ−η−1)︸ ︷︷ ︸
ζ−η terms

)G (α0, α1, α1)

≤ Kη · 1−Kζ−η

1−K · G (α0, α1, α1)

≤ Kη

1−K · G (α0, α1, α1). (2.9)

Applying η → ∞, in (2.9), we get G (αη, αζ , αζ) → 0 which implies that
〈αη〉∞η=1 is G -Cauchy in M . Due to completeness ofM , there exists an element

ξ ∈M such that

lim
η→∞

αη = ξ. (2.10)

By taking α = αη−1, β = γ = ξ in (2.7) and applying (G 5) and (2.10), we
have

G 4(Fαη−1,Fξ,Fξ)
= G 4(αη,Fξ,Fξ)
≤ λG (αη−1, ξ, ξ)G (ξ,Fξ,Fξ)G (ξ,Fαη−1,Fξ)G (ξ,Fαη−1,Fξ)
= λG (αη−1, ξ, ξ)G (ξ,Fξ,Fξ)G (ξ, αη,Fξ)G (ξ, αη,Fξ)
= λG (αη−1, ξ, ξ)G (ξ,Fξ,Fξ)G 2(ξ, αη,Fξ).

Employing the limit as η → ∞, applying (2.10) and continuity of G on all
three variables, we get G (ξ,Fξ,Fξ) = 0. This implies that ξ = Fξ in view of
Proposition 1.3. Therefore, F has a fixed point ξ. To test the uniqueness, let
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us assume that ξ ,δ are any two points in M such that ξ = Fξ and δ = Fδ.
Now, writing α = ξ and β = γ = δ in (2.7), we get

G 4(ξ, δ, δ) = G 4(Fξ, fδ, fδ)
≤ λG (ξ, δ, δ)G (δ,Fδ,Fδ)G (δ,Fξ,Fδ)G (δ,Fξ,Fδ)
= λG 3(ξ, δ, δ)G (δ, δ, δ).

Simplifying this and we obtain that G 4(ξ, δ, δ) ≤ 0, hence, we have ξ = δ.
Thus, F has a unique fixed point ξ. �

The following is the example to Illustrate Theorem 2.3.

Example 2.4. Let M = [0, 1] with G -metric

G (α, β, γ) = max {|α− β| , |β − γ| , |γ − α|} .
Then (M ,G ) is a complete G -metric space. Define F : M →M by

Fα =

{
0, 0 ≤ α < 1

2 ,
1
10 ,

1
2 ≤ α ≤ 1.

We show that F satisfies the inequality (2.7) with λ = 1
3 . We discuss four

cases:

Case (i): α, β ∈ [0, 12); γ ∈ [0, 12),

G 4(Fα,Fβ,Fγ) = G 4(0, 0, 0)

= 0

≤ λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ).

Case (ii): α, β ∈ [12 , 1]; γ ∈ [12 , 1],

G 4(Fα,Fβ,Fγ) = G 4(
1

10
,

1

10
,

1

10
)

= 0

≤ λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ).

Case (iii): α, β ∈ [0, 12); γ ∈ [12 , 1],

G 4(Fα,Fβ,Fγ) = G 4(0, 0,
1

10
) =

1

10000
,

G (α, β, γ) = max {|α− β| , |β − γ| , |γ − α|} ≥ max

{
0,

1

2
,
1

2

}
=

1

2
,

G (β,Fβ,Fγ) = G (β, 0,
1

10
) = max

{
|β − 0| ,

∣∣∣∣0− 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− β

∣∣∣∣}
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≥ max

{
0,

1

10
,
2

5

}
=

2

5
,

G (β,Fα,Fγ) = G (β, 0,
1

10
)

= max

{
|β − 0| ,

∣∣∣∣0− 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− β

∣∣∣∣}
≥ max

{
0,

1

10
,
2

5

}
=

2

5
,

G (γ,Fα,Fβ) = G (γ, 0, 0)

= max {|γ − 0| , |0− 0| , |0− γ|}

≥ max

{
1

2
, 0,

1

2

}
=

1

2
.

Hence, we have

λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ) ≥ 1

3
× 1

2
× 2

5
× 2

5
× 1

2
=

1

75
.

Therefore,

G 4(Fα,Fβ,Fγ) = G 4(0, 0,
1

10
)

=
1

10000

<
1

75
≤ λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ).

