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Abstract. In this paper introduced double complex Al-Zughair transform technique, where
it’s important properties and its capability to evaluate the solution of special equations from

ordinary and partial differential equations with variable coefficients.

1. INTRODUCTION

Due to the importance of differential equations and their multiplicity in
life, physical, and engineering applications and their branches, many integral
transforms have emerged, which considered modified or developed cases of
the Laplace transform, such as the Sumudu, ElZaki, Al Jafari, Sadik, SEE,
complex Sadik, complex SEE, AEM, Al-Tememe transforms and others and all
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the transforms that were mentioned in the same interval, while the complex Al-
Zughair transform it varies with the transform interval as well as the transform
kernel [1-14].

In this research paper, we will present the double complex Al-Zughair trans-
form, its inverse and its properties along with illustrative examples that aim
to find an exact solution to special types of differential equations with variable
coeflicients.

Definition 1.1. ([1]) Suppose that f is a function defined on (a,b). The
integral transform technique for f whose symbol F(p) such as:

b
F(p) = / K(p.t) F(b)dt,

where k(p,t) is a function of two factors, p and ¢ and it’s called the kernel
of the transformation and a, b belong to set of real numbers such that above
integral convergence.

Definition 1.2. ([1]) Suppose that f is a function defined on [1, e], complex
Al-Zughair integral transform technique is characterized via the following in-
tegral:

20170y = [ PO oy = rip)

Such that definitional converges and p belong to the set of real numbers,

p> —1, and M is the kernel of this transform, ¢ = /—1.

2. METHODOLOGY

Definition 2.1. The double complex Al-Zughair integral transform is defined

25(f(z,t) = /1 6 /1 e (ln(;f))w (ln(f))w f(z,t)dtdx

_ / / ()00 e
1 1 xt

=F (pzu Si) )
1 € C, p and s are two parameters and p > —1, s > —1, e = 2.7183.

Definition 2.2. The inverse of 2§ of F' (p;, s;) denoted by z§_1 and defined as:
c! c
2 ((f(2,1) = f(=z,1) -

Theorem 2.3. (1) 25(k) = (isﬂ)kw, where k is a constant.
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(2) 25 ((In(z))"(In(t))™) = 7 +(n+1))(zs+(m+1))
5

(3) 25((Inln(z))(In1n(®))) = 32 - Groe-
(4)
25 ((Inln(x) (lnln( ))m)
/ / (Inz lnln(x))”(lnln(t))m
) ¢ (In(z))” n
/1 T(l nln(t))™ < : . (Inln(x)) d:L'> dt.

(5) §<sin (aln( n(z))sin(bln(In(t))) = @ 1)2)(1)2 Y -

(6) 2§ (cos (a In(In(z)) cos(bIn(In(t))) = Pl‘f7i+214)-a2) . ((szsill;l—i)-a?) )
(7) 25 (
(8) 25

sinh (a In(In(z)) sinh(bIn(In(t))) = = GQ)I(’(SH)Q_Z)Q) .
((In(z))"(In(t))™ f(x, 1)) = 25(ip +n, is +m).
Proof. (1) By the definition,

zp s
/ ()™} stz
1

zp
—k / (In(@))® I(®)" 4 7
1 1

:k/le (In(z [ ZS_:?)LI edx
_ (w . / <1n<$>>w .

1
T Gs+ Dlip+ 1)

(2) By the definition,
25 (nGo)(nioy) = [ [ PO G0y )t

_ /16 /Ie (ln(fc))i””( n)=m o

_ /le (ln(xa):)’ip+n </le (1n§t)t)is+mdt> i

(ip+ (n+1)(is+ (m+1))
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(3) By the definition,
25((Inln(x))(In ln(t)))

/ / e " (In In(a)) (In In(t) dtda

(Z i)
_ [(m )it /

w+1

(Inln(z

—1
~ (ip+ 1) '<zs+1>
(4) By the definition,

25 (Inln(z))" (lnln( ))m)

/ / (Inx (I ln(2))" (In In(£))™

/1 T(1 nin(t)™ (/1 W(mm@:))”m) dt.
Tfn =2,

25 ((ln ln(a:))Q(h? ln(t))m)
= /6 (ln(;f))” (Inln(t))™
1

n(z))r+l
x [(1 @ ()2

i / * (n(2))” a(m(m@)))m} dt
1 1

ip+1 x(ip+ 1)
2 )
= [ ey |2 [ ngna s a

:/Ie(ln?)is(lnln(t))m[ N ]dt

(ip +1) (ip +1)?

