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Abstract. This paper aims to study woven b-frames, which are a generalization of woven
frames in Hilbert spaces, where the frames in Hilbert spaces generated by the bilinear map-
ping are considered. The b-frame operator is defined, and the conditions for the existence of
a b-frame in Hilbert spaces are obtained. We will define woven, weaving b-frames and woven,
weaving K-b-frames and present initial results. We will also study and explore the stability

and preservation of both woven and weaving K-b-frames.

1. INTRODUCTION

The theory of frames in Hilbert spaces is a powerful tool for analyzing
and representing signals. They were introduced by Duffin and Schaeffer in
1952 [9]. Frames have applications not only in signal processing but also in
various other fields, such as physics, image processing, and engineering; (see
1, 2,4,5,6,7 11, 13, 14, 17, 18, 19, 20]).

In 2016, Bemrose, Casazza, Grochenig, Lammers and Lynch introduced
woven frames in separable Hilbert spaces in [3, 4, 5]. Their motivation was
a question in distributed signal processing, where frames play an important
role.
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Another recent development is the concept of b-frames. The idea is to
take a sequence from a Banach space and see how it can be a frame for a
Hilbert space, first introduced by Ismailov et al. in [12]. In 2024, Mezzat and
Kabbaj generalized this concept, provided examples, and studied the stability
and preservation of b-frames in [15]. b-frames allow for the construction of
frames in Hilbert spaces using a bilinear mapping, offering greater flexibility
compared to classical frames.

In this paper, based on the weaving frames and K-frames, we propose the
notion of weaving b-frames. First, we recall several definitions about b-frames,
and we will explore woven b-frames. The motivation behind this exploration
is to answer the same question answered in [16]. Except that in our study the
frames considered to measure a signal z don’t belong to the same space. This
paper is structured as follows. Section 2 provides preliminaries and notations
used in our research. Section 3 formally defines woven and weaving b-frames
and woven and weaving K-b-frames and gives alternatives to b-synthesis, b-
analysis, and b-frame operators and establishes their connection to existing
frame theory. The last section we discuss transitivity of weaving b-frames and
studies the stability and preservation of woven b-frames, K-b-frames, weaving
b-frames, and K-b-frames.

2. PRELIMINARIES AND NOTATIONS

We begin by giving the following notations. Let Z and H be two Hilbert
spaces. The set of bounded linear operators from H to Z is denoted by
L(H,Z). If K belongs to L(H, Z), then the adjoint operator of K, denoted
K*, belongs to £L(Z,H) and satisfies the relation (Kh,z)z = (h, K*z)y for
all A in ‘H and z in Z. The identity operator on H is denoted by Idy, the
range of an operator K is denoted as R(K), and the kernel of an operator K
is denoted by ker(K).

Lemma 2.1. Let H be a Hilbert space and let K € L(H), such that R(K) is
closed. KT will denote the pseudo-inverse (or the moore-penrose inverse) of
K werifying :

(1) (KK")*=KK"; (K'K)*=K'K; Ker(K'")=(R(K))",

(2) (KerK)* = R(KT).

Theorem 2.2. ([8]) Let F,F 1,F 2 be Hilbert spaces, and let P € L(F1,F ),
and Q € L(Fa,F). Then the following statements are equivalent:

(1) R(P) C R(Q).

(2) PP* < X2QQ* for some \ > 0.

(3) there exists X € L(F 1, F 2) such that P = QX.
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Theorem 2.3. ([12]) Let K € L(H, Z), where H and Z are two Hilbert spaces.
Then:
(1) K* € L(Z,H), and |K*|| = [|K].
(2) R(K) is closed if and only if R(K™) is closed.
(3) K is surjective if and only if there exists a § > 0 such that
|K*2lz > ez, ¥z € 2.