Case (iv): α, β ∈ [12 , 1]; γ ∈ [0, 12), G 4(Fα,Fβ,Fγ) = G 4( 1
10 ,

1
10 , 0) = 1

10000 ,

G (α, β, γ) = max {|α− β| , |β − γ| , |γ − α|} ≥ max
{

0, 12 ,
1
2

}
= 1

2 ,

G (β,Fβ,Fγ) = G (β,
1

10
, 0) = max

{∣∣∣∣β − 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− 0

∣∣∣∣ , |0− β|}
≥ max

{
2

5
,

1

10
,
1

2

}
=

1

2
,

G (β,Fα,Fγ) = G (β,
1

10
, 0) = max

{∣∣∣∣β − 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− 0

∣∣∣∣ , |0− β|}
≥ max

{
2

5
,

1

10
,
1

2

}
=

1

2
,
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G (γ,Fα,Fβ) = G (γ,
1

10
,

1

10
) = max

{∣∣∣∣γ − 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− 1

10

∣∣∣∣ , ∣∣∣∣ 1

10
− γ
∣∣∣∣}

≥ max

{
1

10
, 0,

1

10

}
=

1

10
,

we have

λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ) ≥ 1

3
× 1

2
× 1

2
× 1

2
× 1

10
=

1

240
.

Therefore, we have

G 4(Fα,Fβ,Fγ) = G 4(
1

10
,

1

10
, 0)

=
1

10000

<
1

240
≤ λG (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ).

From all the above cases, we observe that

G 4(Fα,Fβ,Fγ) ≤ 1

3
G (α, β, γ)G (β,Fβ,Fγ)G (β,Fα,Fγ)G (γ,Fα,Fβ)

for all α, β, γ ∈M , which implies that F satisfies all the conditions of Theorem
2.3. It is clear that 0 is unique fixed point of F.

Corollary 2.5. If F is a mapping on M satisfying the condition

G 4(Fηα,Fηβ,Fηγ) ≤ λG (α,Fηα,Fηα)G (Fηα,Fηα,Fηβ)

× G (Fηβ,Fηα,Fηβ)G (Fηα,Fηγ,Fηγ) (2.11)

for all α, β, γ ∈M and η ∈ N, with 0 < λ < 0.25, then F has fixed point (say
σ) which is unique and Fη is G -continuous at σ .

Proof. It can be proved that Fησ = σ, and Fη is G -continuous at σ by using
Theorem 2.1. Then Fσ = FFησ = Fη+1σ = σ, which implies that Fσ is also
a fixed point for Fη. Hence, Fσ = σ in view of uniqueness of fixed point for
Fη. �

Theorem 2.6. Suppose that F is a mapping on M with the condition

G 4(Fβ,F2β,F3β) ≤ λG (β,Fβ,Fβ)G (Fβ,Fβ,F2β)

× G (F2β,Fβ,F2β)G (Fβ,F3β,F3β) (2.12)

for all β ∈M and 0 < λ < 1/4. Then F has a fixed point σ.
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Proof. Let Θ0 ∈M . Now define {Θη} by Θη = FηΘ0 = FΘη−1, η ∈ N.
Writing β = Θη−1 in (2.12), we get

G 4(FΘη−1,F2Θη−1,F3Θη−1)

= G 4(Θη,Θη+1,Θη+2)

≤ λG (Θη−1,FΘη−1,FΘη−1)G (FΘη−1,FΘη−1,F2Θη−1)

× G (F2Θη−1,FΘη−1,F2Θη−1)G (fΘη−1,F3Θη−1,F3Θη−1)

= λG (Θη−1,Θη,Θη)G (Θη,Θη,Θη+1)G (Θη+1,Θη,Θη+1)G (Θη,Θη+2,Θη+2).

On the other hand, using (G 3), we have

G (Θη−1,Θη,Θη) ≤ G (Θη−1,Θη,Θη+1),

G (Θη,Θη+1,Θη+1) ≤ G (Θη,Θη+1,Θη+2),

G (Θη,Θη+2,Θη+2) ≤ G (Θη,Θη+1,Θη+2).

Thus, we have

G 4(Θη,Θη+1,Θη+2)

≤ λG (Θη−1,Θη,Θη+1)G
2(Θη,Θη+1,Θη+2)G (Θη,Θη+1,Θη+2)

= λG (Θη−1,Θη,Θη+1)G
3(Θη,Θη+1,Θη+2),

simplifying this and we get,

G (Θη,Θη+1,Θη+2) ≤ λG (Θη−1,Θη,Θη+1) for η ≥ 1.