T Y 1100 -
_ (ip+1)3/1 2 (o))"

Ifm=2n=2,

2(—-1)2  2(—1)?

#% ()" (mIn(0)%) = &= Gy
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If m=3,n=23,
25 ((In In(z))*(Inln(t))?)

B e(ln(t))is " (ln(x))ip+1
_/1 T(lnln(t)) . (InIn(z))?

T @)Y )
_/1 (it Doln() Stn(n@))"d }dt

[y [ 8 )
= [ O ey | (n(tn(o)) ] at

(ip + x

_ /jW(lnln(t))m [(Z_pf 1)4] dt

6 )
_ (Z_p+1)4/1 2 (g

36(-1)*(=1)°
(ip + 1)*(is + 1)

e

1

We know that for all m,n > 0,

(—1)"(=1)™nlm!
(ip + 1)+ (is + 1)m+1’

2% (Inln(2))" (I ()™ =
(5) By the definition,
z5(sin(aIn(In(x)) sin(bIn(In(t)))
= [ (1n(x))ip (ln(t»is sin(a In(In(x)) sin(b1n(In €T
-/ D sin(aIn(inz) sin(b n(n()drd

= /1e (1n<;:))zp sin (a In(In(x)) /1e (ln(f))” sin(bln(ln(t))dt) dx
—a —b
T (@) (P —(s—i))

(a® = (p—1)%) (b* = (s —)?)
(6) By the definition,

z5(cos(a In(In( ))cos(bln(l (t)))

/ / )* (ate cos(a In(In(x)) cos(bIn(In(t))dtdx
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_ /1 e amjj))p cos <a In(In(x)) ( /1 ) (ln(f)) cos(bIn(In(t))dt ) da

B (pi+1) ' (si+1)
(i 1) +a?) ((si+1)° +a?)
(7) By the definition,
25 (sinh(a In(In(z )) sin (bln( ( )

// (In(a))"™ ( sinh(aln(ln(x))sinh(bln(ln(t))dtdx
) ¢ (In(t))"™
/1 SR sinn <a1n(1 (@) /1 22— sin h(bIn(In(t))dt ) da
—a —b
TP —a) (s -t
ab

T (2 —a?) ((s+1) —b2)
(8) By the definition,

25 ((In(z))" (1 ())mf(x £))
// f (In(z))"(In(t))™ f (x, t)dtdz

M </1 Wf(x,t)dt> dz

x

[
¢ (In(z))P+"
!

F(x,is +m)dx
x

ip+n,is +m)
25(ip + n,is +m).

Example 2.4.
(1) 25(4) = m
(2) 25 ((In(2))*(In() ™) = T
(3) 25 ((Inln(z))*(Inln(t))?) = W.
(4) 25 (sinh (ln(ln(x))sinh(2ln(ln(t))) = e -

Theorem 2.5. 2§ (ln( )af(héf: lnt)) =2¢(f(1,Int) — (pi + 1)z5(f(Inz,Int).
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Proof. By the definition

Of(Inz,Int)
Ox )

n(zx)
_ /e /6 (ln(x))lp (h’l(t))zs ln(x) af(lnl.?lnt) dxdt
1 J1

T t or
I (In@))?*! (n(0))"* 0f (nInt) |

1 1 x t (91?

