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Abstract. In this study, we propose the concept of a neutrosophic controlled metric-like
spaces, which extends classical metric notions to better model uncertainty and indetermi-
nacy. We explore its structural properties and present significant examples that illustrate its
theoretical relevance. Building on this framework, we establish new fixed point results for
contraction mappings tailored to the neutrosophic setting. As an application, we investigate
a nonlinear fractional differential equation and prove the existence and uniqueness of its

solution, thereby reinforcing the practical value of our theoretical developments.

1. INTRODUCTION

Zadeh [29] established the foundation of fuzzy mathematics in 1965. Kramo-
sil and Michalek [12] first introduced the idea of fuzzy metric spaces (F.M.S),
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which was later modified by George and Veeramani [3]. Amini-Harandi [5] re-
cently proposed the concept of a metric-like space (M LS) and proved several
related results. Controlled metric-like spaces (CM LS's) were introduced by
Mlaiki et al. [16], who also obtained numerous fixed point results for contrac-
tive mappings. More recently, controlled fuzzy metric-like spaces (CEFMLS's)
were developed by Sezen [24], extending the idea of controlled-type metric
spaces. In this sequence of generalizations, the notion of fuzzy metric-like
space (FMLS) was defined in [26], and some fixed point results were estab-
lished in that setting.

Park [20] introduced the concept of intuitionistic fuzzy metric spaces(IFMS)
based on continuous ¢-norms and t-conorms. Significant contributions to in-
tuitionistic fuzzy topological spaces were made by Sadati and Park [22]. In
1998, Smarandache [27] introduced neutrosophic logic and the concept of the
neutrosophic set (N.S). The concept of neutrosophic metric spaces (NM.S)
was later developed by Kirisci and Simsek [10], incorporating the degrees of
membership, non-membership, and indeterminacy.

Several researchers [6, 8, 11, 17, 21] have derived fixed point results in intu-
itionistic fuzzy metric spaces by employing neutrosophic set theory. Authors
in [7, 28] also contributed to fixed point theory in neutrosophic metric spaces.
Fixed point theory has proven to be a powerful tool for addressing problems in
traditional and fractional calculus, particularly in proving the existence of so-
lutions. As a result, it has been widely applied to develop sufficient conditions
for the solvability of various mathematical problems [1, 2, 4, 9, 21]. Applied
analysis, which finds utility across several disciplines, has also employed differ-
ent mathematical tools for deriving numerical and analytical solutions [18, 19].
Recently, several works have applied fixed point theory to investigate problems
involving fractional calculus [15, 25].

With inspiration from the techniques developed in [16], the objective of
this paper is to introduce the concept of a neutrosophic controlled metric-like
space (NCMLS). Furthermore, we extend existing fixed point results for con-
traction mappings within this new setting. To demonstrate the utility of the
proposed framework, we conclude by applying our results to specific problems
in fractional calculus. This study is motivated by the need to further general-
ize metric structures to better capture uncertainty and indeterminacy, while
also providing a robust framework for solving nonlinear fractional differential
equations using fixed point theory.

2. PRELIMINARIES

Definition 2.1. ([3]) A binary operation * : [0, 1] x [0, 1] — [0, 1] is said to be
a C'T'N if it enjoys the following conditions:
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i) (*w=wx(forall (,we[0,1];

ii) * is continuous;

(i) ¢*x1 = for all ¢ €[0,1];

(iv) * is associative;

(v) if ( <w and ¢ <d with (,w,c, de [0,1], then (*c < w *d.

Definition 2.2. ([3]) A binary operation ® : [0, 1] x [0,1] — [0, 1] is said to
be a CTCN if it holds the followings assertions:
) (Ow=wo(forall {,we [0,1];
ii) ® is continuous;
(ili) (®0=0;
(iv) © is associative;
v)if(<wand c<d with (,w,c,de€0,1],then (G c<wd.

Definition 2.3. ([21]) Let L be a nonvoid set. The set L along with J :
L x L — [1,00) is said to be a metric-like space (MLS) if the following
assertions hold: For all (,w,c € L,
(i) J(¢,w) = 0 implies ¢ = w;
(ii) J is symmetric in (,w;
(i) J(C,w) < J(C,c) + I(ew).

Definition 2.4. ([22]) Let L be a nonvoid set, ¥ : L x L — [1,00) and
J:LxL — [l,00). (L,J) is named a CMLS if it enjoy the following
assertions: For all {,w,c € L,

() J(Gw) =0 = (=w;

(ii) J is symmetric in ¢, w;

(ii)) J(C,w) < U(C,e)T(C,e) + T(e,w) (e, w).

Definition 2.5. ([11]) Let L be a nonvoid set and * be a CT'N. Let Ay be
a F'S on L xLx (0,00). A triplet (L, Ap,*) is said to be a FMLS if the
following assertions hold: For all {,w € L and §, u > 0,
(FL1) Ap(¢,w,p) > 0;
) Ap(Cw,p) =1 = (=w;
FL3) A, is symmetric;
)
)

Definition 2.6. Let L be a nonempty set. Suppose * is a neutrosophic CT N
and ® be a neutrosophic CTCN, b>1 and Ay, By, Cp are NS on L x L x
(0,00). If (L, Ap, Bp, Cp, *, ®) the following assertions hold for all (,w,c € L
and d,p > 0, then (L, Ap, By, Cp, %, ®) is called a neutrosophic b-metric like
pace (NbDMLS).
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(N1) 0 < Ap(¢,w,p) < 1;0 < By(Cw, ) < 130 < Cy(Cw, ) < 1
(NQ) Ab( 7(")7/‘) + Bb(<7w’:u) + Cb(<7w7 M) < 3a

(N3) Ap(Cw,p) =1 = (=w;

(N4) Ab( 7W7M) = Ab(wvgau);

(N5) Ap(C, ¢, b(p + 0)) = Ap(C, w, ) * Ap(w, ¢, 6);

(N6) Ap(¢,w,.) : [0,00) = [0, 1] is neutrosophic continuous;

(N7) uhrn Ap(C w, p) =1

(N8) By(¢,w, u)—O = (=

(Ng) Bb( y W, /-L) (UJ,C,/L),

(NlO) Bb( ) G b(lu + 5)) < Bb(CW‘Ja /’L) © Bb(wv ¢, 5)7

(N11) By(¢,w,.) : [0,00) — [0, 1] is neutrosophic continuous;
(N12) /}1m Bb(<>w M) 0;

(N13) Cp(Cw ) =0 = w=¢(;

(N14) Gy (¢, w, 1) = Cp(w, ¢, )

(N15> Cb( )G b(lu' + 5)) < Cb(nga M) © C(w, 2 5>7

(N16) Cp(¢,w,.) : [0,00) — [0, 1] is neutrosophic continuous;
(N17) Mlm Cy(¢,w, p) = 0;

(N18) if pu < 0 then Ay(¢,w, p) = 0, By(C,w, ) =1, Cp(C, w, p) = 1.

