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Abstract. Fixed point theory is an important discipline in mathematics because of its re-
sults which are utilized to investigate the existence of solutions for the problems in applied
sciences and engineering. Many fixed point results have been widely generalized throughout
the years in various directions by introducing new metric spaces and setting of new contrac-
tion mappings. The results in fixed point theory can be noticed in geometry, computational
algorithms, economics, fluid dynamics, micro-structures, nonlinear sciences, medical fields
and optimization theory. Recently, Feng Gu and Hongqing Ye introduced third power type
contraction mappings and also established related fixed point theorems under G-metric. In
this article, we introduce new fourth power type contraction conditions in ¥-metric space.
Further, the obtained fixed point of a fourth power contraction is proved as a ¢¥-contractive
fixed point. In addition, eigen value problem will be solved as an application of fourth power

contraction.

1. INTRODUCTION

Definition 1.1. ([15]) Let .# be a set which is nonempty and & : .# x .# x
A — [0,00) such that
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) =0 for ¢,€,8 € M with ¢ = € = 1),

) >0, when ¢,& € A4 with ¢ # &,

) <Y (p,&,1), whenever ¢, &, € A with € # 9,

) =9 (m(9,€,1)), whenever ¢, &, € A4 and 7(¢, £, 1»)denotes
permutation of elements in the set {¢,~, ¥},

(G5) 9(0,6:9) <Y(¢, 5, k) +9(5, &) for .69,k € M.

Then ¢ is a called ¥-metric and (A#,%9) is called a ¢-metric space. Here
(G4) reveals that ¢ is symmetric under the permutation of the arguments
o,&,1 and (G5) denotes the rectangle inequality of .

The following propositions are used to establish our proofs:

NN
< moon

Proposition 1.2. ([13]) If (#,9) is a 9-metric space, then we have
G (B,k, k) <29(8,8, k) for B,k € M. (1.1)

Proposition 1.3. ([13]) Suppose that (A ,9) is a 9 -metric space and 9 (B, k, k) =0
for B,k € M. Then B = k.

Definition 1.4. ([15]) If,
G (B, k,k) =9(B,B, k) for B,k € M, (1.2)
then (.#,9) is called a symmetric ¥-metric space.

The following definitions and lemmas in [15] are used to prove our main
results:

Definition 1.5. ([15]) If (#,%¥) is a ¥-metric space, then a ¢-ball in .Z is
in the form of

«%)g(f,k‘) = {¢ €M : g(§a¢7 ¢) < k}
It is very clear that the family of these balls forms a topology which is
known as ¢¥-metric topology on .# and is denoted by 7(9).

Definition 1.6. ([15]) In (#,9), (a¢) ¢2, is said to be ¥-convergent to an
element w € ., if it converges to w in 7(¥) where 7(¥¢) is a 4-metric topology.

Lemma 1.7. ([15]) The following are equivalent in (# ,9):

(Ga) (a¢) 32y C M G -converges to an element w € A,
(Gb> Chm g<a47 0677,(.4)> =0,
—00

() Jim #(ag.w,w) =0.
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Definition 1.8. ([15]) In (#,9), {(a¢) ¢, is said to be ¢-Cauchy, if for
every € > 0 there is a positive integer .4 such that ¢ (ac, ay, o) < € for all
SUNP IV

Definition 1.9. ([15]) If every Cauchy sequence in .# is ¢-convergent in it,
then (.#,9) is called ¢-complete.

Lemma 1.10. ([15]) Suppose that (A ,9) is a 4-metric space. Then G -metric
18 jointly continuous in all of its variables.

In [7], Karapinar et al. proved the fixed point theorem under Banach type
contraction in a ¢-metric space. For different fixed poitn results on ¢-metric
space in recent years, refer to [1], [2], [10], [11], [14] and [19].

It is very clear that in (.#,¥), every complete ¢-metric space is f-orbitally
complete at every element in .#. Converse of the above is not true due to the
following:

Example 1.11. Let .# = Q and
g(ﬁa’%é) = maX{‘B - ’Y| ) |’V - 5| ) ’5 - ﬁ|} for all /Baf%é € M. (13)

Then we know that (Q,|-|) is not complete. Therefore, (.#,%) is not ¥-
complete. Define F : .# — .# by Fa = a/2 for all & € .#. Then

Or(ap) = (a0, 0/2, ..., 0/2", ...)
convergent to 0 € .#. Hence .# is F-orbitally complete but not ¥-complete.