:/16

= ’ [f(l,lnt) — (pi + 1)/16 f(nz,Int
f(1,Int) — (pi + 1)25(f(Inz,Int).

t

(Inz)?*' f(In :c,lnt)rlj — (pi + 1)/1 f(nz,Int "

><1n§>m] <1n<;f>>”sd

)anjw} (in(t))"

t

Theorem 2.6.
0?f(lnz,1 a9 . , .
35 ()P ISR ) = oo (1) = i+ 23570, 1m0)
+ (ip+ 1)(pi + 2)25(f(Inz, Int)).
Proof. By the definition

. (<1n<x>>282f o mt))

€ e (ln(z))? (In(t))* 2f(lnz,1n

/e /e (In(x))?*+2 (In(t))* 02 f(Inz, In t) drdt

1 1 X t (91‘2
_ /e [(1nx)ip+28f(lnx,lnt)
1

ox
L (n()

X

“|)
1

e e pi+1
i+ 2)/ Of(lnz,Int) (Inz)
1 1 ox x

t
t
_ [f[of(1,Int) ; ¢9f(lnz,Int) (Inz)P+! . (In(t))®
_/1 [ ox (p—|—2)/1 ox T d] t dt
_ /e df(1,Int) (ln(t))isdt
1 ox t

— (pz I 2) /16 /15 af(lnax, In t) (ln(t))is (lna;).pzqu o

x t
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= %zc (f(l,lnt) — (pi+2)z5 <lnx(w(hg§c’lnt)>
= ;wzc(f(l,lnt) — (pi+2)25(f(1,1nt))
+ (ip+ 1) (pi + 2)25(f(Inz,Int)).

Theorem 2.7.

. ((m(:c»?’agf = lnt))

»* . , 9 .
= @z (f(l,lnt) — (pi + 3)%2 (f(1,Int))
+ (ip+ 3)(pi + 2)25(f(1,1nt))
— (ip+3)(pi +2)(ip + 1)z5(f(Inx,Int)).
Proof. By the definition

g <<1n<x>>383f %;i: = t))

)P (In(t 303 f(lnz,Int)

-

/ / )3 (In(t))™* &° f (nz,lnt) , .
-

.

0z3

e 92 .
_(pz'_|_3)/ O?f(Inx,Int) (Inz)P+2
L 1

0z2 x

[(lnx)’p%W
In(t))”*
t
e 2 n e 92 nz. ln nxpi 2 n s
:/1 [8 f(1,1 t)—(pz‘+3)/1 O f(Inx,Int) (Inz)P+ ] (In(?)) it

0z2 0z2 x t

_/ 9% f(1,1nt) (In(t ))'sdt
1

d:n}
1

t

Oz
2 S pi+2
_(pi+3) / / 8 (Inz,Int) (In(¢))" (Inx) drdt
0z t x

: 2 nr,in
— ;ﬁz (f(1,Int)) — (pi + 3)25 ((lnx)zw>

= ¢ (f(1, Int)— (pi + 3)(%%@(1, Int))+(ip + 3)(pi + 2)25(f(1, lnt))
— (ip+3)(pi +2)(ip+ 1)25(f(Inz,Int)).
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In general, for n > 0,

y <<1n<x>>"anf S t))
n n—2
= %zc<f(1,lnt) (pz—i—n)a — 7z
an—?)
+ (ip+n)(pi + (n = 1)) 5——35(f(1In?))
+- 4+ (=D)"(p+n)iip+(n—1))--- Eizc(f(l,lnt))
+ (ip+n)(ip + (n — 1))25(f(1,Int)) —

+(=1)"(ip+n)(pi+ (n—1))---(ip+3)(ip+2)(ip + 1)25(f(Inz,Int)).

2°(f(1,Int))

O
Theorem 2.8.
Jf(Inz,In
25 <1ntf(8xt’t)> =2°(f(Inz,1)) — (si+1)z5(f(Inz,Int)).
Proof. By the definition,
df(Inz,In
25 <1ntf( 8? t)>
¢ [ (Int)FH (Ina)P 8f(lnx,lnt)d it
- / / ¢ ac ot v
= /e [(lnt)“ﬂf(lnx,lnt)ﬁ — (st +1) /e Wf(lnx,lnt)dt] (lnx)mdx
1 St .
= /e [f(lnx 1) — (si+1) /16 (lntt)szf(lnx,lnt)dt} (lng)mdx
/ f(nz —(si+1) /16 (lntﬂsz(lnxx)mf(lnx,lnt)dtdx
(f(lnz, 1)) — (sz +1)25(f(Inx,Int)).
U

Theorem 2.9.