3. MAIN RESULTS

Definition 3.1. Let L be a nonvoid set. Suppose * is a neutrosophic CT N
and ©® be a neutrosophic CTCN, b > 1,V : L x L — [1,00) and A, By, Cy
are neutrosophic sets on L x L x (0,00). If the following assertions hold,
then (L, Ay, By, Cy, *,®) is called neutrosophic controlled metric-like space
(NCMLS). For all {,w,c € L and §,u > 0,

(NL1) 0 < Ag(¢,w, 1) <150 < By(C,w, 1) <1;0 < Cy(C,w, 1) < 1

(NL2) A\I’(Caw :u) + B\P(va M) + C\D(va M) < 3

(NL3) Ag(C,w,p) =1 = (=w;

(NL4) Ay (C,w, 1) = Aw(w, (, p);

(NL5) Ag(G.e, (1+6)) > Aw (G, gty ) 4w (w6 5 );
(NL6) Ay (¢, w,.):[0,00) = [0, 1] is neutrosophic continuous;
(NL7) 1m Aq,((,w w) =1;

(NLS) B (C,w w=0 = (=uw;

(NL9) By(C,w, ) = By(w, ¢, p);

(NL10) By(¢,c,(p+9)) < By (C,w, %) ® By (w,c, %);
(NL11) By(C,w,.) : [0,00) — [0,1] is neutrosophic continuous;
(NL12) 1m Bq,((,w p) = 0;
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( va ,LL) =0 = C = W,
( G w, i) = Cy(w, ¢, p;
(NL15) Cu(C,c, (un+9)) < Cu (c, auw))@%( ﬁ)
( v (¢, w,.) : [0,00) — [0, 1] is neutrosophic continuous;
( im Cy (¢, w, 1) = 0;

Example 3.2. Let L = {2,4,6} and ¥ : L x L — [1,000) be a function defined
by ¥(¢,w) = +w+ 1. Define Ay, By,Cy : L x L x (0,00) — [0,1] as

B u __max{Guw}
Ay (G w, ) = N‘FTX{C:W}’ By(Cw,p) = w+ max{(,w}
and
1

Then (L, Ay, By, Cp, *,®) isa NCMLS with CTNx% and CTCN ©® given by
(*xw=(w and (Ow=max{(,w}.

In fact, here we have to check NL(5), NL(10), and NL(15), remaining con-
ditions are obvious. Let ( =2, w =4, ¢ = 6. Then,

p+0  p+o

Ag(2 = =
w(2,6,149) p+08+max{2,6} p+06+6

Ay (2,4, L ) = r@4) SR
TU(2,4) 5o T max{2,4} L£+4 p+428

(2,4)
[
qu<46 i ): RACE) S . S
" W(4,6) % + max{4,6} % +6 0+66
That is Mi—gj-fj > 195 3 +66 Then it satisfied, for all u,é > 0. Hence,

Now,
max{2,6} 6
By (2,6 0) = =
w(2,6,p1+9) p+0+max{2,6} u+0+6
and
B\1/<24 W >_ max{2,4} _ 4 0B '
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In addition,

B <46 J )_ max{4,6} 6 66
Y\TTUE6)) T S fmax{4,6) 2 +6 0+66

T(4,6)
That is, for all u,d > 0,

6 < 28 66
—— max (-
w+o+6 1w+ 286+ 66

Hence,
B((,c,(n+0)) < B CwLQB wcL
=TT (e T\ M @)
Now,
max{2,6} 6
Cy (2,6, 1+ 8) = - .
v pto) p+0 p+0
On the other hand,
1 max{2,4} 28
C‘I/ <2747 ) = =
U(2,4) /7 I
and 5 (4,6} 66
max
Cy (4,6 = == —
) ( | ’\If<4,6>> Z 5
That is, for all u,d > 0,
76 <max{28 66}
p46 w0

Thus, we have
Cy(C,c,(p+9)) <Cy CwL ® Cy we, ).
S N T W)
Similar procedures can be used to check all other cases.
Hence, (L, Ap, By, Cp,*,®) is NCMLS.

Example 3.3. Let L = {2,4,6} and ¥ : L x L — [1,00) be defined by
U((,w) =(+w+ 1. Define Ay, By,Cy : L x L x (0,00) — [0,1] as

e _,_ ptmin{Cw}
Ay (¢ w, 1) = ma{(, o)’ By(C,w,p) =1 . roh
and |
C\I/(C w :U’) - max{g,w} - mln{g,w} .

o+ min{¢, w}
Then (L, Ap, By, Cp, *,®) is NCMLS with CTN( * w = min{(,w} and
CTCN(¢ ®w = max{(,w}.
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Proposition 3.4. Let L = [0,1] and ¥ : L x L — [1,00) be defined by
U((,w) =2(C+w+1). Consider Ay, By,Cy : L x L x (0,00) — [0,1] as

_ max{¢,w} _ max{¢,w}

A\P(Cawnu) =€ nr ) B\I’(vavﬂ') =l-e u

and

max{¢.w}

C\P(Cawal‘b)ze e —1
forall{,w € L and > 0. Then (L, Ap, By, Cp, *,®) is NCMLS with CT N (*
w=C(w and CTCN( ® w = max{(,w}.