By induction, we get

G (Θη,Θη+1,Θη+2) ≤ λG (Θη−1,Θη,Θη+1) ≤ · · · ≤ ληG (Θ0,Θ1,Θ2). (2.13)

For ζ > η, by using (G5) and (2.13), we get

G (Θη,Θζ ,Θζ) ≤ G (Θη,Θη+1,Θη+1) + G (Θη+1,Θη+2,Θη+2)

+ · · ·+ G (Θζ−1,Θζ ,Θζ)

≤ (Kη + Kη+1 + Kη+2 + · · ·+ Kη+(ζ−η−1)︸ ︷︷ ︸
ζ−η terms

)G (Θ0,Θ1,Θ1)

≤ Kη · 1−Kζ−η

1−K · G (Θ0,Θ1,Θ1)

≤ Kη

1−K · G (Θ0,Θ1,Θ1). (2.14)

Applying the η →∞ in (2.14), we get G (Θη,Θζ ,Θζ)→ 0, which implies that
the sequence 〈Θη〉∞η=1 is G -Cauchy in M . Due to completeness ofM , there is

an element σ ∈M such that

lim
η→∞

Θη = lim
η→∞

Θη+1 = lim
η→∞

Θη+2 = σ. (2.15)
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It is clear that F is G -continuous from Θη+1 = FΘη. Now taking η → ∞ on
Θη+1 = FΘη and using G -continuity of F together with (2.15), we get σ = Fσ.
Therefore, σ is a fixed point of F. �

Theorem 2.7. Let F be a mapping on M such that

G 4(Fβ,F2γ,F3δ) ≤λG (β,Fβ,Fβ)G (Fβ,Fβ,F2γ)

× G (Fγ,Fβ,F2γ)G (Fβ,F3δ,F3δ) (2.16)

with 0 < λ < 0.25 for all β, γ, δ ∈ M . Then F has a fixed point κ which is
unique.

Proof. Let Θ0 ∈ M . Now define 〈Θη〉∞η=1 ⊂ M by (2.2). Writing with β =

Θ = Θη−1 and δ = Θη−2 in (2.16), and using (G 3), we observe that

G 4(FΘη−1,F2Θη−1,F3Θη−2)

= G 4(Θη,Θη+1, αη+2)

≤ λG (Θη−1,FΘη−1,FΘη−1)G (FΘη−1,FΘη−1,F2Θη−1)

× G (FΘη−1,FΘη−1,F2Θη−1)G (FΘη−1,F3Θη−2,F3Θη−2)

= λG (Θη−1,Θη,Θη)G (Θη,Θη,Θη+1)G (Θη,Θη,Θη+1)G (Θη,Θη+2,Θη+2)

≤ λG (Θη−1,Θη,Θη+1)G
3(Θη,Θη+1,Θη+2),

simplifying this and we get

G (Θη,Θη+1,Θη+2) ≤ λG (Θη−1,Θη,Θη+1) for η ≥ 1.

By induction, we get

G (Θη,Θη+1,Θη+2) ≤ λG (Θη−1,Θη,Θη+1) ≤ · · · ≤ ληG (Θ0,Θ1,Θ2). (2.17)

Now using for (G 5) and (2.17) for ζ > η, we have

G (Θη,Θζ ,Θζ) ≤ G (Θη,Θη+1,Θη+1) + G (Θη+1,Θη+2,Θη+2)

+ · · ·+ G (Θζ−1,Θζ ,Θζ)

≤ (Kη + Kη+1 + Kη+2 + · · ·+ Kη+(ζ−η−1)︸ ︷︷ ︸
ζ−η terms

)G (Θ0,Θ1,Θ1)

≤ Kη · 1−Kζ−η

1−K · G (Θ0,Θ1,Θ1)

≤ Kη

1−K · G (Θ0,Θ1,Θ1). (2.18)

Applying η → ∞, in (2.18), we find that G (Θη,Θζ ,Θζ) → 0, which means
that the sequence 〈Θη〉∞η=1 is G -Cauchy in M . Due to completeness of M ,

there exists an element κ ∈M such that

lim
η→∞

Θη = lim
η→∞

Θη+1 = lim
η→∞

Θη+2 = κ. (2.19)
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By writing β = κ, Θ = Θη−1 and δ = Θη−2 in (2.16), we get

G 4(Fκ,F2Θη−1,F3Θη−2)

= G 4(Fκ,Θη+1,Θη+1)

≤ λG (κ,FΘη−1,FΘη−1)G (Fκ,Fκ,F2Θη−1)

× G (FΘη−1,Fκ,F2Θη−1)G (Fκ,F3Θη−2,F3Θη−2)

= λG (κ, κη,Θη)G (Fκ,Fκ,Θη+1)G (Θη,Fκ,Θη+1)G (Fκ,Θη+1,Θη+1).