Let Z,H be two Hilbert spaces and let (.,.) z, (.,.),, be their corresponding

scalar products respectively. We denote by ||.||z (resp. ||.||%) the norm of Z
(resp. H).
Let B be a Banach space with norm ||.|| and the bilinear mapping :
b:H x B— Z, satisfying the condition :
JA>0: ||b(h,2)|z < A||R||x|z||, YhEH, z € B. (2.1)

Note that the inequality (2.1) means that b is bounded and continuous.
Fix x € B and z € Z, and consider the linear functional (7 : H — C, defined
by

G (h) = (b(h, z), Z>Z'
Then note that ¢Z is linear, also by :(2.1) we have, for all h € H
e ()] = [ (bh, ), 2) z | < [|b(h, 2)| 2|2l 2
< Allhllxllz Izl z-
Hence, ||¢Z]] < Allz||||z]|z. Then there exists a unique element v € H such

that (Z(h) = (h,v),, (Riesz representation theorem), and this element called
b-dual product of z and = and denoted (z/z) (see [15]).

Let {yrtren C B be a b-orthonormal basis in Z and {e }ren the orthonor-
mal basis of a separable Hilbert space H and the bilinear mapping b has a
dense range such that :

> llyell < oo

keN
Let Y C B such that:

Y = span{yx/k € N}.

Proposition 2.4. ([15]) Let S € L(V,Y), {hi}tken CH and T : Z — Z be

an operator such that: for each z = > b(hy, yx) € Z,
keN

T*(2) = Y bk, Uys)-
keN
Then T* is bounded linear operator.
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Theorem 2.5. ([15]) Let {yi}tren C B be a b-orthonormal basis in Z. Let
S € L(Y,Y). Then there exists only one T € L(Z) such that, for all z € Z,

(Tz/y) = (2/Sy), ¥k € N. (2.2)

Corollary 2.6. ([15]) Let {yr}ren C B be a b-orthonormal basis in Z. Let
S e L(),Y). Then there exists only one T € L(Z) such that

(Tz/y) = (2/Sy), Vy €Y, Vz € Z. (2.3)
In which case T called the b-adjoint of S denoted by S°.

Let K € L(Z) and let K* be its adjoint, we define a b-frame and K —b-frame
as follows:

Definition 2.7. ([15]) A sequence {1y}, C B is called a b-frame for Z, if
there exist constants 0 < A, < B,, < oo such that

Anll2ll? <Y 1< z/me >[5 Byllzl?, Vze Z.
kel

Definition 2.8. ([15]) A sequence {n},c; C B is called a K-b-frame for Z,
if there exist constants 0 < A, < B,) < oo such that

Al K2 < Y MI< 2/ >IH< Byll=l?, V=€ 2.
kel

3. WOVEN b-FRAMES AND WOVEN K-b-FRAMES

3.1. Woven b-frames, woven K-b-frames and some examples. For a
fixed n € N, we define: [n] = {1,2,...,n}. We present several novel construction
of weaving frame, we will explore woven b-frames and we begin by giving the
following definitions, and some examples:

Definition 3.1. Let A = {{nu},c; : [ € [n]} be a family of b-frames for
Z. If there exist universal constants A, and B, such that for every partition
{o1}1epn): the family A; = {nu};e,, is a b-frames for Z with bounds A, and
B,), then A is said woven b-frames and for every | € [n] the b-frames A; are
called weaving b-frames. The constants A, and B, are called the lower and
upper woven b-frames bounds. If A, = B, then A = {{nu},cr : [ € [n]} is
called a tight woven b-frames. If for every | € [n] the b-frames A; is weaving
b-Besselian sequence, then the family A = {{nu},cr : | € [n]} is said to be
woven b-Besselian sequence.

Let K € £(Z) and let K* be its adjoint, we define a weaving K-b-frames
and woven K-b-frames as follows:
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Definition 3.2. Let A = {{ni},c; : | € [n]} be a family of K-b-frames for
Z. If there exist universal constants Ax and B such that for every partition
{al}le[n], the family A; = {nkl}kem is a K-b-frame for Z with bounds A, and
By, then A is said woven K-b-frames and for every [ € [n] the K-b-frames A;
are called weaving K-b-frames. The constants Ay and By are called the lower
and upper woven K-b-frames bounds. If Ay = By, then A = {{nu},er: 1 €
[n]} is called a tight woven K-b-frames and if for every [ € [n] the K-b-frames A,
is weaving K-b-Besselian sequences. Then the family A = {{nu},c; : | € [n]}
is said to be woven K-b-Besselian sequences.

