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Abstract. In this study, we propose the concept of a neutrosophic controlled metric-like

spaces, which extends classical metric notions to better model uncertainty and indetermi-

nacy. We explore its structural properties and present significant examples that illustrate its

theoretical relevance. Building on this framework, we establish new fixed point results for

contraction mappings tailored to the neutrosophic setting. As an application, we investigate

a nonlinear fractional differential equation and prove the existence and uniqueness of its

solution, thereby reinforcing the practical value of our theoretical developments.

1. Introduction

Zadeh [29] established the foundation of fuzzy mathematics in 1965. Kramo-
sil and Michalek [12] first introduced the idea of fuzzy metric spaces (FMS),
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which was later modified by George and Veeramani [3]. Amini-Harandi [5] re-
cently proposed the concept of a metric-like space (MLS) and proved several
related results. Controlled metric-like spaces (CMLSs) were introduced by
Mlaiki et al. [16], who also obtained numerous fixed point results for contrac-
tive mappings. More recently, controlled fuzzy metric-like spaces (CFMLSs)
were developed by Sezen [24], extending the idea of controlled-type metric
spaces. In this sequence of generalizations, the notion of fuzzy metric-like
space (FMLS) was defined in [26], and some fixed point results were estab-
lished in that setting.

Park [20] introduced the concept of intuitionistic fuzzy metric spaces(IFMS)
based on continuous t-norms and t-conorms. Significant contributions to in-
tuitionistic fuzzy topological spaces were made by Sadati and Park [22]. In
1998, Smarandache [27] introduced neutrosophic logic and the concept of the
neutrosophic set (NS). The concept of neutrosophic metric spaces (NMS)
was later developed by Kirisci and Simsek [10], incorporating the degrees of
membership, non-membership, and indeterminacy.

Several researchers [6, 8, 11, 17, 21] have derived fixed point results in intu-
itionistic fuzzy metric spaces by employing neutrosophic set theory. Authors
in [7, 28] also contributed to fixed point theory in neutrosophic metric spaces.
Fixed point theory has proven to be a powerful tool for addressing problems in
traditional and fractional calculus, particularly in proving the existence of so-
lutions. As a result, it has been widely applied to develop sufficient conditions
for the solvability of various mathematical problems [1, 2, 4, 9, 21]. Applied
analysis, which finds utility across several disciplines, has also employed differ-
ent mathematical tools for deriving numerical and analytical solutions [18, 19].
Recently, several works have applied fixed point theory to investigate problems
involving fractional calculus [15, 25].

With inspiration from the techniques developed in [16], the objective of
this paper is to introduce the concept of a neutrosophic controlled metric-like
space (NCMLS). Furthermore, we extend existing fixed point results for con-
traction mappings within this new setting. To demonstrate the utility of the
proposed framework, we conclude by applying our results to specific problems
in fractional calculus. This study is motivated by the need to further general-
ize metric structures to better capture uncertainty and indeterminacy, while
also providing a robust framework for solving nonlinear fractional differential
equations using fixed point theory.

2. Preliminaries

Definition 2.1. ([3]) A binary operation ∗ : [0, 1]× [0, 1]→ [0, 1] is said to be
a CTN if it enjoys the following conditions:
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(i) ζ ∗ ω = ω ∗ ζ for all ζ, ω ∈ [0, 1];
(ii) ∗ is continuous;

(iii) ζ ∗ 1 = ζ for all ζ ∈ [0, 1];
(iv) ∗ is associative;
(v) if ζ ≤ ω and c ≤ d with ζ, ω,c, d∈ [0, 1], then ζ∗c ≤ ω ∗ d.

Definition 2.2. ([3]) A binary operation � : [0, 1] × [0, 1] → [0, 1] is said to
be a CTCN if it holds the followings assertions:

(i) ζ � ω = ω � ζ for all ζ, ω ∈ [0, 1];
(ii) � is continuous;

(iii) ζ � 0 = 0;
(iv) � is associative;
(v) if ζ ≤ ω and c ≤ d with ζ, ω,c, d ∈ [0, 1], then ζ � c ≤ ω � d.

Definition 2.3. ([21]) Let L be a nonvoid set. The set L along with J :
L × L → [1,∞) is said to be a metric-like space (MLS) if the following
assertions hold: For all ζ, ω, c ∈ L,

(i) J(ζ, ω) = 0 implies ζ = ω;
(ii) J is symmetric in ζ, ω;

(iii) J(ζ, ω) ≤ J(ζ, c) + J(c, ω).

Definition 2.4. ([22]) Let L be a nonvoid set, Ψ : L × L → [1,∞) and
J : L × L → [1,∞). (L, J) is named a CMLS if it enjoy the following
assertions: For all ζ, ω, c ∈ L,

(i) J(ζ, ω) = 0 ⇒ ζ = ω;
(ii) J is symmetric in ζ, ω;

(iii) J(ζ, ω) ≤ Ψ(ζ, c)J(ζ, c) + Ψ(c, ω)J(c, ω).

Definition 2.5. ([11]) Let L be a nonvoid set and ∗ be a CTN . Let Ab be
a FS on L × L × (0,∞). A triplet (L,Ab, ∗) is said to be a FMLS if the
following assertions hold: For all ζ, ω ∈ L and δ, µ > 0,

(FL1) Ab(ζ, ω, µ) > 0;
(FL2) Ab(ζ, ω, µ) = 1 ⇒ ζ = ω;
(FL3) Ab is symmetric;
(FL4) Ab(ζ, c, δ + µ) ≥ Ab(ζ, ω, δ) ∗Ab(ω, c, µ);
(FL5) Ab(ζ, ω, .) : (0,∞)→ [0, 1] is continuous.