Example 3.5. Let L = (0,00), define Ay, By,Cy : L x L x (0,00) — [0, 1]
by

o u _max{Gw}
Ay (G w, p) = f+ max{C,w}’ Bu(Cw, 1) = p+ max{(,w}
and
Cu (G, ) = 2AE)

for all {,w € L and pu > 0. Define CTN * by ( * w = (w and CTCN ® by
¢ ®w = max{(,w}, define ¥ by

(¢ w) = { :LFmax{(,w} .if o
TN if (#w.
Then (L, Ay, By, Cy, *,®) is a NCMLS. In fact,
max{(, c} < ¥(¢,w)max{(,w} + ¥(w, c) max{w, c}.
This implies,
pd max{¢, c} < V(¢ w)(ud + 0%) max{¢,w} + ¥(w, c)(ud + §%) max{w, c}.
Then,
po max{¢,c} < U ((,w)(pu+ d)d max{(,w} + ¥(w, c)(p + §)u max{w, c}.
Therefore, we have
pd(p =+ 6) + pd max{¢, c} < pd(u+0) + ¥(¢, w)(p + 6)d max{¢, w}
+ ¥(w,c)(p + §)pmax{w, c}.
This implies
(1 +6) + max{C,c}] < (1 + )6 + ()6 max{C, w}
+ ¥ (w, c)pmax{w, c}]|
+ ¥ (¢, w)¥(w, ) max{w, ¢} max{w, c}|.
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Then,

pd[(p+6) + max{(, c}] < (u + 6)[pu + ¥(¢,w) max{(, w}][6
+ U(w, ¢) max{w, c}].
This implies

(1 +9) S 6
[(1+0) + max{(, c}] ~ [u+ ¥(¢, w) max{(,w}][6 + ¥(w, ) max{w, c}]”

Hence, we have

(1+9) > 1t o

[(1n+ 6) + max{(, c}] = [u+ ¥(C,w)max{¢,w}] [0+ ¥(w,c) max{w,c}]’
Therefore,

S 5
(1 +9) > V(Cw) , V(w0

[(1 + 6) + max{(, c}] [\I/(C 5+ max{(,w}} [ﬁ + max{w, c}] :

Hence,

Aw(C e, (p+6)) = Aw (CM, Q’(ZW)) * Ay (ch, \I/(f;,c)> :

this means that (NL5) is satisfied. Since
max{(, c} = max{(, c} max{1,1},

max{(, ¢} = max{(,c} max { max{(,w} max{w, c} }

max{(,w} max{w,c}

max{¢,w} max{w, C}} 7

max{(,w} max{w,c}

max{(,c} < [(p+ 6) + max{(, c}] max {

therefore,
max{¢, c} < [(u+ 6) + max{¢, c}]

U (¢,w)max{(,w} ¥(w,c)max{w,c}
X max { V(¢ w)max{(,w} ¥(w,c)max{w,c} } ’

Then,
max{(, c} <max{ U((,w)max{(,w} U(w, ¢) max{w, c} }
(1 + 6)+max{(,c} — p+ (¢ w)max{(,w}’ §+¥(w,c) max{w,c}]
This implies

max{(, c} max{(,w} max{w, c}
(u+ ) +max{(,c} < max { (C 5+ max{a,w}’ 7) + max{w, c} } .
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Hence,

I 0
< M Veon S
o600 = By (ot 5 ) 00 ().
this means that (NL10) is satisfied. Since

max{(, ¢} < max{max{(,w}, max{w,c}},

max{C.c} _ {max{c,w} max{w,c}}

pw+o w+d6 T p+d
< max { max{(, w}’ max{w, c} }
n 0
< max {maxi@“,w}’ maxgw, c} } ’
V(¢,w) ¥ (w,c)
we have
1 0
< =
CW(C) C, (,LL + 5)) ay C‘ll (C7w7 W(C,W)) O] C‘I/ (wv c, ‘I’(w, C)) )

this means that (NL15) is satisfied.

Definition 3.6. Let (L, Ay, By, Cp, *,®) be an NCMLS. Let {(s} be a se-
quence in L

(i) {¢s} is said to be G-Cauchy sequence (G-CS) if, for all u > 0,
Sllglo Ay (Co, Cot+85 ), Uh_{go By (o, Cot+85 1)
and
Uh—>Holo Cy (C? <U+,C37 H)
exists and is finite.
(ii) {¢s} is said to be G-Converging (G-C) to ¢ in L if, for all x> 0,
oli—>ngo A‘P(CU) Ca /L) = A\I/(Cv Cv .LL)’
Jlim By (G, ¢, 1) = Bu((, € 1)
and
oh—{go C\II(CCH Cv M) = C\I/(C, Ca M)
(iiil) A NCMLS is said to be complete if, each G-CS converges, that is,

Uh_{go Ay (Co, Co+85 w) = Uh_g)lo Av(Co, ¢ p) = Au(C, ¢ ),

ah—%lo B‘I’(CU? <U+ﬁ7 M) = Uh_)ngo B\I’(Ca ¢, ,U) = B‘I’(C7 ¢ ,u)
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and

gli_g.lo C\I/(Cm Ca-i—ﬁ’ :u) = Uh_{go C\P(Cm ¢, :U’) = C"I’(C’ ¢ 'u)'

Theorem 3.7. Suppose (L, Ay, By, Cp,%,®) is a complete NCMLS in the
company of ¥ : L x L — [1,00). Assume that

lim Ag(Cw.p) =1, lim By(Cw,p) =0 and lm Co(¢w.p) =0 (3.1)
forall(,we L and p>0. Let I : L — L be such that
Ag(I¢, Tw, ) > Ag((,w, p); By (I¢, Iw,9u) < By((,w,pu) and
Co(I¢ 1w, Ip) < Cu((,w, p) (32)
forallC,we L and p>0,0<9<1. In addition, w € L,

lim ¥({y,w)and lim ¥(w,(,),
T—00 o— 00

lim U ((,(m) and mgr_rgoo U (Cm,y Co) (3.3)

0,m—00

exist and are finite, where (, = I"C = I(,_1, and {y € L be arbitrary. Then,
I has a unique fixed point.

Proof. Take an arbitrary point (y be in L and set up a sequence {(,} by
(o =1"Co = I(s—1, n € N. Using (3.2) for p > 0, we examine

A\I/(CO'7CU+1719,"L) = A\I/(ICU—DICU?@M)
> Au (Gt Cos ) = Aw (Co20Cor, )
> Ay <C0'—37C0'—27 %) > > Ay (CO,CL ﬁ)
and
B\I/(Cow Ca—&-la'ﬂu) = B\I/(IQLO'—LICO"Q?:U')

< By(Co—1,Cs, Y1) < By (CanaCcrfla %)

p 1
< Tl < = ).
< By (40‘733@7727 ?92) > < By (CO?Cla 19”_1>
In addition,
CQ(CU7<U+1719M) = C\I}(ICO'717ICU719,U')

< C\I’(gafla CU? ﬂﬂ) < O\I/ (C(T*Qa gU*l: %)

< Cu (Gos,Co2 35) < -+ < Cu (Gor Gty )
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Then, we obtain