2. MAIN RESULTS

Note that (.#,9) represents complete ¢-metric space in all of our results
which are given below.

Theorem 2.1. Suppose that F is a mapping on (A ,9) with

G4 (Fa,FB,Fv) < XY (o, B,F)9 (B8, Fa,FB)Y (v, Fa, FB)9 (B, Fy,Fy) (2.1)
fora, B,y € M and 0 < A < 1/4. Then F has unique fixed point.
Proof. Let ag € 4. Define (ov;),~ ) C .# by

ap = fay—1 forn>1. (2.2)

Now substituting o = a1 and =y = o, in (2.1), and employing (1.1), we
observe that
G (v, a1, 1) = 9 (Fayy—1, Fay,, Fa)

< MY (ay—1, o, Foyy—1)9 (o, Fayy—1, Fouy )9 (o, Fouy—1, Fay))9 (o, Fayy, Fay,)
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= XY (a1, an, an)¥ (o, oy, ag1)9 (an, an, an1)9 (o, s )

< ANG (-1, g, )G (i, ),
it implies that

G (o, g1, 0py1) < KG(oy—1, 0, 0y) forp>1 and K =4\
By induction, we have
G (o, g1, oy1) < K'9(ag, a1, 1) for n> 1. (2.3)
For ¢ > n, using (¢5) and (2.3), we get
G (an, a¢, ac) <G (an, aprr, oni1) + 9 (an1, agya, o)
+ -+ Y (a1, o, o)
< (K"+ K™ 4 K12 4. 4 K’7+(<_’7_1))%(a0, o, )

-~

¢—n terms
<K7- 1550 9 (ag, an, 1)
< £%  Y(aw, a1, a1). (2.4)

oo
n=1
is ¥-Cauchy in .# . Due to completeness of #Z, there exists an element w € 4
such that

Now employing 1 — oo, we get ¥ (au;, a¢, a¢) — 0 which follows that (a,)

nlglgo ap_1 = nlgglo ay = w. (2.5)

Now, writing o = a;—1 and f = = w in (2.1), we get
9*(Fayy—1,Fw, Fw)

= 9*(ay;, Fw, Fw)

< AY (ap—1,w,Fay_1)9 (w, Foy,—1,Fw)¥ (w, Foy,—1, Fw)¥ (w, Fw, Fw)

<MY (a1, p, )9 (w, o, Fw)¥ (w, oy, Fw) G(w, Fw, Fw)

= \Y (a1, w, an)g2(w, ay, Fw)¥ (w,Fw, Fw).
Taking n — oo together with Lemma 1.10 and (2.5), we have

G4 (w,Fw,Fw) < A\ (w,w,w)9?(w,w, Fw)¥ (w, Fw, Fw) (2.6)

so that 4 (w,Fw,Fw) = 0, which implies that w = Fw in view of Proposition
1.3. Hence, w is a fixed point of F.
Suppose that § is a point in .# such that F§ = §. Now taking a = w,
f=~=4¢ in (2.1) and using (1.1), we get
G4 (w,0,0) = 9 (Fw, Fs, Fo)
<N (w, 0, Fp)¥9(6,Fw,F6)4 (6, Fw,F6)¥4 (0, F6, F§)
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= M\ (w,5,w)9 (8,w,0)9(5,w,5)%(5,5,5),

it implies that ¢*(w,d,6) < 0 and hence, w = 6. Thus w is a unique fixed
point of F. O

The following is the example to Illustrate Theorem 2.1.
Example 2.2. Let .2 = {0,%,1}, with a mapping & : 4 x M x M —
[0, 00) defined by ¢(0,1,1) = 6, 9(1,0,0) = 3, 9(0,1,1) = 4,9(3,0,0) =
4,9(3,1,1) = 5,9(1,3,3) = 5,9(0,3,1) = £ and 9(¢,¢,¢) = 0 for all
¢ € M. Then (M ,9)is a complete ¥-metric space.