Definition 2.6. Let L be a nonempty set. Suppose ∗ is a neutrosophic CTN
and � be a neutrosophic CTCN , b ≥ 1 and Ab, Bb, Cb are NS on L× L×
(0,∞). If (L,Ab, Bb, Cb, ∗,�) the following assertions hold for all ζ, ω, c ∈ L
and δ, µ > 0, then (L,Ab, Bb, Cb, ∗,�) is called a neutrosophic b-metric like
pace (NbMLS).
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(N1) 0 ≤ Ab(ζ, ω, µ) ≤ 1; 0 ≤ Bb(ζ, ω, µ) ≤ 1; 0 ≤ Cb(ζ, ω, µ) ≤ 1;
(N2) Ab(ζ, ω, µ) +Bb(ζ, ω, µ) + Cb(ζ, ω, µ) ≤ 3;
(N3) Ab(ζ, ω, µ) = 1 ⇒ ζ = ω;
(N4) Ab(ζ, ω, µ) = Ab(ω, ζ, µ);
(N5) Ab(ζ, c, b(µ+ δ)) ≥ Ab(ζ, ω, µ) ∗Ab(ω, c, δ);
(N6) Ab(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(N7) lim

µ→∞
Ab(ζ, ω, µ) = 1;

(N8) Bb(ζ, ω, µ) = 0 ⇒ ζ = ω;
(N9) Bb(ζ, ω, µ) = Bb(ω, ζ, µ);

(N10) Bb(ζ, c, b(µ+ δ)) ≤ Bb(ζ, ω, µ)�Bb(ω, c, δ);
(N11) Bb(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(N12) lim

µ→∞
Bb(ζ, ω, µ) = 0;

(N13) Cb(ζ, ω, µ) = 0 ⇒ ω = ζ;
(N14) Cb(ζ, ω, µ) = Cb(ω, ζ, µ);
(N15) Cb(ζ, c, b(µ+ δ)) ≤ Cb(ζ, ω, µ)� C(ω, c, δ);
(N16) Cb(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(N17) lim

µ→∞
Cb(ζ, ω, µ) = 0;

(N18) if µ < 0 then Ab(ζ, ω, µ) = 0, Bb(ζ, ω, µ) = 1, Cb(ζ, ω, µ) = 1.

3. Main results

Definition 3.1. Let L be a nonvoid set. Suppose ∗ is a neutrosophic CTN
and � be a neutrosophic CTCN , b ≥ 1,Ψ : L× L→ [1,∞) and Ab, Bb, Cb
are neutrosophic sets on L × L × (0,∞). If the following assertions hold,
then (L,AΨ, BΨ, CΨ, ∗,�) is called neutrosophic controlled metric-like space
(NCMLS). For all ζ, ω, c ∈ L and δ, µ > 0,

(NL1) 0 ≤ AΨ(ζ, ω, µ) ≤ 1; 0 ≤ BΨ(ζ, ω, µ) ≤ 1; 0 ≤ CΨ(ζ, ω, µ) ≤ 1;
(NL2) AΨ(ζ, ω, µ) +BΨ(ζ, ω, µ) + CΨ(ζ, ω, µ) ≤ 3;
(NL3) AΨ(ζ, ω, µ) = 1 ⇒ ζ = ω;
(NL4) AΨ(ζ, ω, µ) = AΨ(ω, ζ, µ);

(NL5) AΨ(ζ, c, (µ+ δ)) ≥ AΨ

(
ζ, ω, µ

Ψ(ζ,ω)

)
∗AΨ

(
ω, c, δ

Ψ(ω,c)

)
;

(NL6) AΨ(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(NL7) lim

µ→∞
AΨ(ζ, ω, µ) = 1;

(NL8) BΨ(ζ, ω, µ) = 0 ⇒ ζ = ω;
(NL9) BΨ(ζ, ω, µ) = BΨ(ω, ζ, µ);

(NL10) BΨ(ζ, c, (µ+ δ)) ≤ BΨ

(
ζ, ω, µ

Ψ(ζ,ω)

)
�BΨ

(
ω, c, δ

Ψ(ω,c)

)
;

(NL11) BΨ(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(NL12) lim

µ→∞
BΨ(ζ, ω, µ) = 0;
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(NL13) CΨ(ζ, ω, µ) = 0 ⇒ ζ = ω;
(NL14) CΨ(ζ, ω, µ) = CΨ(ω, ζ, µ);

(NL15) CΨ(ζ, c, (µ+ δ)) ≤ CΨ

(
ζ, ω, µ

Ψ(ζ,ω)

)
� CΨ

(
ω, c, µ

Ψ(ω,c)

)
;

(NL16) CΨ(ζ, ω, .) : [0,∞)→ [0, 1] is neutrosophic continuous;
(NL17) lim

µ→∞
CΨ(ζ, ω, µ) = 0;

(NL18) if µ < 0, then AΨ(ζ, ω, µ) = 0, BΨ(ζ, ω, µ) = 1, CΨ(ζ, ω, µ) = 1.