A\Il(<07<0'+1)19:u) 2 A\Il (COaClu /,i ) 5 B\IJ(COWCO’-F].)Q?,UI) S B\I/ (CO)Cla %) )

19”1 29711

Ca(Cos ot 911) < Co (G0,C1 5o ) - (3.4)
For any 8 € N, using (NL5), (NL10) and (NL15), we deduce
A\I/(CO'7 CO'Jrﬁa /'L)

[ [
= Av (C‘”C"“’ 2(\1/(40,@“))) * A (C"“’C“”’ 2<w<<g+1,<g+g>>>

Z A‘I/ (CU) C0'+17

),
Q(Q(Coy Ca+1))

I H )
FAv (C 1 G (1 Cre ) (o1 Crr))

te (Grmtonn : )
* Ay (C +2,Co18 (2)2 (U (Cot1,Cot8)¥(Co12, Cot))

W
= A\I/ (CU: CO'+17 M(Cg,@y“)))

Ag (Goins G, " )
s A (C 6o BT WG 1 o) U G Cora))

se (s g )
" (C 2 T (W11, o) UG 12 o) ¥ (G r2rCord)

* Ay (Ca+37 CotBs s )
(2)3 (U(Cot15Cot8) Y (Cor2s Cot ) ¥ (Cot3: Corp))

A g9y SO 7”)
> \1/<C Cot1 (AR A)

* Ay (Ca+1a40+2’ (th@f,@) (Ca+1,Ca+2))>

* Ay (Ca+27 Ca+3, (U(Cors §0+5)\P(Cf+27 Cot+8) ¥ (Cot2s Ca+3))>
FA (C”‘”” T T (WG, cﬁff)b U (Cors, ca+4>>) T

* Ay (Ca+6 2 Co+-1; (2)5- 1(qz(gﬁl,@w)e--\II(CU+6—2vCU+B—1))>
x Ay <C0'+/3’ b Co+8) 9351 (g (gﬁhggﬂs (Cg+51,éa+ﬁ)))
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and

B\I’(Cm <a+,37 M)

u u
< By <C07Co+1, 2(‘I’(Ca,Ca+1))> ©® By (Ca+1,Ca+6, 2@(@“7@%)))

< B‘I/ <<0'7 Co’-i-l)

),
2(\I/(<07 <U+1))

I
© B (CU“’ 2 T UGy Cor )W (o, cam))

1
© B <CU+2’CU+& (2)? (\I](Ccr—i-l,<U+,8)\I/(<a+27CU+,3)>>

I
< B\I} <Cm <0'+1’ 2(\1](<U7<U+1))>

1
© B (C““’ 2 B (ot s ) (G, cam))

7
© b <C””’<"*3’ @) <w<<g+1,caw)w(cm,ca+ﬁ>\lf<<g+2,<g+3>>>

I
© B\II <CU+37 CU+57 (2)3 (‘IJ(CU-Ha CO’-‘FB)\II(CU-‘an CO’+5)\IJ(CU+37 Ccr-l—ﬁ)))

e,
2(\Il(<cr, CU+1))

1
© b <C”“’<"“’<> 2 (v <<g+1,cg+g>\v<cg+1,<g+2>>>

<0'+2 ) CO’+3 ) o )
(Ca—i-la Ca—i-ﬁ)\ll (CO‘-‘FZa Co-‘rﬁ)\lj((a-i-% Ca+3))

QB‘IJ <CU+37C0+47 K

S B\I’ <<0’7 C(J’—l—ly

® By

(W (Cot1,Corp) - U(Coras w))) R

Ca—‘,—ﬁ 2 CU+B 17 /3 1 ‘u ] >
) (\I](<0+1? CU+B) \II(CO'-FB—Q’ Ca—i—ﬂ—l))

-y ; )
o+B8-1 "*fg’ T (U(Cor15 Cot8) Y (Corp-1,Corp)) )

® By

® By

In addition,

Cy (Ccn Cot1, M)

p 1
< Cy <CmCa+1, 2(\11@07{0“))) © Cy <<U+17C0'+/3’ 2(\11(@7“’@7%)))
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7
< Cy <<07 Cot1s 2(\If(g,,g,+1))>

L
C o1y SoT4
® Cy <C +1,Cot2 2)2 (\I;(CUH,gg+6)\I/(Cg+1,Ca+2))>

1
G <<“+2’ o D (W (Cor1: G ) (G, w»)

7
S C\Il <C07 CUJFD 2(\11(40-,@;-‘,-1))>

1
o <<““’ 2 G (B (Cort Cra ) U (Cor, <g+2>>>

i
© C\Il <<U+2, €U+37 (2)3 (\IJ(CJ+17 Ca—i—ﬁ)\ll(ga—i-% CU—FB)\I](CJ-F% C0'+3)) )

i
C o SO Y
©Cy <C +8:Co 48 (2)3 (\II(CU+1,Ca+,8)‘1’(§a+2aCa+,8)‘I’(Ca+37Ca+ﬁ))>

7
< C\Il <C07 Ca-i-l’ MM)

s (Grntors : )
®© Cy (C +1, Cot2 (2)2 (P (Cot1,Cot8)P(Cot1,Cora))

"
C (o b (o3 )
oo <C 2 ot g (‘IJ(CUH,Ca+6)‘I’(Ca+2’Ca+5)‘1’(40+2’c"+3))>

M ..
o Cy <Ca+3,Ca+4, @ (W (CorrsCors)- "Ca+4))> OO

7
C o -2y 80 -1
©Cy <C +8-2,Cotp-1 (2)P-1 (\I/(§0+1,(0+5)~--\P(Cg+52;Ca+,81)))

7!
© Cy <Ccr+ﬁ—17 Cot s (2)P=1 (U (Cot1,Cotp) *+ U(Cotpt, Ca+B))) '

Using (3.4) in the above inequalities, we deduce,
Aw(Cos Cop s 1)
= Ay (CO’ G 2(19)”*1(;((0, <a+1)))
* Ay <C0’Cl’ (2)2(19)n(\11(§,,+1,(Z+@)\I’(Ca+17Ca+2)))

« Ay (co,cl, — b )
(2) (?9) (\IJ(CU—I—L <U+ﬁ)\Il(Co+27 CU—F,B)\IJ(CU-FQ» Ca+3))
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1
( ) ( )n+2 ( (C0'+17 Ca+,3) to \I/(CO'+37 C0+4))>