Now, taking η → ∞ and using continuity of G on all its variables together
with (2.19), we have G4(Fκ, κ, κ) ≤ 0 which gives that κ = Fκ in view of
Proposition 1.3. Thus κ is a fixed point of F.

Let us suppose that there are two points κ and φ in M such that κ = Fκ
and φ = Fφ. Then writing β = γ = κ and δ = φ in (2.16), we have

G 4(Fκ,F2κ,F3φ)

= G 4(κ, κ, φ)

≤ λG (κ,Fκ,Fκ)G (Fκ,Fκ,F2κ)G (Fκ,Fκ,F2κ)G (Fκ,F3φ,F3φ)

= λG (κ, κ, κ)G (κ, κ, κ)G (κ, κ, κ)G (κ, φ, φ).

Simplifying this and we obtain that, G 4(κ, κ, φ) ≤ 0 and then κ = φ. Hence,
κ is a fixed point of F which is unique. �

3. G -contractive fixed point

Let (M ,G ) be a G -metric space, σ be a fixed point of F. Then σ is called
G -contractive fixed point of F, if each orbit OF(α0) ⊂ M is G -convergent to
σ.

Example 3.1. Let (M , ρ) be a metric space with M = R and ρ(β, γ) =
|β − γ|. Consider G (β, γ, δ) = max {|β − γ| , |γ − δ| , |δ − γ|} for β, γ, δ ∈ M .

Then (M ,G ) is a G -metric space. Define F : M →M such that Fβ = β
2 for

any β ∈M , we observe that fixed point of F is 0 only. Also for each β0 ∈M ,
we have OF(β) =

{
β0, β0/2, β0/2

2, ...
}

. Since for any β0 ∈ M , β0/2
η → 0 as

η → ∞, we see that OF(β0) → 0 for all β0. In other words, every F-orbit
converges to the fixed point 0. Therefore, 0 is the G -contractive fixed point.

The concept of contractive fixed point under G -metric was indroduced by
Phaneendra et al. [16]. Recently, Saravanan and Phaneendra obtained G -
contractive fixed point for various types of contractions ([17], [18]). Now we
find G -contractive fixed points of F with conditions (2.1), (2.7).

Theorem 3.2. Suppose that ξ is a fixed point of F with the condition (2.1),where
0 < λ < 1/4. Then ξ is a G -contractive fixed point of F.
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Proof. Taking α = Fη−1α and β = γ = ξ in (2.1), we get

G 4(Fηα, ξ, ξ) = G 4(Fηα,Fξ,Fξ)
≤ λG (Fη−1α, ξ,Fηα)G (ξ,Fηα,Fξ)G (ξ,Fηα,Fξ)G (ξ,Fξ,Fξ)
= λG (Fη−1α, ξ,Fηα)G 2(ξ,Fηα,Fξ)G (ξ,Fξ,Fξ)
≤ λG (Fη−1α, ξ, ξ)G 2(ξ, ξ,Fξ)G (ξ,Fξ,Fξ)
= λG (Fη−1α, ξ, ξ)G 2(ξ, ξ, ξ).

Applying η → ∞, we get G (Fηα, ξ, ξ) → 0 for each α ∈ M . Thus, ξ is a
G -contractive fixed point of F. �

Theorem 3.3. Let ξ be a fixed point of F with the condition (2.7), where
0 < λ < 0.5. Then the G -contractive fixed point of F is ξ.

Proof. By taking α = Fη−1α and β = γ = ξ in (2.7), we have

G 4(Fηα, ξ, ξ) = G 4(Fηα,Fξ,Fξ)
≤ λG (Fη−1α, ξ, ξ)G (ξ,Fξ,Fξ)G (ξ,Fηα,Fξ)G (ξ,Fηα,Fξ)
= λG (Fη−1α, ξ, ξ)G (ξ,Fξ,Fξ)G (ξ, ξ,Fξ)G (ξ, ξ,Fξ)
= λG (Fη−1α, ξ, ξ)G 3(ξ, ξ, ξ).