Example 3.2. Let L = {2, 4, 6} and Ψ : L×L→ [1,∞) be a function defined
by Ψ(ζ, ω) = ζ + ω + 1. Define AΨ, BΨ, CΨ : L× L× (0,∞)→ [0, 1] as

AΨ(ζ, ω, µ) =
µ

µ+ max{ζ, ω}
, BΨ(ζ, ω, µ) =

max{ζ, ω}
µ+ max{ζ, ω}

and

CΨ(ζ, ω, µ) =
max{ζ, ω}

µ
.

Then (L,Ab, Bb, Cb, ∗,�) is a NCMLS with CTN∗ and CTCN � given by
ζ ∗ ω = ζω and ζ � ω = max{ζ, ω}.

In fact, here we have to check NL(5), NL(10), and NL(15), remaining con-
ditions are obvious. Let ζ = 2, ω = 4, c = 6. Then,

AΨ(2, 6, µ+ δ) =
µ+ δ

µ+ δ + max{2, 6}
=

µ+ δ

µ+ δ + 6
,

AΨ

(
2, 4,

µ

Ψ(2, 4)

)
=

µ
Ψ(2,4)

µ
Ψ(2,4) + max{2, 4}

=
µ
7

µ
7 + 4

=
µ

µ+ 28
,

AΨ

(
4, 6,

δ

Ψ(4, 6)

)
=

δ
Ψ(4,6)

µ
Ψ(4,6) + max{4, 6}

=
δ
11

δ
11 + 6

=
δ

δ + 66
.

That is µ+δ
µ+δ+6 ≥

µ
µ+28 ·

δ
δ+66 . Then it satisfied, for all µ, δ > 0. Hence,

AΨ(ζ, c, (µ+ δ)) ≥ AΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
∗Aψ

(
ω, c,

δ

Ψ(ω, c)

)
.

Now,

BΨ(2, 6, µ+ δ) =
max{2, 6}

µ+ δ + max{2, 6}
=

6

µ+ δ + 6

and

BΨ

(
2, 4,

µ

Ψ(2, 4)

)
=

max{2, 4}
µ

Ψ(2,4) + max{2, 4}
=

4
µ
7 + 4

=
28

µ+ 28
.
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In addition,

BΨ

(
4, 6,

δ

Ψ(4, 6)

)
=

max{4, 6}
δ

Ψ(4,6) + max{4, 6}
=

6
δ
11 + 6

=
66

δ + 66
.

That is, for all µ, δ > 0,

6

µ+ δ + 6
≤ max

{
28

µ+ 28
,

66

δ + 66

}
.

Hence,

B(ζ, c, (µ+ δ)) ≤ BΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
�BΨ

(
ω, c,

δ

Ψ(ω, c)

)
.

Now,

CΨ(2, 6, µ+ δ) =
max{2, 6}
µ+ δ

=
6

µ+ δ
.

On the other hand,

CΨ

(
2, 4,

µ

Ψ(2, 4)

)
=

max{2, 4}
µ/7

=
28

µ

and

CΨ

(
4, 6,

δ

Ψ(4, 6)

)
=

max{4, 6}
δ
11

=
66

δ
.

That is, for all µ, δ > 0,

6

µ+ δ
≤ max

{
28

µ
,
66

δ

}
.

Thus, we have

CΨ(ζ, c, (µ+ δ)) ≤ CΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
� CΨ

(
ω, c,

µ

Ψ(ω, c)

)
.

Similar procedures can be used to check all other cases.
Hence, (L,Ab, Bb, Cb, ∗,�) is NCMLS.

Example 3.3. Let L = {2, 4, 6} and Ψ : L × L → [1,∞) be defined by
Ψ(ζ, ω) = ζ + ω + 1. Define AΨ, BΨ, CΨ : L× L× (0,∞)→ [0, 1] as

AΨ(ζ, ω, µ) =
µ+ min{ζ, ω}
µ+ max{ζ, ω}

, BΨ(ζ, ω, µ) = 1− µ+ min{ζ, ω}
µ+ max{ζ, ω}

and

CΨ(ζ, ω, µ) =
max{ζ, ω} −min{ζ, ω}

µ+ min{ζ, ω}
.

Then (L,Ab, Bb, Cb, ∗,�) is NCMLS with CTNζ ∗ ω = min{ζ, ω} and
CTCNζ � ω = max{ζ, ω}.
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Proposition 3.4. Let L = [0, 1] and Ψ : L × L → [1,∞) be defined by
Ψ(ζ, ω) = 2(ζ + ω + 1). Consider AΨ, BΨ, CΨ : L× L× (0,∞)→ [0, 1] as

AΨ(ζ, ω, µ) = e
−max{ζ,ω}

µn , BΨ(ζ, ω, µ) = 1− e−
max{ζ,ω}

µn

and

CΨ(ζ, ω, µ) = e
max{ζ,ω}

µn − 1

for all ζ, ω ∈ L and µ > 0. Then (L,Ab, Bb, Cb, ∗,�) is NCMLS with CTNζ∗
ω = ζω and CTCNζ � ω = max{ζ, ω}.

Example 3.5. Let L = (0,∞), define AΨ, BΨ, CΨ : L×L× (0,∞)→ [0, 1]
by

AΨ(ζ, ω, µ) =
µ

µ+ max{ζ, ω}
; BΨ(ζ, ω, µ) =

max{ζ, ω}
µ+ max{ζ, ω}

and

CΨ(ζ, ω, µ) =
max{ζ, ω}

µ

for all ζ, ω ∈ L and µ > 0. Define CTN ∗ by ζ ∗ ω = ζω and CTCN � by
ζ � ω = max{ζ, ω}, define Ψ by

Ψ(ζ, ω) =

{
1 if ζ = ω,
1+max{ζ,ω}

min{ζ,ω} if ζ 6= ω.