* A\Il <C0a Clv

v (6.6 TG R T w_l)))
FA <C°’ R ( <¢U+1,go+g> Wi, w)))
and
By (Coy Cot s 1t)
< (04 spr e o)
b <<°’C1’ (2)2(’19)"(‘11(@“,C/;,B)‘I’(CoﬂaCo+2))>
oy (060 <<a+1,<a+ﬂ>5<<a+z,<U+B>w<<a+z,ca+3>>>
oy (060 G Cora) )
oy (06 T P Ay <U+5_1)>>
o By (661 g (R T w») |

In addition,
Cy(Cos Cots 14)

7
= C (CO’CI’ 2(19>”—1<\Ifca,<g+1>>>
1
o <<0’<1’< 2)2(9)" (¥ (cm,<U+ﬁ>w<<g+1,cg+2>>>

1
® Cy Co,Cl, B9y ( (§U+17§a+5)\ll(g“g+2,40+g)‘1’(@+2,Ca+3))>

/1/ PR
(@ (Cort, Corg) - <a+4>>> R

(
(

© Cy <C0,C T2 (3 a
(

CO? C n+2

Cot1:Cor8) - U (Cotp—2; Ca+ﬁ—1))>
i

§07C1a D)=L (U (Coi1, Corp) W (Corpo1,Corp))




Neutrosophic controlled metric-like spaces 975

Using (1), for 0 — oo, we deduce,

UILH;OA‘I!(Cavga-‘r,B?#) =1lxlx.---x1l= 1>

Cli)m BW(CO'?CU-FBa/'L):O@O@@O:O

and

Hm Cy(Coy Coppopt) =00 00 - ©0=0.
o—00

That is {(,} is a G-CS. Since, (L, Ap, By, Cp, *,®) is a G-complete NCM LS,
there exists, lim (, = (.
o—00
Now observe that ¢ is a F'P of I, using (NL5), (NL10),(NL15) and (1), we
deduce

AQ(C,IC,M) 2 A\I/ <C7CO’+17

Ca+1vI<))>

C C 4,-1 * A‘ll (€U+17IC7

A‘P(C? IC; /’L) Z A\If <<7 CO’+17 A\I’

*

16 16,5 Ica,I<)>)

*A@(g T )

C CU+1
A\II(CaICa,U) > A‘Il <<7C0+1? C Co’+1

—1x1=1 as o — .

B\I’(C7IC7M) S B‘If <C7 CO’-‘y-la O] B\II

Co+1:1C, 5

C Cot1) <U+17[<>)>

By(C, IC.1) < Q@%

C Cot1) ICO—JC))

o @,>

By(¢,I¢, p) < B <C Co+1s 50g (e Con) ( ) © By

®0=0 as o — o0.

)

)

)

) e
D) e B (16 1 g1
DELICE
)

)

)

V(G 16 p) < © <Mﬂh <gﬂ QG%@“m )
C IC ,u S < CO'+17 C C0'+1 GC\P <IC{T,IC7 ICO’aIC>)>
C IC /,L < C\Il <C CO’-‘rlv C C0'+1 QC\II (CU’C7 COW )

—-000=0 as o — 0.
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Therefore, I¢ = (, that is, { is a FP. To check the uniqueness, suppose that
Ia = « for some a € L. Then,

1> Au(a, o) = Av(la, I¢ ) = Aw (.6, %) = Ag (Ta,1¢, %)
> Ay <a,§,%) >.> Ay (a,c,ﬁﬁn) 51 as n— 00,
and
0 < By(a, 1) = Bo(Ta, 16,1) < By (a,¢. 5) = By (T, 1¢. %)
< By (a,(,%) <...< By (a,g,ﬂﬁn) 50 as n— oo

In addition,

0 < Cula, ¢ ) = Culla, I¢, ) < Cy (0,6, ) = Co (Ta,1¢, %)
< Cy (a,(,%) << Cy (a,(,ﬁ%) — 0 as n — oo.

By using (NL3), (NL8) and (NL13), we have { = a. O

Definition 3.8. Let (L, Ay, By, Cp, *,®) bea NCMLS. A function I : L — L
is neutrosophic controlled (NC') contraction, if for some 0 < ¥ < 1,

1 1
i e Y )
B\I/(IC7IW7/1’) < 79B‘1/(C7w7:u’)7 (36)
C\I/(IC7IW7:U’) < 00‘?((7“’7#’) (37)

Theorem 3.9. Let (L, Ap, By, Cy, *,©) be a G-complete NCMLS with ¥ :
LxL—[1,00) and

lim Ag((,w,p) =1, lim By ((,w,pu) =0 and lim Cy((,w,pu) =0 (3.8)
—00 —00 —00

forall(,we L and p>0. Letl: L — L bea NC contraction. In addition,
assume that w € L, lim; 00 ¥((p,w), limg_y00 ¥(w, (), lim ¥((s,(n) and
o,m—»00
lim Y((n, () are finite, where ¢, = I"(y = [(y—1 for all 0 € N, and
0,mM—00

Co € L be arbitrary. Then, I has a unique fized point.

Proof. Let {p be an arbitrary point of L and set up a sequence {(,} by
CU = IHCO = Icg_l, n € N.
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Using (3.5), (3.6) and (3.7) for all u > 0,n > 3, we acquire,

1 1
— 1= -1
A\I/(CU7<0+17/’L) A\I/(ICU—MICCT?:U')
1
<y|l—"——-—-1
B AW(CO’—I;CO’)M)
9

- Yy
A\If (CO’—la Cm :u) ’

this implies that

1 ]

1—9

Aw(Cos Cot1, 1) = Ay (o1, Co 1) +( )
192

< —A‘P(Ca—laCoy,u) +9(1—9)+ (1 -19).