Example 3.3. Let H = R? with canonical base (e1, €2, e3), and B = R? with
canonical base (a1, a2) and Z = R? such that {p;},;, are their canonical
base, and let the bilinear mapping b : H x B — Z defined by:

b(er,a1) = p1, b(ez, 1) = ps, b(es,a1) = p1,
b(ey, ) = pa, b(ea, 2) = p4, b(es, a2) = pa.
Then, for h = Eizlhkek and x = Zizlxkak, we have
b(h,z) = (h1 + h3)z1p1 + (h1 + h3)zape + ha1p3 + hawaps
and
| b(h, ) 7= (k3 + h3 + h3) (2] + 23) + 2hhg(af + 23) <2[| b | = |1?.
Furthermore, we have

< z/x >= (w121 + w222)€1 + (T123 + Ta24)€2 + (T121 + T222)es

and
< z/z >|%=2(x121 + 2022)? + (z123 + 2224)>.
Let
H = {hi}io1 = {on + az;on — az;an}
and

G = {gr}i—1 = {202 + a1; 301 + az; s}
Then H is a b-frame with lower and upper bounds 2 and 6, respectively.
Similarly, G is a b-frame with bounds 1 and 30. The frames H and G constitute
a woven b-frame. For example, if we assume that o3 = {1, 2}, we have

Iz 1P< > < z/be >IH+ Y < z/ge >[5<6 [ 2|°, Vze 2.
k€o1 keo§

So {hg}treo, U {gk}k@f is b-frames with bounds A; = 2 and B; = 6.
Now, if we take

A=min{A;;1 <k <8} and B=max{By;1<k<8}.
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Then H and G constitute a woven b-frames for Z with universal bounds A
and B.

According to the following, there is an automatic universal upper b-frame
bound for every weaving.

Theorem 3.4. If {nkl}keﬂ is woven b-Besselian sequence for Z with bound B
for alll € [n],  then {Nutyes, 1epn i weaving b-besselian sequence with bound

Z?:l B.

Proof. Let oy, | € [n] any partition of I we have:

ZZ 1< Z/lel>HH<ZZH< Z/Ukl>HH<ZBlH I, ze€Z.

I=1 k€oy I=1 kel
yielding the desired bound. U

3.2. Operators for weaving and woven b-frames. Now we introduce b-
analysis, b-synthesis and b-frames operators of weaving and woven b-frames
and it will be shown that if each family of subspaces {lQ(H)l}le[n} of I?(H) we
have the following space:

*(H) = {{%}keal/@m €H, 01 CL Y | 0k [I7r< oo}, Vie[n].
keaoy
We define the space

= > PurH = {{ekl}keﬂ,le[n}/{ekl}keﬂ € (P(H)), Ve [n]}

ZE 7’1] 12
is a Hilbert space for the inner product see [10] :

<{‘9kl}kel,l€[n]v {Q;cl}kell,le[m]> = Y <Ouby>n.
kellen]

Theorem 3.5. Let A = {nui}rerie) C B. The family A is a woven b-
Besselian sequence if and only if the operator
Thr:0 — Z
defined by
T ({le}kewe[n]) = Z b (Ot M)

kellen
1s well-defined, linear and bounded.
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Proof. Suppose {nki}erep,) be a woven b-Besselian. So a fixed | € [n] and
o; C I the family {ng} kelien] is a b-Bessel sequence with b-Bessel bound B;.
If we denoted the b-synthesis operator of {1k },c,, by 15, therefore for every
{Hkl}keﬂ,le[n} € ©, we have

N = Ta{Ou}) IP=Il D b0k, mwa) | -

kel,le[n]