Then (L,Ab, Bb, Cb, ∗,�) is a NCMLS. In fact,

max{ζ, c} ≤ Ψ(ζ, ω) max{ζ, ω}+ Ψ(ω, c) max{ω, c}.

This implies,

µδmax{ζ, c} ≤ Ψ(ζ, ω)(µδ + δ2) max{ζ, ω}+ Ψ(ω, c)(µδ + δ2) max{ω, c}.

Then,

µδmax{ζ, c} ≤ Ψ(ζ, ω)(µ+ δ)δmax{ζ, ω}+ Ψ(ω, c)(µ+ δ)µmax{ω, c}.

Therefore, we have

µδ(µ+ δ) + µδmax{ζ, c} ≤ µδ(µ+ δ) + Ψ(ζ, ω)(µ+ δ)δmax{ζ, ω}
+ Ψ(ω, c)(µ+ δ)µmax{ω, c}.

This implies

µδ[(µ+ δ) + max{ζ, c}] ≤ (µ+ δ)[µδ + Ψ(ζ, ω)δmax{ζ, ω}
+ Ψ(ω, c)µmax{ω, c}]
+ Ψ(ζ, ω)Ψ(ω, c) max{ω, c}max{ω, c}].
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Then,

µδ[(µ+ δ) + max{ζ, c}] ≤ (µ+ δ)[µ+ Ψ(ζ, ω) max{ζ, ω}][δ
+ Ψ(ω, c) max{ω, c}].

This implies

(µ+ δ)

[(µ+ δ) + max{ζ, c}]
≥ µδ

[µ+ Ψ(ζ, ω) max{ζ, ω}][δ + Ψ(ω, c) max{ω, c}]
.

Hence, we have

(µ+ δ)

[(µ+ δ) + max{ζ, c}]
≥ µ

[µ+ Ψ(ζ, ω) max{ζ, ω}]
· δ

[δ + Ψ(ω, c) max{ω, c}]
.

Therefore,

(µ+ δ)

[(µ+ δ) + max{ζ, c}]
≥

µ
Ψ(ζ,ω)[

µ
Ψ(ζ,ω) + max{ζ, ω}

] · δ
Ψ(ω,c)[

δ
Ψ(ω,c) + max{ω, c}

] .
Hence,

AΨ(ζ, c, (µ+ δ)) ≥ AΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
∗AΨ

(
ω, c,

δ

Ψ(ω, c)

)
,

this means that (NL5) is satisfied. Since

max{ζ, c} = max{ζ, c}max{1, 1},

max{ζ, c} = max{ζ, c}max

{
max{ζ, ω}
max{ζ, ω}

,
max{ω, c}
max{ω, c}

}
,

max{ζ, c} ≤ [(µ+ δ) + max{ζ, c}] max

{
max{ζ, ω}
max{ζ, ω}

,
max{ω, c}
max{ω, c}

}
,

therefore,

max{ζ, c} ≤ [(µ+ δ) + max{ζ, c}]

×max

{
Ψ(ζ, ω) max{ζ, ω}
Ψ(ζ, ω) max{ζ, ω}

,
Ψ(ω, c) max{ω, c}
Ψ(ω, c) max{ω, c}

}
.

Then,

max{ζ, c}
(µ+ δ)+max{ζ, c}

≤max

{
Ψ(ζ, ω) max{ζ, ω}

µ+Ψ(ζ, ω) max{ζ, ω}
,

Ψ(ω, c) max{ω, c}
δ+Ψ(ω, c) max{ω, c}

}
.

This implies

max{ζ, c}
(µ+ δ) + max{ζ, c}

≤ max

{
max{ζ, ω}

µ
Ψ(ζ,ω) + max{a, ω}

,
max{ω, c}

δ
Ψ(ω,c) + max{ω, c}

}
.
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Hence,

BΨ(ζ, c, (µ+ δ)) ≤ BΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
�BΨ

(
ω, c,

δ

Ψ(ω, c)

)
,

this means that (NL10) is satisfied. Since

max{ζ, c} ≤ max{max{ζ, ω},max{ω, c}},
max{ζ, c}
µ+ δ

≤ max

{
max{ζ, ω}
µ+ δ

,
max{ω, c}
µ+ δ

}
≤ max

{
max{ζ, ω}

µ
,
max{ω, c}

δ

}
≤ max

{
max{ζ, ω}

µ
Ψ(ζ,ω)

,
max{ω, c}

δ
Ψ(ω,c)

}
,

we have

CΨ(ζ, c, (µ+ δ)) ≤ CΨ

(
ζ, ω,

µ

Ψ(ζ, ω)

)
� CΨ

(
ω, c,

δ

Ψ(ω, c)

)
,

this means that (NL15) is satisfied.

Definition 3.6. Let (L,Ab, Bb, Cb, ∗,�) be an NCMLS. Let {ζs} be a se-
quence in L

(i) {ζσ} is said to be G-Cauchy sequence (G-CS) if, for all µ > 0,

lim
s→∞

AΨ(ζσ, ζσ+β, µ), lim
σ→∞

BΨ(ζσ, ζσ+β, µ)

and

lim
σ→∞

CΨ(ζ, ζσ+β, µ)

exists and is finite.