Define F : . # — .# by F0O = 0, F% =1, F1 = 0. We show that F satisfies

the inequality (2.1) with A = £.

9 (Fo,F3.Fy) = 4'(F0. F3, F1) = #(0,1.0) = 1o
Y (a, B,Fa) =9(0, %,FO) =(0, % 0) = 4,
1 1 1 15
g(ﬁ,FO[,Fﬁ) - g(§)]F0a]F§) - g(iaoa 1) - ?7

G (v, Fa, F) = %(1,15‘0,1{"%) —9(1,0,1) = 6,

1 1

Hence, we have

1 1
XY (0, B, Fo)9 (8, Fo, FS)Y (3, o, FR)S (5, B3, ) = £ x4 x ?5 X6 x4 = 144
and
81
4
Fa,FB3,Fvy) = —.
G (Fa, T3, Fy) = 12
Therefore, we have

(R0, 76, Fy) < £9(a, 8, Fa)¥ (6, Fa, FH)Y (5, Fas FO)(5,F, F)

for a, 8,7 € .4, which implies that [ satisfies all the conditions of Theorem
2.1. Hence, we have that 0 is unique fixed point of F.

Theorem 2.3. IfF is a mapping on .4 with the condition
G (Fa,FB,Fy) < XY (a, 8,7)9 (8, FB,F7)¥ (8, Fa, F7)¥ (v,Fa, FB)  (2.7)
forall a, B,y € A with 0 < A < 1/2, then F has a fized point which is unique.
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Proof. Let ag € . Define (o)) 7 | C # by (2.2). Writing with a = a1

n=1

and =7 = oy, in (2.7), and using (1.1), we find that
G (g, a1, 1)
= g4(lﬁ‘an_1, Foy,, Foy,)
< AY (a1, 0y 0g)G (0t Fouy, Fouy )9 (o, Fony—1, Fay) 9 (o, Fayy—1, Foy,)
= XY (a1, an, an)¥ (o, a1, g y1)9 (0, o, amg1)9 (a, g, )
< 22\Y (-1, iy, )G (i, Q15 Q1)
simplifying this and we get,
G (o, aprt, opy1) < KG (-1, o, ) where 7> 1 and K = 2.
By induction, we have
G (o, g1, opy1) < K'Y (ap, a1, 00) for n>1 (2.8)
Now using (¢5) and (2.8) with ¢ > 7, we see that
Y (an, ac,o¢) < G(an, ani1, anp1) + G (ang1, anga, ango)
+ -+ G (e, 0, a¢) (¢ —n terms)
< (K" + K™ 4 K2 4 4 KT g (g, 0, o)

¢—n terms
<K' 155900, a1,01)
< 1H§K : g4(04070417041)- (29)

Applying n — oo, in (2.9), we get ¥ (ay, ¢, a¢) — 0 which implies that
<a77);°:1 is ¢-Cauchy in .#. Due to completeness of Z, there exists an element
& € .# such that

lim o, = &. (2.10)

n—oo
By taking o = ay—1, 8 = v = { in (2.7) and applying (¢5) and (2.10), we
have
G (Fay—1, FE FE)

= 4" (o, FE, FE)

<A (an-1,§ Y (& FEFOY (€ Fay—1, FOY (€, Fayy—1, FE)

=AY (-1, )Y (&, FEFOY (€, an, FOY (€, a, FE)

= XY (ay-1,€, )9 (£, FE, FEG* (€, ay, FE).

Employing the limit as n — oo, applying (2.10) and continuity of ¢ on all
three variables, we get ¥ (£, F¢,FE) = 0. This implies that £ = F¢ in view of
Proposition 1.3. Therefore, F has a fixed point &. To test the uniqueness, let
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us assume that £ ,J are any two points in .# such that £ = F¢ and 6 = Fd.
Now, writing « = £ and =+ =0 in (2.7), we get

94(¢,0,0) = 4 (F¢, £5, £5)
< AY(£,0,0)9(6,F6,F6)9 (0, FE, F5)4 (6, FE, o)
= \G3(£,6,6)9(5,6,96).
Simplifying this and we obtain that ¢*(¢,5,0) < 0, hence, we have ¢ = 4.
Thus, F has a unique fixed point &. O
The following is the example to Illustrate Theorem 2.3.
Example 2.4. Let .# = [0, 1] with ¥-metric

g(a,ﬁ,’)/) = max{]oz—m ) ‘6_7’7"7—04’}'
Then (#,9) is a complete ¥-metric space. Define F: .# — .# by