Continuing this way, we acquire

1 gn
9N 9 (1 — .
e o Sma o T A=)+ (1)
1971
- —9 ﬁn—l 79”_2 .
,&n
v _
= A‘I/(CO,ChIU,) +( )7
we obtain
1
= < Ay (Co, Cot1, 20
and

B\I/(CUago'-i-lnu) = B\IJ(ICO'—DCO'?N) S Q9B‘1/(C0'—17<07M)
= VBy(I(o—2,1Co—1, 1)
< 192B\I/(€U—27 Co’—hu) <-.-< ﬁnB\P(COuCl?M)' (310)

In addition,
C\Il(Coa <.-U+1a ,u) =Cy (ICO'717 Cos /L) < 9Cy (60'717 Cos ,U)

=90y (I{s—-2, (-1, 1)
< 1920\1’(@7727 Coflv M) <...< Q9716’\11({07 Clv M)
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For any 8 € N, using (NL5), (NL10) and (NL15), we deduce
A\I/(CO'7 CO'Jer /'[/)

W W
] T eory ) R CRRE e ovewoem 1)

Z A\I/ (Cau C0'+17

),
2(\IJ(CU) <0+1))

Au (Goins G, " )
FAv (C 1 G 1 Cre ) (ot Crr))

te (Grmtonn : )
* Ay (C +2,Co18 (2)2 (U (Cot1,Cot8)¥(Cot2, Cot))

W
> A\I/ (CU: CO'+17 2(‘11(C0,<U+1))>

A o+15 G042, .
* Ay (C +1,Go 2 27 (\I,(CUH,gg+5)\11(40+1,<a+2))>

* Ay (CU+27 Cot3) 3 a >
(2) (\Il(ga—&-la <U+,3>\II(CU+27 CU+/3)\P(CJ+27 C0+3))

e (s : )
* Ay (C +35Cot8 (2)3 (U (Cot1s Cot-8) Y (Cot2s Cot )P (Cot3s Cot )

A (o) g ?u>
= “I’(C o W (C, Corn))

* Ay (Ca+1a40+2’ (Qﬂh@fﬁ) (Ca+1,Co+2))>

* Ay (Ca+2v Ca+3, (U(Cors §0+5)\P(C5+27 Cot+8) ¥ (Cot2s Co+3))>
s (s e ey )

x Ay (Co+5 2, Cot6-1 (5351 (\I,(gaﬂ,ggw)l-‘--QJ(CU+5_2,CU+B—1))>
x Ag (gﬂg b Co+8) 5351 (g (Ca+17Ca+ﬁ/)L (§g+51,éa+ﬁ))>

and

B\P(Caa <a+,8> ,U)

[ M
< B\If (CU)CU+1, Q(W(Caago-i-l))) © B\If <<¢7+1y<0+67 2(\11({0—&-17(0-%,8)))
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i
< By (Caacff‘i‘l’ 2(\11(9;,4-0—4_1))>

7]
B o+15 Co+2;
© by (C +1,Go 42 (2)2(\I,(CU+1,§U+5)\II(CU+1,Ca+2)))

1
© B <<““’ 8 D 0 (Corr o) ¥ (G, w»)

1
S B\Il (CU)CUJFI’ 2(\I/(Ccf;€a+1))>

7
© b (C"“’ S B (W (G, Cor ) U (Corn, caH)))

1
© B (C““’C"“” @) <\If<ca+1,<U+B>W<<U+2,<U+B>W<<J+2,¢U+3>>>

1
© B (C"””C"*B’ @) <\P<cg+1,camwm,<a+ﬁ>\v<ca+3,<a+g>>>

I
< B\I/ (Cay Ca-i-l’ 2(\I’(CU,CU+1))>

I
© B (C““’C"”’() 2(w <<a+1,co+g>\11<ca+1,ca+z>>)

<0'+2a <U+37 K )
(CU-H? CU-&-ﬁ)‘II(CU—&-% Ca-i—,é’)qj(gcr—‘r% Ca+3))

M P
@ Crrp) (<U+3,ca+4))> o
1
(2)= 1 (U (Cot1,Co48) - ¥(Cotp—2s Ca+ﬁl)>>
i
(U (Cot1,Corp) - (CU-&-B—LCU—F,B))).

Cot8-25Cotp—15

© By

<U+ﬁ 1 CO'-{-B)

® B\II <CO’+37 CO’+47

In addition,

C\I/(Caa CO'-i-ﬂv :u)

1 Iz
< Cy (Cm Ca—f—la mw) © Cy <Co+17 Ca—&-ﬂv 2(\1,(<U+1’ Ca-i—ﬁ)))
< C\IJ (Co‘vcff-i—l?

),
2(\II(CO'7 CO’+1))

i
C o1y SoT24
® Cy (C +1,Go 42 (2)2(\I,(CU+1,§U+ﬁ)\II(CU+1,Ca+2)))




980 M. Pandiselvi, M. Jeyaraman, B. Abdalla, K. Shah and T. Abdeljawad

1
® Cy <<a+27 Co+8) (2)2 (U (Coy1, ai+5)\11(ai+2,ai+5))>

1
< . . _—
< Cy (al,aprla 2(@(%,&”1)))

) A H
o (* V2 N2 (W (ags1, aipp) ¥ (Corn, Ca+2))>

C g [-Yol Y M >
oo (C oty (2) (¥ (Cot1, Cor8) ¥ (Cot2: Cot8) ¥ (Cot2; Cot3))

e (oo : )
® Cy (C +3,Co+ 8 (2)3 (¥ (Cot1, Cot 8) P (Cot2s Cor8) ¥ (Cotss Cotp))

7
< C\lj (Cay Ca-f—l’ 2(\I/(<U,CJ+1)))

C o )50 ) : )
© Cy (C +1, Cot2 (2)2 (U(Cot15 Cot8) ¥ (Cot1, Cot2))

o (Grmenn “ )
ot (C 2 ¢ +3 (2)3 (\II(CJJrl»<U+,3)\Ij(<‘7+2’C‘7+ﬂ)‘lj(<a+2’<0+3))

,J/ PR
@7 (U (Cos1Cor) - U (Cors, <o+4>>) ©re

C o —25 50 — L 'u )
© Cy (C +6-25 Co+B-1 (2)871 (U (o1, Cot8) - - - U(CotB—25 Cot8—1))

Cy | Co48-1,Cotp) i )
© Cy (C +8-1,Co+8 (2L (U (Cor1,Cosp) U (Cospt,Corn))

® C\I/ <<a+3a CO'+47

A\I/(Caa Ca-i—/o” :u)

>

1

1977,
L +(1—9n)
Ay (C(),Cl,m)

1
gn+1i + (1 _ ﬁn-i—l)

N
(‘P(Ca+1,Co+ﬁ)‘I’(Ca+1,Ca+2)))
1

ES
2
A 22
W(CO’Q’<2>3(w<<a+1,cg+5>¢<<a+2,<a+aw<<a+z’<a+3>>)
1

gn+B—2 + (1 _ 1911—0—5—2)