(ii) {ζσ} is said to be G-Converging (G-C) to ζ in L if, for all µ > 0,

lim
σ→∞

AΨ(ζσ, ζ, µ) = AΨ(ζ, ζ, µ),

lim
σ→∞

BΨ(ζσ, ζ, µ) = BΨ(ζ, ζ, µ)

and

lim
σ→∞

CΨ(ζσ, ζ, µ) = CΨ(ζ, ζ, µ).

(iii) A NCMLS is said to be complete if, each G-CS converges, that is,

lim
σ→∞

AΨ(ζσ, ζσ+β, µ) = lim
σ→∞

AΨ(ζσ, ζ, µ) = AΨ(ζ, ζ, µ),

lim
σ→∞

BΨ(ζσ, ζσ+β, µ) = lim
σ→∞

BΨ(ζ, ζ, µ) = BΨ(ζ, ζ, µ)
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and

lim
σ→∞

CΨ(ζσ, ζσ+β, µ) = lim
σ→∞

CΨ(ζσ, ζ, µ) = CΨ(ζ, ζ, µ).

Theorem 3.7. Suppose (L,Ab, Bb, Cb, ∗,�) is a complete NCMLS in the
company of Ψ : L× L→ [1,∞). Assume that

lim
µ→∞

AΨ(ζ, ω, µ) = 1, lim
µ→∞

BΨ(ζ, ω, µ) = 0 and lim
µ→∞

CΨ(ζ, ω, µ) = 0 (3.1)

for all ζ, ω ∈ L and µ > 0. Let I : L→ L be such that

AΨ(Iζ, Iω, ϑµ) ≥ AΨ(ζ, ω, µ);BΨ(Iζ, Iω, ϑµ) ≤ BΨ(ζ, ω, µ) and

CΨ(Iζ, Iω, ϑµ) ≤ CΨ(ζ, ω, µ) (3.2)

for all ζ, ω ∈ L and µ > 0, 0 < ϑ < 1. In addition, ω ∈ L,

lim
σ→∞

Ψ(ζσ, ω) and lim
σ→∞

Ψ(ω, ζσ),

lim
σ,m→∞

Ψ(ζσ, ζm) and lim
σ,m→∞

Ψ(ζm, ζσ) (3.3)

exist and are finite, where ζσ = Inζ = Iζσ−1, and ζ0 ∈ L be arbitrary. Then,
I has a unique fixed point.

Proof. Take an arbitrary point ζ0 be in L and set up a sequence {ζσ} by
ζσ = Inζ0 = Iζσ−1, n ∈ N. Using (3.2) for µ > 0, we examine

AΨ(ζσ, ζσ+1, ϑµ) = AΨ(Iζσ−1, Iζσ, ϑµ)

≥ AΨ(ζσ−1, ζσ, ϑµ) ≥ AΨ

(
ζσ−2, ζσ−1,

µ

ϑ

)
≥ AΨ

(
ζσ−3, ζσ−2,

µ

ϑ2

)
≥ · · · ≥ AΨ

(
ζ0, ζ1,

µ

ϑn−1

)
and

BΨ(ζσ, ζσ+1, ϑµ) = BΨ(Iζσ−1, Iζσ, ϑµ)

≤ BΨ(ζσ−1, ζσ, ϑµ) ≤ BΨ

(
ζσ−2, ζσ−1,

µ

ϑ

)
≤ BΨ

(
ζσ−3, ζσ−2,

µ

ϑ2

)
≤ · · · ≤ BΨ

(
ζ0, ζ1,

µ

ϑn−1

)
.

In addition,

CΨ(ζσ, ζσ+1, ϑµ) = CΨ(Iζσ−1, Iζσ, ϑµ)

≤ CΨ(ζσ−1, ζσ, ϑµ) ≤ CΨ

(
ζσ−2, ζσ−1,

µ

ϑ

)
≤ CΨ

(
ζσ−3, ζσ−2,

µ

ϑ2

)
≤ · · · ≤ CΨ

(
ζ0, ζ1,

µ

ϑn−1

)
.
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Then, we obtain

AΨ(ζσ, ζσ+1, ϑµ) ≥ AΨ

(
ζ0, ζ1,

µ

ϑn−1

)
; BΨ(ζσ, ζσ+1, ϑµ) ≤ BΨ

(
ζ0, ζ1,

µ

ϑn−1

)
,

CΨ(ζσ, ζσ+1, ϑµ) ≤ CΨ

(
ζ0, ζ1,

µ

ϑn−1

)
. (3.4)

For any β ∈ N, using (NL5), (NL10) and (NL15), we deduce

AΨ(ζσ, ζσ+β, µ)

≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
∗AΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
∗AΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
∗ · · · ∗

∗AΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
∗AΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
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and

BΨ(ζσ, ζσ+β, µ)

≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β))

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
�BΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
�BΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
� · · ·�

�BΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
�BΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

In addition,

CΨ(ζσ, ζσ+1, µ)

≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
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≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β))

)
≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
� CΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
� CΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · · ζσ+4))

)
� · · ·�

� CΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
� CΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

Using (3.4) in the above inequalities, we deduce,

AΨ(ζσ, ζσ+β, µ)

≥ AΨ

(
ζ0, ζ1,

µ

2(ϑ)n−1(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζ0, ζ1,

µ

(2)2(ϑ)n(Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζ0, ζ1,

µ

(2)3(ϑ)n+1 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
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∗AΨ