1
IFa:{o, 0<a<i

1 1
10° 5§Oz§1

We show that F satisfies the inequality (2.7) with A = % We discuss four
cases:

Case (i): «,8€[0,3);7€[0,3),
@4 (Fa, F3, Fy) = 94(0,0,0)
=0
< XY (a,B,7)9 (B, FB,F7)¥Y (8, Fo, Fy)¥4 (v, Fa, F ).
Case (ii): a,f € [%,1]; v E [%,1],

1 1 1
4 w4 - -
:0

< XY (a,B,7)¥(8,F3,F7)4 (B, Fo, Fy)¥ (v, Fa, FB).

Case (iii): «,f €0, %), v E [%,1],

1 1
Y(Fa,FB,Fy) = ¢4 )= —
(R, B3, F) = 90,0, 10) = oo
11
9l 5,7) = max{la = .19 51, by~ al} 2 max 0.5, 3 b =

1
57

G(3.FB,Fy) = ¥ Ly _ 1] |1
(57 ﬁa 7)_ (570,10)—max{|ﬁ0|,010'7‘105‘}
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S 0 1 2 2
max —, ===
- 1075 5

9(8,F0, F7) = 4(5,0, %)
1

= max { 10

S 0 1 2 2
max —, ===
- 1075 5’

776

o4

94(v,Fa,FB) = 94(v,0,0)
=max {|y —0[,[0 -0, |0 —~[}

1 1 1
> max§ —,0,= p = —.
2772 2

Hence, we have

(. B,7)9(8,F8,F1)9 (8, Fa, )9 (7,F, FB) > = x 2 x 2 x 2 x 2 = .
3727575727715

Therefore,

9"(Fa, 5, F7) = 4(0,0, =)
1

~ 10000
1

< J—
75
<X (a,B,7)9 (B, FB,F7)¥Y (8, Fo, Fy)¥4 (v, Fa, F).

Case (iv): «o,f € [2,1] v € [0, ) 44(Fo,FB,Fy) = g4(% L’O) = ﬁ’

10
%(a,ﬁ,’y):max{]a /8‘ ’/3 7‘ \’y—a|}>max{0,2,2}f%,
1 1
g(ﬁvFﬁvFV):g(571070>:max{‘/3_10'7’10_0 7|0_5‘}

|

4(8,Fa,Fy) =9(8, Tl(),O) = max{’,@ -
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1 1 1
10 10| |10 "

i

710710 10

N L 111
=M1 100 T 107

4(v,Fa,FB) = 9( L 1)=maX{"y !

we have
(0, B,7)9 (B, FB, Fy)% (8, Fa, FY)% (7, Fa, FB) > 2 X = x = x =3 = = .
3 2 2 2 10 240
Therefore, we have
4 4,1 1
G (Fa,FB,Fy) =¥ (ﬁ,l—o,())
1
~ 10000
1
= 210

< NY(a,B,7)9(B,FB,F)¥9 (B8, Fa, Fy)4 (v, Fa, FB).
From all the above cases, we observe that
1
g4(}Fa7 Fﬁ? F’Y) S gg(aa /8’ V)g(67 FB7 ]ny)g(67 ]FO(, IE‘V)%(’% IFCM, IE‘l/B)

for all o, 8,y € ., which implies that [F satisfies all the conditions of Theorem
2.3. It is clear that 0 is unique fixed point of F.

Corollary 2.5. IfF is a mapping on # satisfying the condition
%4@?"04,1&?’7@[?”7) <N (o, Fa, Fa)9 (F"a, F, " 3)
x G(F"8,Fa, F"58)94 (Fau, F~y, F) (2.11)

for all a, B,y € A and n € N, with 0 < A < 0.25, then F has fized point (say
o) which is unique and F" is &-continuous at o .