The serie ), 1 b(0x,r1) converge for every 0 € © , 1 € [n]. Hence
N =|| Ta({6k}) |I?
=|| Z b(Or1, 1) |17

keLlen]
=1 ) b(Oka, 1) + D> 0Ok, mk2) + -+ + Y 6Ok, Mn) |17
kel kel kel
<2010 0Okrsmi) 117+ 1D bOras i) 17+ 4 11D 0Ok k) 11%)
kel kel kel

< 2|l T, ({Or1 o) 17 + I Too ({Br2}neon) 1P+ + [ T, ({Ohn Y reor) 117)
< 2(B1 || ({Ok1}neos) 12 +B2 | ({Or2}veas) 17 + -+ + Ba | ({Okn}reo,) II7)

l=n
< 2(2 B || {0ri}rea,) II)
=1

<2(nB || ({Ou}rericm) II°)
with
B =max{B;, 1 <1 <n}.
Hence T is bounded and well-defined and linear.

Conversely, suppose Tp well-defined, linear and bounded with bound B.
We have for every z € Z,

<TA({9kl}keH,le[n})aZ>Z = < Z b(akl’nkl)’z>z

keLlen]
= Z < b(eklvnkl)az >z
kellen]
<{9kl}keﬂ,l€[n]a {<z/mu >}ke]1, le[n}>@-

Therefore, we have
Tx(2) = {< z/mk1 > }ker, ie]n)-
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And
Yo <z/ma > = ITEEIE < ITRIP=0% < 1TalPlz]% < Bll=ll-
kelle[n]

Hence, the family A = {n} kel l[n] 1S Woven b-besselian sequences. O

Corollary 3.6. Let A = {nkl}keﬂ,le[n} be a family in Z and for all
{Oki}reriem) € O, the series 3y cpicp) U(Oki k) is convergent. Then the se-
quence A is woven b-Besselian.

The woven b-Besselian condition:

Yo lI<z/mu>I4<Blzlz  VzeZ
kel,le[n]

Like b-frames and their extensions (see [12]), woven b-frames can be char-
acterized in terms of their associated woven b-frame operator.

Definition 3.7. Let A = {nkl}keﬂ,le[n} be a woven b-Besselian sequence. So
for every partition {Ul}le[n] of I, the family A; = {nkl}kEal for I € [n] is a
b-Besselian sequence. Thus, we can define:
(1) The b-analysis operator of A; by :
W,, : Z — I2(H),
with Wo,(2) = {< 2/ >}epy VI € [n], 2 € 2 and R(Wy,) C
P(H) € I>(H).

(2) The adjoint of Wy, is called the b-synthesis operator and we denote by
W also for every I € [n], we have W, : [*(H); — Z defined by

W ({Oritk) = D 6Ok mwt)s V{Okitheo, € P(H)1.
keay

(3) The b-frames operator of a weaving b-Besselian sequence: For every
z € Z and [l € [n],

Soy(2) = W5 Wo,(2)
- W:l({< 2/ Mk >}k€gl)
- Z b(< z/mk >, mkt), Vz€Z.

keoy

Similarly, we define the woven b-analysis and the woven b-synthesis oper-
ators and the woven b-frames operator for the woven b-Besselian sequence

A= {nkl}keﬂ,le[n] :
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(4) Wo: 2 —©  defined by:
Wa(z) ={< 2/t >}reriepm), VIEIN, 2€2
is called the woven b—analysis operator of A.
(5) Wi :0© = Z  defined by:
Wikt keriem) = Z b(Ort, Mkt)
kel,len]

is called the woven b—synthesis operator of A.
(6) Sp: Z — Z  defined by:

Sa(z) = WiW (z)
= Wal{< 2/mu >}ke]1,le[n})
= Y W< z/mw>mm), YzEZ
kel le[n]

is called the woven b-frames operator of A.