Applying η → ∞, we get G (Fηα, ξ, ξ) → 0 for each α ∈ M . Thus, ξ is a
G -contractive fixed point of F. �

4. Application

Recently Younis et al. applied their fixed point results to solve differential
equations ([21], [23], [24]).

In this paper, we solve characteristic value problem as an application of our
fixed point results.

Definition 4.1. ([20]) A number η is said to be characteristic value of an n×n
matrix T if TY = ηY for a non-zero vector Y . Here Y is called characteristic
vector of a matrix T .

Now writing δ = γ in (2.16), we get

G 4(Fβ,F2γ,F3γ) ≤ λG (β,Fβ,Fβ)G (Fβ,Fβ,F2γ)

× G (Fγ,Fβ,F2γ)G (Fβ,F3γ,F3γ)

or

G 4(Fβ,F2γ,F3γ) ≤ 2λG (β,Fβ,Fβ)(GFβ,F2γ,F2γ)

× G (Fβ,Fγ,F2γ)G (Fβ,F3γ,F3γ) (4.1)
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for all β, γ ∈M with β 6= γ and 0 < λ < 1
4 .

We solve a characteristic value problem which related to the following result:

Theorem 4.2. Let F be a mapping on (M ,G ) which satisfies the condition
(4.1). If 〈βη〉∞η=1 is a sequence in M such that

lim
n→∞

Fβη = lim
η→∞

βη = β for some β ∈M , (4.2)

then F has a fixed point which is unique.

Proof. The proof of this theorem is omitted, as it closely follows the argument
used in Theorem 2.7. �

Proposition 4.3. Suppose that(M , ‖·‖) is a normed linear space which is
complete, F : M → M is a mapping such that F0 6= 0. If there exists
〈βk〉 ∞k=1 ⊂M such that

lim
k→∞

Fηβk = lim
k→∞

βk = y for some y ∈M , (4.3)

where

Fη =
1

Eη
F where Eη =

1(
1− 1

η

) for η ≥ 2 (4.4)

and

‖Fβ − Fγ‖4 ≤ 2λ ‖β − Fηβ‖
∥∥Fηβ − F2

ηγ
∥∥ ‖Fηγ − Fηβ‖

∥∥Fηβ − F3
ηy
∥∥ (4.5)

holds for all β, γ ∈M with β 6= γ, then Eη is a characteristic value and βη is
a characteristic vector of F for each η > 1.

Proof. From (4.4), we have

‖Fηβ − Fηγ‖ =
(

1− 1
η

)
‖Fβ − Fγ‖ < ‖Fβ − Fγ‖ for η > 1. (4.6)

Then, from (4.6) and (4.5), we get

‖Fηβ − Fηβ‖4 < 2λ ‖β − Fηα‖
∥∥Fηβ − F2

ηγ
∥∥ ‖Fηγ − Fηβ‖

∥∥Fηβ − F3
ηγ
∥∥ (4.7)

Now, define the G -metric G on M = R as

G (β, γ, δ) = 1
3 [‖β − γ‖+ ‖γ − δ‖+ ‖δ − β‖] for all β, γ, δ ∈M .

With δ = γ, this gives

G(β, γ, γ) = 2
3 ‖β − γ‖ for all β, γ ∈M . (4.8)

Therefore, (4.7) is a particular case of (4.1) in view of (4.8). Thus by Theorem
4.2, we can find a unique βη ∈ M such that Fηβη = βη for each η ≥ 2.
Therefore, (

1− 1
η

)
Fβη = βη, that is, Fβη = βη/

(
1− 1

η

)
.
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In other words Fβη = Eηβη for every η > 1. Suppose that βη = 0 for η > 1.
Then F0 = 0, which contradicts the fact that F0 6= 0. Thus, βη can not
be zero for any η > 1. That is, βη is an characteristic vector and Eη is an
characteristic value of F for each η > 1. �

5. Conclusion

We established some fixed point theorems under newly introduced fourth
power contractions in G -metric spaces. Moreover, we proved that the obtained
fixed point is also G -contractive fixed point in G -metric spaces. In addition,
some examples are given to support our results. Finally, we solved charac-
teristic value problem as an application of our fixed point results in G -metric
spaces.
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