*

Ay (C07C1,(2)2

A 122
4 (CO’Q’ (Q)Bfl(\ll(ggjq’Cg+5)""1’(4a+/ﬂvgc+ﬁ—l)))
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1
gn+B8-1 + (1 _ Qsm%»ﬁfl)

k

A 2]
o (C()?Cl? (2)371(‘1’(4.0#»17CG+B)”'\P(<O—+ﬁ71,CU+ﬁ)))

and

B‘I’(CUa CO'+57 /’L)

. 14
< Y" By <C0>C1’2(\I/(C0,Cg+1))>

¥ Hip : a >
© v <<07 Cl (2)2 (\I](QUJrla C0'+ﬁ)\I](CU+17 <a+2))

. " >
© \P<C07C1’(2)3 (W (Cot15Cot8) - - U (Cot2,s Cot3)) R

A > ( <1, 5 >
© YO QT (@1, Gorg) U Crrp 2 Corp 1)

T ( G, i >
o) v ( Co:C1 (2)F1 (U (Cot1,Cor8) U (Corp1,Corp))

In addition,

C\I! (aiv Ai4 3, :u)

n M
< I"Cy (CO,Q, 2(\11(@’@.0“)))
n+1 19
© v C\P (CO, Cl, (2)2 (\I](CU'+17 CO'+,3)\II(CO+17 <a+2))>
n+2 H .
QUG (CO?CI’ (2)3 (¥(Cot1,Cot8) - "‘I’(Ca+27Ca+3))> @
n+B-2 1
wUTC (CO’ QT @1, Gran) - U, w_l)))
19n+571 < (1, H > )
OO o T (G 1 Gor) U (Gres 1 Goe)
Therefore,
hm A\I’(CLWCU-‘Fﬁ)?M) =1lxlx---x1= 17
JILH;OB\II(CU’CU-‘y—ﬁa/'L) =0000---©0=0
and

lim C\II(CO'aCO'-i-ﬂv,u) =000©---00=0,
o—00

that is, {(,} is a G-CS. Since (L, Ap, By, Cy, *, ®) is a G-complete in NCMLS,
there exists, lim (, = ( as 0 — o0.
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Now check that ¢ is a F'P of I using (NL5), (NL10) and (NL15) we deduce
1 9

1
1< -
N [A@@mc,u)] Ao (G Co)

it implies that

_197

1

< Ay(I¢, I¢, 1),
ooy T
B\I’(IC(MICH“) < ﬂB\P(CUa Cmu)
and
C\II(ICOWIC//J) < 190\1/(@,@#)

Using the above inequality, we obtain

1 H
A\P(C,IQH) > Ay (C?CO‘-H[; NJ(C,M) x Ay (QU—H,ICu w)

u 1
2 A‘I’ <C7CO'+17 2\11(4, Cg+1)> * A\I/ (ICO'7IC7 2\IJ(IC0-,IC)>

T ) :
S ey J——— )

(ICO'7I<7 2V (I¢s,1¢)

—1%x1=1 as o —

and

7
By (¢, I¢, 1) < By (C Co+1, 2U(C, Ca+1)) © By (C”H’IC’ 2‘I’(Ca+1JC)>

__r
(C Ccr+1> C CU+1)> @B\IJ <IC07[<7 2\P<ICU;IC)>

< B\IJ <<0'5CO'+17 2\11 C C +1)> O] ﬂB\I/ (Ca’vga (CC C))

—-000=0 as 1 — o0.

| /\

In addition,

1
(Cj[( M < Cy (C Ca+17 C Ca—f—l)) o Cy (CU—H’IC’Q\I’(CU-H,M)

_n
 (Comt g <U+1>> o ¢ (1616 55 15)

< C\IJ <<0’5C0'+17 21’ C C +1)> QﬁC\If <<0')<7

—-000=0 as 1 — oo.

| /\

ea)
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This indicates that I¢ = (, which is a F'P. To demonstrate the uniqueness,
take Too = « for some o € L. Then,

1 1

1
ACoaw) 1T AgUcday 1= {Auc,a,m B 1}

1
< ——1,
A\IJ(C,OZ,H)

which is a contraction, and

B\II(C7047/~L) = B\I;(IC,IO(,,U) < ’lgB\l/(C,Oé,,U) < B\IJ(C,OZ,,U);
Cu(C, o, p) = Ca(IC, T, p) < 9Cy(C a, p) < Cu(C, o, )

are contractions. Therefore, we must have

Aw(Conp) =1; Bu(Ga,p) =0 and Cy(¢, o, 1) = 0.
Hence, ¢ = a. O

Example 3.10. Let L = [%, 1]. Define ¥ by

1 if (=w,
\If(c,w)={ thwelesd it (£w#0.
Moreover, take,
_ max{¢,} - mexdce)

AW(C7W7M)26 ” ) BW(C?"‘)?N’):l_e "

and

max{¢,w} 1
C\Il (C) W, ,LL) =€ a

with ( *w = (w and (¢ ©®w = max{¢,w}. Then (L, Ay, By, Cp,*,®) is a
G-complete NCMLS.
Observe that lim Ay (¢, w, p), lim By ({,w,u) and lim Cy(¢,w,pu) are
U—>00 U—>00 U—>00
all finite. Consider I : L — L, where

I<<>:{ .

Then we have four cases:
(i) If ¢,w € [£,3], then I¢ = Tw = 0.
(i) If ¢ € [§,4] and we |1,1], then I(=0 and Jw=%.
(iii) If w € [§,3] and a€ |1,1], then Jw=0=0 and I( = Z.
)

(iv) If (we | §,1], then I{ = ¢ and Jw =

owle

—_ e

o

i)

—_r—

——oo|—
=
C

1
1
1
4>

[ER T —)

w
<"
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For all cases (i)-(iv),

AQ(IC,IW,’&M) > A\II(C,W,M),B\I}(IC,IW,’&M) < BQ(C)“):“)
and
C‘IJ(IC7IW719/J’) < C‘P(Cawnu)
are satisfied for ¥ € ]0,1[, and also
1 1
. — P} ———
Ay(I¢ Iw,p) T~ [Aw(é,w,u) ]
B‘I’(IC7I‘U’N) < ﬁB‘IJ(Cawau) and C\IJ(ICJW,M) < 190\11((,(,07/1)
are satisfied for ¥ € ]0,1[. Observe that li_}In U((s,w) and li_)m U(w, ()

are finite. Observe as well as that the conditions of Theorem 3.7 and Theorem
3.9 are all met, and 0 is the unique fixed point of I.