Note that the Operator Sy is positive and self-adjoint. Indeed, let A =
{nkl}kzeﬂ,le[n} be a woven b-Besselian. Then, we have

<Sa()z>z={ S bM</, z) = S <2/ > I
kel,le[n] kel,le[n]

which means that Sy is positive. Moreover, we have
Sy =WiWyx and S} = (WiWy)* = Sh,
which shows that Sy is self-adjoint.
Theorem 3.8. Let A = {nkl}keﬂ,le[n] be a finite family of b-Besselian se-
quences in Z. Then the following statements are equivalent:
(1) A is woven b-frames with universal woven b-frame bounds Apn and By.

(2) S wverifie ApxIz < Spn < Bplz.
Proof. (1) = (2): We have for every z € Z,

<Sa(@)z>z=( 30 b<s/ma )2y = > < z/ma> B
kel,le[n] kel,le[n]
Then
Ap [ [3<< Su(2), 2 >2< By || 2|13, V2 € 2.

So, we have
Aplz < Sy < Bplz.

(2) = (1): We have
I Sa lI=l WiWa [|=] Wa |I? .
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Now, for all z € Z, we have
ol <z/ma > 13 =1l Walz) IP<Il Sa llll 2 IIP< Ba || 2 |% -
kelle(n]
For the lower bound, for all z € Z, we have
Yooll<z/mu>l3 = <Sa(z),z>z
kel,le[n]
> Ap | 2|,

4. PERTURBATION OF WEAVING b-FRAME SEQUENCES

In this section we study the stability and preservation of woven b-frames.
Suppose the b-adjoint operator exists for every operator in the later results.

Theorem 4.1. Let {”kl}keﬂ,le[n} be a woven b-frames for Z with universal
bounds C, and D, and let E be a continuous bounded linear operator of Z.
Then {Enpi}per e 15 woven E -b frames for Z with universal bounds Cy =
Cy and D}, = Dy || EY ||, where E¥ designs the adjoint operator of E® in Z,
and E® the b-adjoint of E.

Proof. Let {ni} kelic[n] Pe @ woven b-frames for Z with universal bounds Cy,
and D,,. Then

Collzl2< Y lI<z/mu>1h<Dyll 2% VzeZ2.

kel le[n]
We have
Z 1< z/Enw >|5= Z I< E2/m >3, VzeZ.
kel le[n] kel le(n]
Hence
Coll (B )2 12 Y Il< 2/Bnw >3< Dy || B> |3, Vze 2.

kel,le[n]
So, we obtain
CHE Yz s Y < o/Baa>I3< D B P = |2 Vze 2.
kel,len]
Hence, the family {Engi} e jepy is woven E® —b frames for Z with universal
bounds C; = C;, and D; = D, || E® 2. O
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Corollary 4.2. Let A = {nu}yerep, be a woven b-frame with universal
bounds An and By for Z and Sp the woven b-frames operator of A. Then
for every partition {O’l}le[n] of I, we have the sequence {SoMki}ye,, for every
[ € [n] is a weaving b-frames, that is, {SAnkl}ke%le[n] is woven b-frames for
Z.

Proof. Let’s put £ =S, and ¥ = Sj in Theorem 4.1 follow. O

Theorem 4.3. (Transitivity of weaving b-frames) Let @ = {@g}iep, ¥ =
{Urtrer and T = {Vi}cp be b-frames for Z. If ® and ¥ are woven b-frames
with a universal lower bound Agy, and ¥ is woven with I' by a universal lower
bound Agr such that Aey + Agr — By > 0 and By the upper bound of the
b-frames W. Then the families ® and I' are woven for Z.

Proof. Suppose that the families ® and ¥ are woven b-frames with a univer-
sal bounds Agy and By, the families ¥ and I' are woven b-frames with a
universal bounds Agr and Byr and By the upper bound of the b-frames W.
Then for every o C I and z € Z, we have

(Asw + Awr)ll=l? < DI < z/oe > 1P+ D | < 2/v > |7

keo keo¢
Y <2/ > 1P+ D0 < z/w> P
keo keo©

< (Bow + Bur)||2|%.