(
ζ0, ζ1,

µ

(2)4(ϑ)n+2 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
∗ · · · ∗

∗AΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−2 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
∗AΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
and

BΨ(ζσ, ζσ+β, µ)

≤ BΨ

(
ζ0, ζ1,

µ

2(ϑ)n−1(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζ0, ζ1,

µ

(2)2(ϑ)n(Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζ0, ζ1,

µ

(2)3(ϑ)n+1 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
�BΨ

(
ζ0, ζ1,

µ

(2)4(ϑ)n+2 (Ψ(ζσ+1, ζσ+β) · · · ζσ+4))

)
� · · ·�

�BΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−2 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
�BΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

In addition,

CΨ(ζσ, ζσ+β, µ)

≤ CΨ

(
ζ0, ζ1,

µ

2(ϑ)n−1(Ψζσ, ζσ+1))

)
� CΨ

(
ζ0, ζ1,

µ

(2)2(ϑ)n(Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζ0, ζ1,

µ

(2)3(ϑ)n+1 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
� CΨ

(
ζ0, ζ1,

µ

(2)4(ϑ)n+2 (Ψ(ζσ+1, ζσ+β) · · · ζσ+4))

)
� · · ·�

� CΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−2 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
� CΨ

(
ζ0, ζ1,

µ

(2)β−1(ϑ)n+β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.
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Using (1), for σ →∞, we deduce,

lim
σ→∞

AΨ(ζσ, ζσ+β, µ) = 1 ∗ 1 ∗ · · · ∗ 1 = 1,

lim
ζ→∞

BΨ(ζσ, ζσ+β, µ) = 0� 0� · · · � 0 = 0

and

lim
σ→∞

CΨ(ζσ, ζσ+β, µ) = 0� 0� · · · � 0 = 0.

That is {ζσ} is a G-CS. Since, (L,Ab, Bb, Cb, ∗,�) is a G-complete NCMLS,
there exists, lim

σ→∞
ζσ = ζ.

Now observe that ζ is a FP of I, using (NL5), (NL10),(NL15) and (1), we
deduce

AΨ(ζ, Iζ, µ) ≥ AΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
∗AΨ

(
ζσ+1, Iζ,

µ

2(Ψ(ζσ+1, Iζ))

)
,

AΨ(ζ, Iζ, µ) ≥ AΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
∗AΨ

(
Iζσ, Iζ,

µ

2(Ψ(Iζσ, Iζ))

)
,

AΨ(ζ, Iζ, µ) ≥ AΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
∗AΨ

(
ζσ, ζ,

µ

2ϑ(Ψ(ζσ, ζ))

)
→ 1 ∗ 1 = 1 as σ →∞.

BΨ(ζ, Iζ, µ) ≤ BΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
�BΨ

(
ζσ+1, Iζ,

µ

2(Ψ(ζσ+1, Iζ))

)
,

BΨ(ζ, Iζ, µ) ≤ BΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
�BΨ

(
Iζσ, Iζ,

µ

2(Ψ(Iζσ, Iζ))

)
,

BΨ(ζ, Iζ, µ) ≤ BΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
�BΨ

(
ζσ, ζ,

µ

2ϑ(Ψ(ζσ, ζ))

)
→ 0� 0 = 0 as σ →∞.

CΨ(ζ, Iζ, µ) ≤ CΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
� CΨ

(
ζσ+1, Iζ,

µ

2(Ψ(ζσ+1, Iζ))

)
,

CΨ(ζ, Iζ, µ) ≤ CΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
� CΨ

(
Iζσ, Iζ,

µ

2(Ψ(Iζσ, Iζ))

)
,

CΨ(ζ, Iζ, µ) ≤ CΨ

(
ζ, ζσ+1,

µ

2(Ψ(ζ, ζσ+1)
)

)
� CΨ

(
ζσ, ζ,

µ

2ϑ(Ψ(ζσ, ζ))

)
→ 0� 0 = 0 as σ →∞.
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Therefore, Iζ = ζ, that is, ζ is a FP . To check the uniqueness, suppose that
Iα = α for some α ∈ L. Then,

1 ≥ AΨ(α, ζ, µ) = AΨ(Iα, Iζ, µ) ≥ AΨ

(
α, ζ,

µ

ϑ

)
= AΨ

(
Iα, Iζ,

µ

ϑ

)
≥ AΨ

(
α, ζ,

µ

ϑ2

)
≥ · · · ≥ AΨ

(
α, ζ,

µ

ϑn

)
→ 1 as n→∞,

and

0 ≤ BΨ(α, ζ, µ) = BΨ(Iα, Iζ, µ) ≤ BΨ

(
α, ζ,

µ

ϑ

)
= BΨ

(
Iα, Iζ,

µ

ϑ

)
≤ BΨ

(
α, ζ,

µ

ϑ2

)
≤ · · · ≤ BΨ

(
α, ζ,

µ

ϑn

)
→ 0 as n→∞.

In addition,

0 ≤ CΨ(α, ζ, µ) = CΨ(Iα, Iζ, µ) ≤ CΨ

(
α, ζ,

µ

ϑ

)
= CΨ

(
Iα, Iζ,

µ

ϑ

)
≤ CΨ

(
α, ζ,

µ

ϑ2

)
≤ · · · ≤ CΨ

(
α, ζ,

µ

ϑn

)
→ 0 as n→∞.