2 nr,in
" <(1nt)28f(lat2’1t)> _ %f(f(m, 1) — (si 4+ 2)2(f(Inz,1))

+ (st 4+ 2)(si + 1)25(f(Inz, Int)).
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Proof. By the definition,

?f(lnzx,Int
ZC <(lnt)2 f(atz )>

/ / (Int)*+2 (In x)P? 82f(lnx,lnt)dxdt
ot?

_/1 <(1nt)sz+26f(1na'jlnt) 1 (si+2) /16 <1ntgsi+2 8f(1naqt:,lnt)dt>
(In 2)Pt i
x
_ 0 . . . Of(Inz,Int)
= =2 (f(na, 1)) - (51 +2)% <1ntat>
— %zC(f(lnx, 1)) — (si+2)2°(f(Inz, 1)) + (st +2)(si + 1)25(f(Inz, Int)).
In general,
c nanf(hll',lnt)
25 ((lnt) 8t">
o1 on—2
= g2 (fnz, 1)) = (p+n)mm—s25(f(Inz, 1))
n—3
+ (ip+n)(ip + (0 = 1)) =2 (F(n2,1)) +

+(=D"@p+n)(iip+(n—1))...(ip— 1)%zc(f(ln z,1)).

Theorem 2.10.
2f(lnz,In
25 <(lnx)(lnt)W> = f(1,1) — (si+ 1)2°(f(1,1nt))
—(ip+1)2°(f(Inx, 1))
+ (ip+ 1)(si + 1)25(f(Inz, Int)).

Proof. By the definition,

2f(Inx,In
25 <(1nx)(lnt)W>

_ /e /e (Inz)®P+ (Int)** 92 f(Inx,Int)
= . .

920t dxdt
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[ ¢ (Inz)P+t 92 f(Inx,Int) (Int)ist!

. /1 (/1 T oxot dw) —di

= /6 [(lnx)ipﬂaf(lnx’lnt) © P /6 Of(lnz,Int) (Inx)P .
1 1

|

ot 1 oz €T
),
(1 Int) (In(t))™**
- [T,
. ¢ reaf(lnz,Int) (lnx)pi (ln(t))i5+l
AR /1 /1 ot x t dodt

¢ (Inz)P? €of(1,Int) (In(t))*
= f(1,1) — (si + 1)2°(f(1,1nt))

= f(1,1) — (si + 1)2°(f(1,Int)) — (pi+ 1) /e(lnt)8i+1f(ln$, Int) (Inz)P|°
! 1
+ (pi+1) sz+1//f (1)’ (hlx) (n(t))*(na)?
= f(1,1) — (si + 1)2°(f(1,Int)) — (ip + 1)z (f(lna: 1))
+ (ip+1)(si + 1)Zg(f(lnac,lnt)).
And also, we have
O*f(lnz,l
25 ((lnx)(lnt)f(ar;g;nt))
(Inz) ip+1 (Int) is+1 32f(1n:v,lnt)
/ / 920t dx dt
lnx)szrl 62f(lnw Int) i (In ¢)is+! dt
_/1 </1 x Ox0t 1:) t
e ) Of(Inx,1 e . c9f(lnz,1 1 ip
A e R e
(lntzszrldt
[ 0f(1,Int) (Int)istl "
_/1 Ox t

¢ ¢9f(Inx,Int) (Inz)® (Int)*s+!
— (ip+ 1)/ / Of(Inz,Int) (In.z) (ntz dadt
1 1

ox x
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_ /1(111;:)19 (/1 8f(;);jlnt) (mtt)is dt) o

= f(1,1) — (si+ 1)2°(f(1,1nt))
= f(1,1) — (si+ 1)2°(f(1,Int)) — (ip+ 1)2°(f(Inz, 1))
+ (ip+ 1)(st + 1)25(f(Inx,Int)).

Theorem 2.11.