Proof. Tt can be proved that F7¢ = o, and F" is ¢-continuous at ¢ by using
Theorem 2.1. Then Fo = FF7¢ = F"tlg = ¢, which implies that Fo is also
a fixed point for F7. Hence, Fo = ¢ in view of uniqueness of fixed point for
7. O

Theorem 2.6. Suppose that F is a mapping on A with the condition
G4 (F3,F5,F°8) < XY (B, FB,FB)Y (F3,FB, F*p)
x 4 (F*8,FB,F*B)9 (FB,F*B,FB) (2.12)
forall € # and 0 < A < 1/4. Then F has a fixed point o.
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Proof. Let ©g € .#. Now define {©,} by ©, =F"0) =F0,_1, n € N.
Writing = ©,—1 in (2.12), we get
G4 (FO,-1,F?0,_1,F0,_1)
=9(0,,0,11,0,12)
< \Y9(0,-1,F0,_1,FO,_1)%(FO,_1,FO,_1,F*0,_1)
x 4(F?0,_1,F0,_1,F*0,_1)9(f0,-1,F*0,_1,F*0,_1)
=\9(0,-1,0,,0,)9(0,,0,,0,11)9(0,+1,0,,0,+1)9(0,, Oyt2,Oyi2).
On the other hand, using (¢3), we have
9(0,1,0,,0,) <
9 (0y, On11,0p41)
9 (0y, On12,0n42)

= g(@n—lvem @774-1)7
<9(0y, On11,O12),
< g(@m Op+1, @n+2)‘
Thus, we have
G (O, Opt1,Op2)

< AY (01,01, 0411)9% (01, Op1, O12)9 (O, Oyr, Oi2)

= A9 (0-1,0,,0,+1)9°(0y, O 41, O y2),
simplifying this and we get,

4(01,0n41,042) < XY (0,-1,0,,0,41) for n>1.
By induction, we get
4 (01,01041,042) < AY(0,-1,0,,0,41) <--- < N19(0),01,02). (2.13)
For ¢ > n, by using (G5) and (2.13), we get
Y (09, 0¢,0¢) <4(0, 0541, 0541) + 9 (On11, Onr2, Opy2)
+--+9(0¢-1,0¢,0¢)
< (K" 4+ K™ 4 K2 o K199, 04, 0,)

-~

¢—n terms
< K" . 1_1E§C]an : g(@(]a @17 @1)
< 1H§T]IK . g(@07 @17 @1) (214)

Applying the  — oo in (2.14), we get 4(0,,0:,0¢) — 0, which implies that
the sequence <@n>;°:1 is ¢¥-Cauchy in .#Z. Due to completeness of #, there is
an element o € ./ such that

nlggo 0, = nll}rgo Op+1 = nlggo Oy42 = 0. (2.15)
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It is clear that F is ¢-continuous from ©,,1 = FO©,. Now taking n — oo on
Oy+1 = FO,, and using ¥-continuity of I together with (2.15), we get o = Fo.
Therefore, o is a fixed point of F. O

Theorem 2.7. Let F be a mapping on A such that
G (FB,F>,F*0) <XY(8,FB,FB)Y (F5,F5,F)
x 4 (Fvy,FB,F*y)4 (FB,F35,F36) (2.16)

with 0 < XA < 0.25 for all B,7v,0 € .#. Then F has a fized point k which is
unique.

Proof. Let ©g € .. Now define (©y) 2, C .# by (2.2). Writing with § =
© =0,_1 and 6 = ©,_» in (2.16), and using (¥3), we observe that

94 (FO,-1,F?0,_1,F*0, 1)
= g4(@)m On+1, Qpy2)
<\¥9(0,_1,F0, 1,FO, 1)9(FO,_1,FO,_1,F?0,_ ;)
x 4(FO,_1,FO,_1,F*0,_1)9(FO,_1,F%0,_2,F30,_»)
= /\g<9n—17 6777 @n)g(@m @m @n+1)g(@m @777 @n+1>g(@m ®n+2a @n+2)
< AY(0y-1,0y, @n+1)g3(@nv On+1, On2),
simplifying this and we get
4(01,0n41,0n42) < XY (0,-1,0,,0,41) for n>1.
By induction, we get
(01, 0n41,042) < XY (0,)-1,0,,0,41) < --- < AN19(00,01,02). (2.17)
Now using for (¢5) and (2.17) for ¢ > 7, we have
Y (On,0¢,0¢) < 4(0y,0n41,0541) + 9 (On41, Opt2, Opt2)
+--+9(0¢-1,0¢,0¢)
< (K" 4+ K™ 4 K72 4. KDy (90,04,0,)