By using (NL3), (NL8) and (NL13), we have ζ = α. �

Definition 3.8. Let (L,Ab, Bb, Cb, ∗,�) be a NCMLS. A function I : L→ L
is neutrosophic controlled (NC) contraction, if for some 0 < ϑ < 1,

1

AΨ(Iζ, Iω, µ)
− 1 ≤ ϑ

[
1

AΨ(ζ, ω, µ)
− 1

]
, (3.5)

BΨ(Iζ, Iω, µ) ≤ ϑBΨ(ζ, ω, µ), (3.6)

CΨ(Iζ, Iω, µ) ≤ ϑCΨ(ζ, ω, µ). (3.7)

Theorem 3.9. Let (L,Ab, Bb, Cb, ∗,�) be a G-complete NCMLS with Ψ :
L× L→ [1,∞) and

lim
µ→∞

AΨ(ζ, ω, µ) = 1, lim
µ→∞

BΨ(ζ, ω, µ) = 0 and lim
µ→∞

CΨ(ζ, ω, µ) = 0 (3.8)

for all ζ, ω ∈ L and µ > 0. Let I : L→ L be a NC contraction. In addition,
assume that ω ∈ L, limi→∞Ψ(ζσ, ω), limσ→∞Ψ(ω, ζσ), lim

σ,m→∞
Ψ(ζσ, ζm) and

lim
σ,m→∞

Ψ(ζm, ζσ) are finite, where ζσ = Inζ0 = Iζσ−1 for all σ ∈ N, and

ζ0 ∈ L be arbitrary. Then, I has a unique fixed point.

Proof. Let ζ0 be an arbitrary point of L and set up a sequence {ζσ} by

ζσ = Inζ0 = Iζσ−1, n ∈ N.
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Using (3.5), (3.6) and (3.7) for all µ > 0, n > β, we acquire,

1

AΨ(ζσ, ζσ+1, µ)
− 1 =

1

AΨ(Iζσ−1, Iζσ, µ)
− 1

≤ ϑ
[

1

AΨ(ζσ−1, ζσ, µ)
− 1

]
=

ϑ

AΨ(ζσ−1, ζσ, µ)
− ϑ,

this implies that

1

AΨ(ζσ, ζσ+1, µ)
≤ ϑ

AΨ(ζσ−1, ζσ, µ)
+ (1− ϑ)

≤ ϑ2

AΨ(ζσ−1, ζσ, µ)
+ ϑ(1− ϑ) + (1− ϑ).

Continuing this way, we acquire

1

AΨ(ζσ, ζσ+1, µ)
≤ ϑn

AΨζ0, ζ1, µ)
+ ϑn−1(1− ϑ) + · · ·+ ϑ(1− ϑ) + (1− ϑ)

≤ ϑn

AΨ(ζ0, ζ1, µ)
+ (1− ϑ)[(ϑn−1) + (ϑn−2) + · · ·+ 1)

≤ ϑn

AΨ(ζ0, ζ1, µ)
+ (1− ϑn),

we obtain

1
ϑn

AΨ(ζ0,ζ1,µ) + (1− ϑn)
≤ AΨ(ζσ, ζσ+1, µ) (3.9)

and

BΨ(ζσ, ζσ+1, µ) = BΨ(Iζσ−1, ζσ, µ) ≤ ϑBΨ(ζσ−1, ζσ, µ)

= ϑBΨ(Iζσ−2, Iζσ−1, µ)

≤ ϑ2BΨ(ζσ−2, ζσ−1, µ) ≤ · · · ≤ ϑnBΨ(ζ0, ζ1, µ). (3.10)

In addition,

CΨ(ζσ, ζσ+1, µ) = CΨ(Iζσ−1, ζσ, µ) ≤ ϑCΨ(ζσ−1, ζσ, µ)

= ϑCΨ(Iζσ−2, Iζσ−1, µ)

≤ ϑ2CΨ(ζσ−2, ζσ−1, µ) ≤ · · · ≤ ϑnCΨ(ζ0, ζ1, µ).
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For any β ∈ N, using (NL5), (NL10) and (NL15), we deduce

AΨ(ζσ, ζσ+β, µ)

≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
∗AΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≥ AΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
∗AΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
∗AΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
∗AΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
∗ · · · ∗

∗AΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
∗AΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
and

BΨ(ζσ, ζσ+β, µ)

≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
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≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β))

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
�BΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
�BΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
�BΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
�BΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
� · · ·�

�BΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
�BΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

In addition,

CΨ(ζσ, ζσ+β, µ)

≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+β,

µ

2(Ψ(ζσ+1, ζσ+β))

)
≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
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� CΨ

(
ζσ+2, ζσ+β,

µ

(2)2 (Ψ(ζσ+1, ai+β)Ψ(ai+2, ai+β))

)
≤ CΨ

(
ai, ai+1,

µ

2(Ψ(ai, ai+1))

)
� CΨ

(
ai+1, ai+2,

µ

(2)2 (Ψ(ai+1, ai+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
� CΨ

(
ζσ+3, ζσ+β,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+3, ζσ+β))

)
≤ CΨ

(
ζσ, ζσ+1,

µ

2(Ψ(ζσ, ζσ+1))

)
� CΨ

(
ζσ+1, ζσ+2,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� CΨ

(
ζσ+2, ζσ+3,

µ

(2)3 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+2, ζσ+β)Ψ(ζσ+2, ζσ+3))

)
� CΨ

(
ζσ+3, ζσ+4,

µ

(2)4 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+3, ζσ+4))