4. APPLICATION TO NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS

In this section, we utilize following theorem to demonstrate the existence
and uniqueness of a solution to a nonlinear fractional differential equation
(NFDE)

D, ¢(8) = 9(6,¢(9)), 0<d <1, (4.1)

along with the boundary conditions,

C0)+¢' (0 =0, ¢+ (1) =0,
where 1 < ¢ < 2 is a number, D{ 4 is the Caputo fractional derivative and
h:10,1] x [0,00) — [0,00) is a continuous function.

Let L = C([0,1],R) refer the space of all continuous functions on [0, 1]
equipped with the CTN (*w =(w and CTCN (®w = max{(,w} for all
(,w € [0,1]. Define an NCMLS on L as follows:

Ag(C eop) = o |
o+ ,Omax{supcge[o’l] ¢(0), SUDse[0,1] c(6)}6
By ((,c,pu) = P max{sup5€[0,1] ¢(9), SuPée[oJ])c((;)}G
o+ pmax{supsep,1] €(9), Supsepo,1] ¢(9)}°
and
Cy(¢,c,u) = pmax{supge[()’l] ¢(4), SUDselo0,1] 0(5)}6‘

op
For all p > 0 and (,c € L with

W(¢,¢) = 1+ max{ sup ((), sup c(9)}°.
4€(0,1] 5€[0,1]
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Observe that ¢ € L solves (4.1) whenever ( € L solves the below integral
equation:

1
() = F(lq) /0 (1= 0)T (1 = 8)A(w, C(8))ev
1

! -2
e /0 (1 —0)"2(1 = §)h(v, ((8))ev

1[0 -1
+ F(q)/o (6 — )T h(v,{(0))cv.

Theorem 4.1. The integral operator I : L — L is set by

1
) = F(lq> /0 (1= )01 (1 — 8)h(v, (8))ew
1

! -2
e /0 (1 - 0)7%(1 — 6)A(v, ((8))cv
1

1
— — )T (v cv
5 ) 6= e e,

where h : [0,1] x [0,00) — [0,00) satisfying the following criteria:

max

sup h(v,((v)), sup h(v,c(v))}

ve[0,1] vel0,1]

max{ sup C(v), sup c(v)}

vel0,1] ve[0,1]

AN

forall {,c e L, and

1 1—-9 1-96 04
T

6
sup + ] <w <1
5(0.1) 4096 )

@+1Y+F@) L(g+1

Then NFDE has a unique solution.



986 M. Pandiselvi, M. Jeyaraman, B. Abdalla, K. Shah and T. Abdeljawad

Proof.
maX{IC(v) Ic(v)}6
Jb InaX{SUpveU)l]h( ,C(v)), supyepo,1 Alv, ¢(v)) yev+
= fo * max{sup, o ) At C(0), 5Py A, e(v))ev}
f() 5 ma'X{Supve[O 1] (Ua C(U))7 SUPve[O,l (Ua C('U))}CU
ﬁ f (1 _ U)q_l . max{sup,¢|o,1] Z(11)) SUPyefo,1] €(v) o 6
< F(q 1 fo q Qmax{supveo 1) iv) SUPye0,1] c(v) .
+F ) fO 5 q 1maX{Supveo 1] z(lv) »SUPye(0,1] c(v) v
(g
1 s(1—0 [! 1
< s max{ sup ((v), sup c(v)} (1 —v)" e
4 vel0,1] veo,1] T(q) Jo

1-6 6

- 1 — ) 2w 17_5 ' — ) e
oo, O e g 0 )

1-6 +1—5+ 5 ]6
L(g+1) T(g) T(g+1)

< lﬁmax{ sup ((v), sup C(”)}G sup [
4 ve[0,1] vel0,1] §el0,1]
= wmax{ sup ((v), sup C(U)}Ga
v€[0,1] ve(0,1]

1 [1—5 +1—5+ 51 ]6
w = su .
ae(opl) 4096 |I'(¢+1)  TI'(qg) T(¢g+1)

Therefore, the above inequality implies that

max{ sup I¢(v), sup Ic(v)}® < max{ sup ((v), sup c(v)}".
vel0,1] ve(0,1] ve(0,1] vel0,1]

where

Then, we have
op 4 — P max{ sup I¢(v), sup Ic(v)}®
vel0,1] vel0,1]

< o+ pmax{ sup ¢(v), sup c(v)}°.
vE[0,1] v€e(0,1]

Therefore,
a(wp)
a(wp) + pmax{supyeo,1 I{(v), supsepo,1) Le(v) }
> e
~ ap+ pmax{sup,ep 1) ((v), SuPyejo,1y ¢(v) ¢

6
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Hence, we have
Ag(I¢, Ie,wp) > Ag(C, e, p).
And also
P SUDyel0,1) maX{SUPue[o,l] I¢(v), SUPye[0,1] Ie(v)}®
a(wp) + max{sup,ep 1) I¢(v), sup,e(o,1) Lc(v) }°
P SUD,e[o.1] MAx{SupPye(o, 1] C(v), SuPyefo 1) ¢(v) }°
o+ max{sup,eo 1] 1¢(v), supyepo, 1) Ie(v) }°

Hence, we have
B\II(ICa IC, w:u) < BW(C) ¢, :U‘)
Furthermore,
P SUDyel0,1] maX{SUPve[o,u I¢(v), SUPye0,1] Ie(v)}©
a(wp)

P SUDyel0,1] maX{SHPve[o,u C(v), SUPyelo,1] c(v)}°
< afp.

Hence, we have
Cy(I¢, Ie,wp) < Cy(C, e, p)

for some a,p > 0. Observe that the requirements of the Theorem 3.7 and
Theorem 3.9 are met. As a result, I has a distinct point. For that reason, the
precise NFDE has a unique solution. [

5. CONCLUSION

In this study, we introduced the concept of a neutrosophic metric-like space,
extending traditional metric structures to better handle uncertainty and inde-
terminacy. We developed the framework of neutrosophic controlled metric-like
spaces and established fixed point theorems for contraction mappings on G-
complete spaces.

These results generalize classical fixed point theorems and provide useful
tools for analyzing systems under vague or incomplete information. To demon-
strate the applicability of our findings, we applied them to prove the existence
and uniqueness of solutions for a nonlinear fractional differential equation.

We believe the results presented here will be valuable to researchers working
in neutrosophic and fuzzy environments, and may inspire further work in gen-
eralized fixed point theory, fractional calculus, and applications in uncertain
systems.

Acknowledgement: Authors are thankful to Prince Sultan University for
APC and support through TAS research Lab.
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