(—n terms
< K" K" 9(00,01,61)
< K- 9(0,01,01). (2.18)

Applying n — oo, in (2.18), we find that ¥(0©,,0;,0;) — 0, which means
that the sequence <@n>;°:1 is ¥-Cauchy in .#. Due to completeness of .#,
there exists an element k € .# such that

nlgglo 0, = nlggo Opt1 = nlg)go Op42 = K. (2.19)
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By writing f =k, © = 0,1 and § = ©,_ in (2.16), we get
94 (Fr,F?0,_1,F%0,_2)
= 4*(Fk, Oy11,0n11)
< \Y(k,FO,_1,FO,_1)9(Fx,Fr,F?0, 1)
x 4(FO,_1,Fr,F?0,_1)9 (Fr,F?0,_5,F°0,_,)
= Y (K, Ky, Oy)9 (FK,Fr,0,41)9(0,,Fk, 0,11)9 (Fk, ©py1, Opt1).
Now, taking n — oo and using continuity of ¢ on all its variables together
with (2.19), we have G*(Fk, x,x) < 0 which gives that x = Fx in view of
Proposition 1.3. Thus & is a fixed point of F.
Let us suppose that there are two points x and ¢ in .# such that k = Fx
and ¢ = F¢. Then writing f = =k and 0 = ¢ in (2.16), we have
GYFr,F2k, F30)
=Gk, 5, ¢)
<Y (k,Fr,Fr)¥4 (Fr, Fr, F?K)9 (Fr, Fr, F25)9 (Fr, F3¢, F3$)
- )‘g(’%a R, H)g(KW R, /@)%(/@, R, H)g(/@ b, ¢)

Simplifying this and we obtain that, ¥*(x, k,$) < 0 and then x = ¢. Hence,
k is a fixed point of F which is unique. O

3. Y-CONTRACTIVE FIXED POINT

Let (A ,9) be a -metric space, o be a fixed point of F. Then o is called
¢-contractive fixed point of IF, if each orbit Op(ag) C A is ¥-convergent to
o.

Example 3.1. Let (#,p) be a metric space with .# = R and p(8,7) =
’ﬁ - 7| Consider g(ﬁvf% 5) = Hla“X{|/8 - ’7| ’ "7 - 5’ ’ |(5 - ’7|} for 57715 S/
Then (#,9) is a ¥-metric space. Define F : .# — .# such that Fg = g for
any [ € .#, we observe that fixed point of F is 0 only. Also for each 8y € 4,
we have Op(f) = {50,60/2,60/22, } Since for any Sy € 4, (y/2" — 0 as
n — oo, we see that Op(5y) — 0 for all Sy. In other words, every F-orbit
converges to the fixed point 0. Therefore, 0 is the ¥-contractive fixed point.

The concept of contractive fixed point under ¢-metric was indroduced by
Phaneendra et al. [16]. Recently, Saravanan and Phaneendra obtained ¥-
contractive fixed point for various types of contractions ([17], [18]). Now we
find ¢-contractive fixed points of F with conditions (2.1), (2.7).

Theorem 3.2. Suppose that £ is a fized point of F with the condition (2.1),where
0 <A< 1/4. Then & is a G-contractive fized point of F.
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Proof. Taking a = F7 'a and B =~ = £ in (2.1), we get
GYFa, €, €) = 9 (Fa, FE,FE)
< NG (F" Lo, &, F10)9 (€, Fa, FEYY (€, Fa, FE)Y (€, FE, FE)
= Y (F" 1, &, F1a)9? (6, Fa, FEY (€, FE, FE)
<Y (F"a, €,6)F%(€, 6, FEY (¢, FE, FE)
= X (F" a0, £, )97 (€,€,€).

Applying n — oo, we get 4 (Fa,&,&) — 0 for each o € .#. Thus, £ is a
@-contractive fixed point of F. O

Theorem 3.3. Let £ be a fized point of F with the condition (2.7), where
0 < A< 0.5. Then the 4 -contractive fixed point of F is &.