That is
(Apw + Awr)2[IP <D I < z/oe > 1P+ D I < z/% > |I?
keo ke€oc
)l < 2/ > )P
kel

< (Bow + Bur)| 2.
As W is b-frames, Y, o1 || < z/¥x > ||* < By||z||%, so we obtain

(Ao + Aur — Bo)l212 < (SNl < 2/n > 1P+ 321l < 2/ > |12
k€o keoc

< (Bow + Bur)| 2|*.

Hence, {¢p}1er and {x};cp are woven b-frames. O

Note that Ty be the b-synthesis operator for the b-frames ¢ = {¢y }1op C B
and Ty, be the b-synthesis operator for the b-frames ¢ = {¢},o; C B such
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that for every {6}, € [*(H), we have

Ty(0) = Y _ b6k, or),
kel

kel

T3 (6k) = > _ b, 1),
keo

T3 (0r) = > b(0k, ty).

keo

Theorem 4.4. Let ¢ = {pp}rer € B and ¥ = {Yp} e C B be b-frames for
Z with b-frames bounds Ay, By, Ay and By, such that

VB +

2a
with 0 < a < 1 and

1Ty =Tyl < [Ty — Tyll < a, (4.1)

where Ty (respectively Ty ) is the b-synthesis operator for the b-frames {¢}.c;
(respectively {1y }cr). Then for every o C I, the family {or}rc, U{Vk} pege
is a b-frames for Z with b-frames bounds By + By, and %. Thus, ¢ and ) are
woven b-frames.

Proof. Let Ty (respectively, T,) be the b-synthesis operator for the b-frames
{ortrer (respectively, {¢x},c;) and o C I. For each o C I, we put

M = [ b(< 2/on > 00) = STb(< 2/ >, )z

keco k€o
Then, we have

M= "b(< 2/ >, 00) — D b(< 2/t >, 00| 2

keo ko
= 175 (T5)" > = Ty (T)" =]
< WTETE™ = TETT) 2N + (T TS — TETy )=l
<NTENTE™ = T3 M=l + 178 = TZITE M=
< a(||Tsll + [T D=

<a(VBy+ /Byl

Ag
< — Izl
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Therefore, for every z € Z, we put

R=11Yb(< 2/ox > 00) + D b(< 2/tn > ).

keo keo¢
Then,
kel keo ko
> (1> b(< 2/ > ) = 1Y b(< 2/0r >, 0) = D b(< 2/t >, )| 2
kel keo keo

A
> Agllzll = S2l1=l
A
=5 ll=l.

So, the lower b-frames bounds is % and the upper bounds is By + By. Thus
¢ and ¢ are woven b-frames. O

Theorem 4.5. Let A = {0y}, be a b-frames for Z with b-frames bounds
Ap, Bp and let E be a bounded operator such that

Ap
I, — B ||’< =2,

Then {nk}rer and {Eng}cr are woven b-frames with universal lower bound
(VAN = VB || I — E” |))*.

Proof. For every o C I and for every z € Z, we have

L=< e/me>I?+ 37 1< 2/Em >|)3

keo keo©
1
L= l<z/m>1?+) II<z/me>—<z/m >+ < z/En, >|?)2
k€o k€o©
1
= O l<z/m>1P+ D I<z/m>—<z—E'2/n >)?
keo keo©

=Y l< 2/me > 12+ Y0 < 2/me > — < (Iz — EY)z /g, >[?)2

keo keo©
1 1
> l<z/me =172 = () < Uz — EY)z/m >|%)>
kel keo©

> VAx | 2| =VBa | Iz =E") ||| = |
> (VAN = VBa Uz =E") ) ] = .
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Since (vAx — By || (Iz — E®) [|> 0, 50 {k}reo U {ENk} pepe is a b-frames.
Hence, {nx},cr and {Eng},cp are woven b-frames with the universal lower

bound (vAx — /By || Iz — E* ||)2. O

Theorem 4.6. Let {1} ey epn) be o woven K-b-frames for Z with universal
bounds C and D and let P € L(Z) such that R(P) € R(K). Then {nk} per jepn)
is a woven P-b-frames for Z.