2f(lnz,1In
25 ((lnx)(lnt)af((;xa’tlt)> = f(1,1) — (pi + 1)2°(f(Inx, 1))
)

— (is+1)2°(f(1,Int)
+ (ip+ 1)(si + 1)z5(f(Inx,Int)).
Proof. By the deﬁnition

. f(nz,Int)
25 <(lna:) (Int) e, >

/ / (In(x))?P*! (In(t))*+ 6% f(In =, lnt)d i@t
t
f(

Ox0t

_/1 </1 ())ZSH O’f ;I;gtlnt) )( (;)ipﬂdt

[ is 16f(ln$,lnt) ot Of(Inz,Int) (Int)*
_/1 [(Int) + i (51—{-1)/1 pe ; dt

|

1
(ln(gp))ip+l

_ [¢Of(nw,1) (In(z))P*!

- /1 ox x dt

, ¢ [¢of(lnz,Int) (Inz)P*1 (In(t))*
— (si+ 1)/1 /1 ; dxdt

ox T

_ /e (Inz)P 1 of(Inz, l)dt
1

X dz

x ox

B /e /e(si 1) (In(t))® (Inz)P*1 o f (Inx, Int) dtde
11

t T ox

= z¢ <6axf(1nx, 1)> — (si+1) /16 W[ (lnz)?*! f(Inz, lnt)‘i

—(ip+1) /1 (lnf)pif(ln:c, lnt)d:v} dt
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= (Inz)P f(Inx, |, = (ip+1) / f(n )‘dac

—(si+1) / f(1,In t(l t) de + (si + 1)(pi + 1),

= f(1,1) — (pi + 1)zc(f(ln:c, 1)) — (is+1)z°(f(1,Int))
+ (ip+1)(si + 1)z5(f(Inz,Int)).

3. APPLICATIONS

In this part, we introduced some important applications to the above the-
orems:
Example 3.1.

(In )28 f(l;m; ,Int) (lnt)282f(lnx ,Int) +2lnt8f(lna:§,lnt)

with f(lnz,1) =0, f(1,Int) =0, fi(lnz,1) =0, f(1,Int) = 0. In fact,
x <(lnx)282f(lnx Int) ) ( 282 (Inz, lnt))

Inx,1
+ 225 <lnt8f(na:;,nt)> + 25(f(Inz,Int)),

+ f(lnz,Int)

%zc(f(l, Int)) — (ip +2)2°(f(1,Int)) + (ip+ 2)(ip + 1)25(f(Inz,Int))

= %zc (f(lnz,1) — (si +2)z°(f(lnz, 1))
+ (si 4+ 2)(si + 1)25(f(Inz,Int)) + 22°(f(Inx, 1))
—2(si +1)z5(f(Inzx,Int)) + 25(f(Inz,Int)).
Applying initial conditions, we obtain:
(si+2)(si+1)25(f(Inz,Int)) — 2(si + 1)25(f(Inz,Int)) + 25(f(Inx,Int))
= (ip+2)(ip + 1)2525(f(Inz,Int)
= (ip +2)(ip + 1)25(f(Inz, Int) ((si)* + si + 1)
x (((si)® +si+1) — (ip+2)(ip+ 1)) 25 f(Inx, Int)
=(ip+2)(ip+ 1)z5(f(lnz,Int)z5(f(lnx,Int) = 0.
Taking z{ to both sides, we obtain
f(nz,Int) = 0.
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Example 3.2.

Of(Inz,Int)
ox
with f(1,Int) =0, 2§ ((m @W) = 25(2).

In fact, since

2°(f(L,Int)) — (pi + 1)z25(f(Inz,Int)) =

2
(si+1)(pi+1)2

(Inx) =2

2
(si+1)(pi+1)

25(f(Inz,Int)) = —

and
2

(pi+1)

fnz,Int) = —2§ <(s¢ ey 2) = 2(Int)°(In(In z)).

We can get the desired result.

4. CONCLUSION

In this paper, a new definition was made, which is the double integral
transform to the complex Al-Zughair transform, and a theoretical construct
was built for this definition with theorems and properties. The aim of this
definition is to solve partial differential equations and their applications.
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