Proof. By taking o = F7""!a and 8 =y = £ in (2.7), we have
G (Fa, €, €) = 41 (Fa, FE, FE)
< XY (F7 1, €, )9 (&, FE,FOY (€, F, FE)Y (€, Fax, FE)
=\ (F" "0, &,6)9 (6, FE, FEOY(£,6,FOY (€, €, FE)
= X(F" ', £, 9% (€, €, €).

Applying n — oo, we get 4 (F"a,&,£) — 0 for each a € #. Thus, £ is a
@-contractive fixed point of F. O

4. APPLICATION

Recently Younis et al. applied their fixed point results to solve differential
equations ([21], [23], [24]).

In this paper, we solve characteristic value problem as an application of our
fixed point results.

Definition 4.1. ([20]) A number 7 is said to be characteristic value of an nxn
matrix T if TY = nY for a non-zero vector Y. Here Y is called characteristic
vector of a matrix 7.
Now writing 6 = in (2.16), we get
G (FB, 2, Fy) < MY (B, FB, FB)Y (FB,FB, F*y)
x G(Fy,FB,F2y)4 (FB, Fy, Foy)
or
G FB,F2,F>y) < 209(B,FB,FB)(YFB, F*v,Fy)
x G(FB,Fy, F*7)9 (FB, F*y,F) (4.1)



782 S. Saravanan and K. Kumara Swamy

for all B,y € A4 with B # v and 0 < A < 1.

We solve a characteristic value problem which related to the following result:

Theorem 4.2. Let F be a mapping on (A ,9) which satisfies the condition
(4.1). If <5n>f70:1 is a sequence in A such that

lim F@, = lim g, =p for some B € 4, (4.2)
n—00 n—00

then F has a fized point which is unique.

Proof. The proof of this theorem is omitted, as it closely follows the argument

used in Theorem 2.7. O

Proposition 4.3. Suppose that(A#,|-||) is a normed linear space which is
complete, ¥ : M — H is a mapping such that FO # 0. If there exists
(Br) 72, C A such that

lim F, 0, = lim By =y for somey e A, (4.3)
k—oo k—o0
where
1 1
F, = —F where E;, = ——— for n>2 (4.4)
By (1 - l)
n
and

4 -
HIFﬁ - F'YH < 2) HB - FUBH HFnﬁ - F?{YH HFW’Y - Fnﬁ” HFnﬁ - Fin (4-5)
holds for all B,y € M with B # vy, then E, is a characteristic value and (3, is
a characteristic vector of F for each n > 1.

Proof. From (4.4), we have

108 —Foll = (1= 3) IF8 —Fyll < [F8—Fy]l for n>1.  (46)
Then, from (4.6) and (4.5), we get
HFnﬁ - FnﬁH4 <22 Hﬁ - FnO‘H HFnﬁ - F%’YH HFW’Y - Fnﬁ“ HF’UB - F?ﬂ” (4-7)
Now, define the ¥-metric 4 on .# =R as
9(8,7,0) = 518 =¥+ v =3l + 16 = Bll] forall 5,75 € ..
With § = ~, this gives
G(,B,’Y,’}/) = % ||B - ’7” for all 67’7 € '% (48)

Therefore, (4.7) is a particular case of (4.1) in view of (4.8). Thus by Theorem
4.2, we can find a unique 3, € .# such that F,3, = 8, for each n > 2.
Therefore,

(1-2)FB, =By, thatis, FB, =5,/ (1-1).
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In other words IF3, = E,f3, for every n > 1. Suppose that 3, = 0 for n > 1.
Then FO = 0, which contradicts the fact that FO # 0. Thus, 3, can not
be zero for any n > 1. That is, 3, is an characteristic vector and FEj is an
characteristic value of I for each n > 1. 0

5. CONCLUSION

We established some fixed point theorems under newly introduced fourth
power contractions in ¢-metric spaces. Moreover, we proved that the obtained
fixed point is also ¥-contractive fixed point in ¢-metric spaces. In addition,
some examples are given to support our results. Finally, we solved charac-
teristic value problem as an application of our fixed point results in ¢-metric
spaces.
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