Proof. Let {nkl}keﬂ,le[n} be a woven K-b-frames for Z with universal bounds
C' and D, then

ClKz3< > l<z/m>|5<Dlz]% VzeZ.
kel,le[n]
Let P € L£(Z) such that R(P) C R(K). Then by Theorem 2.2, there exists
A > 0 such that PP* < A2KK*, so we have
< PP*2,2>2< XN < KK*z, 2>z, Vz€e Z,
which implies
<Pz, P2>z< N < K*2,K*2 >z,
hence
| PPz |[Z< 2| K*z ||% .
Therefore,

C * *
VAR IZ<CIE*2|%2< ) lI<z/ma>u<Dlz|%.
kel,le[n]

C
Thus, {nw} kellc[n] 18 @ woven P-b-frames for Z with universal bounds C' = 2

and D' = D. O

Theorem 4.7. Let K € L(Z) and {nkl}keﬂ,le[n] be a woven K-b-frames for
Z with uniwversal bounds C and D and let U be a continous bounded linear
operator. Then {Unki} ey jepn) 15 woven (UY K)-b frames for Z with universal
bounds C' = C and D' = D || U® ||?, where U" designs the adjoint operator
of U in Z, and U® the b-adjoint of U.

Proof. Let K € L(Z) and {ngi} ey e Pe a woven K-b-frames for Z with
universal bounds C' and D. Then
CIE*z)3< Y l<z/ma>3<D|z|% VzeZ
kel le(n]
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Since,
Mool<z/Uma>li= > I<U%/mu>5 Vz€Z,
kellen] kelle[n]
we have
ClKU|2< Y l<2/Um>|3<D| U3 VzeZ.
kel,le[n]

So, we obtain
ClU Kz 12< > lI<z/Unu>|3< DU || 2% VzeZ.
kel le[n]

Hence, the family {Uni}eq e, is woven (UY" K)-b-frames for Z with univer-
sal bounds C' = C and D' =D || U ||?. O

Theorem 4.8. Let {nkl}keﬂ,le[n} be a woven K-b-frames for Z with universal

bounds C and D and let U be a bounded linear operator such that U? exist and
it has a closed range with U'K = KU®. If R(K*) C R(U®), then the family
1=

{Unki}ker e is woven K-b-frames for Z with universal bounds C' || U’
and D || U ||%.
Proof. Let {Ul}le[n] be any partition of I. Then, for every z € Z, we obtain
SN l<z/Una >l = YD < U2/nu >3
I€n] k€ I€[n] keoy
< DIUPI=NZ veeZ

Since UK = KU® K*UY" = UY" K*. By Lemma 2.1 and Theorem 2.1, we
obtain

| K= |% =) U0 K*2 ||%
—| U U K |2
—| U KUY 2 |2
< U P KUYz %, Ve Z

Yod < Um >R =" > 1< Ulz/ma >3,

l€[n] keay le[n] keoy
>C || KUY 2 |I%
>Cl U 172 K2 )%

and
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Hence, we have

CIU |2 K2 |2< Y 3 < 2/Unu >3 < DU |2 2 |3, Vze 2.
le[n] keoy

Then, the family {U nkl}keﬂ,le[n] is woven K-b-frames for Z with universal

bounds C || U*" |72 and D || U |2 . O

Theorem 4.9. Suppose K € L(Z) such that K exist and has closed range, if
{nkl}keﬂ,le[n} is a woven K-b-frames for Z with universal bounds C and D, then

the family {Knkl}k@,le[n] is woven K -b-frames for Z with universal bounds
C| K" |2 and D|| K*||2.
Proof. Suppose that K® has closed range and for each z € R(K®). Then, we
have -
2= K'KY 2 = (KPKY )2 = K" K.
So, we have
| = P=l & Kz <) KPR
Let {U[}le[n] be any partition of I. Then, for every z € Z, we have

CIE=IP<Y Y NI<z/mu>IE< Dl z]3 VzeZ
l€[n] keoy

Hence, for each z € Z, we have

C| K" 72 K2 |2 <O | K" Kb |

<D< Kz ma >l

l€[n] keoy
<DIE" P =%
U
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