)
� · · ·�

� CΨ

(
ζσ+β−2, ζσ+β−1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
� CΨ

(
ζσ+β−1, ζσ+β,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
,

AΨ(ζσ, ζσ+β, µ)

≥ 1
ϑn

AΨ

(
ζ0,ζ1,

µ
2(Ψ(ζσ,ζσ+1))

) + (1− ϑn)

∗ 1
ϑn+1

AΨ

(
ζ0,ζ1,

µ

(2)2(Ψ(ζσ+1,ζσ+β)Ψ(ζσ+1,ζσ+2))

) + (1− ϑn+1)

∗ 1
ϑn+2

AΨ

(
ζ0,ζ1,

µ

(2)3(Ψ(ζσ+1,ζσ+β)Ψ(ζσ+2,ζσ+β)Ψ(ζσ+2,ζσ+3))

) + (1− ϑn+2)
∗ · · · ∗

∗ 1
ϑn+β−2

AΨ

(
ζ0,ζ1,

µ

(2)β−1(Ψ(ζσ+1,ζσ+β)···Ψ(ζσ+β,ζσ+β−1))

) + (1− ϑn+β−2)
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∗ 1
ϑn+β−1

AΨ

(
ζ0,ζ1,

µ

(2)β−1(Ψ(ζσ+1,ζσ+β)···Ψ(ζσ+β−1,ζσ+β))

) + (1− ϑn+β−1)

and

BΨ(ζσ, ζσ+β, µ)

≤ ϑnBΨ

(
ζ0, ζ1,

µ

2(Ψ(ζσ, ζσ+1))

)
� ϑn+1BΨ

(
ζ0, ζ1,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� ϑn+2BΨ

(
ζ0, ζ1,

µ

(2)3 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+2, ζσ+3))

)
� · · ·�

� ϑn+β−2BΨ

(
ζ0, ζ1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
� ϑn+β−1BΨ

(
ζ0, ζ1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

In addition,

CΨ(ai, ai+β, µ)

≤ ϑnCΨ

(
ζ0, ζ1,

µ

2(Ψ(ζσ, ζσ+1))

)
� ϑn+1CΨ

(
ζ0, ζ1,

µ

(2)2 (Ψ(ζσ+1, ζσ+β)Ψ(ζσ+1, ζσ+2))

)
� ϑn+2CΨ

(
ζ0, ζ1,

µ

(2)3 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+2, ζσ+3))

)
� · · ·�

� ϑn+β−2CΨ

(
ζ0, ζ1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−2, ζσ+β−1))

)
� ϑn+β−1CΨ

(
ζ0, ζ1,

µ

(2)β−1 (Ψ(ζσ+1, ζσ+β) · · ·Ψ(ζσ+β−1, ζσ+β))

)
.

Therefore,

lim
i→∞

AΨ(ζσ, ζσ+β), µ) = 1 ∗ 1 ∗ · · · ∗ 1 = 1,

lim
σ→∞

BΨ(ζσ, ζσ+β, µ) = 0� 0� · · · � 0 = 0

and

lim
σ→∞

CΨ(ζσ, ζσ+β, µ) = 0� 0� · · · � 0 = 0,

that is, {ζσ} is a G-CS. Since (L,Ab, Bb, Cb, ∗,�) is a G-complete in NCMLS,
there exists, lim ζσ = ζ as σ →∞.
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Now check that ζ is a FP of I using (NL5), (NL10) and (NL15) we deduce

1

AΨ(Iζσ, Iζ, µ)
− 1 ≤ ϑ

[
1

AΨ(ζσ, ζ, µ)

]
=

ϑ

AΨ(ζσ, ζ, µ)
− ϑ,

it implies that

1
ϑ

AΨ(ζσ ,ζ,µ) + (1− ϑ)
≤ AΨ(Iζσ, Iζ, µ),

BΨ(Iζσ, Iζ, µ) ≤ ϑBΨ(ζσ, ζ, µ)

and

CΨ(Iζσ, Iζµ) ≤ ϑCΨ(ζζ , ζ, µ).

Using the above inequality, we obtain

AΨ(ζ, Iζ, µ) ≥ AΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
∗AΨ

(
ζσ+1, Iζ,

µ

2Ψ(ζσ+1, Iζ)

)
≥ AΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
∗AΨ

(
Iζσ, Iζ,

µ

2Ψ(Iζσ, Iζ)

)
≥ AΨ

(
ζ, ζσ+1,

µ

(2Ψ(ζ, ζσ+1))

)
∗ 1

ϑ
AΨ(Iζσ ,Iζ,

µ
2Ψ(Iζσ,Iζ)

)
+ (1− ϑ)

→ 1 ∗ 1 = 1 as σ →∞

and

BΨ(ζ, Iζ, µ) ≤ BΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
�BΨ

(
ζσ+1, Iζ,

µ

2Ψ(ζσ+1, Iζ)

)
≤ BΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
�BΨ

(
Iζσ, Iζ,

µ

2Ψ(Iζσ, Iζ)

)
≤ BΨ

(
ζσ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
� ϑBΨ

(
ζσ, ζ,

µ

2Ψ(ζζ , ζ)

)
→ 0� 0 = 0 as i→∞.

In addition,

CΨ(ζ, Iζ, µ) ≤ CΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
� CΨ

(
ζσ+1, Iζ,

µ

2Ψ(ζσ+1, Iσ)

)
≤ CΨ

(
ζ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
� CΨ

(
Iζσ, Iζ,

µ

2Ψ(Iζσ, Iζ)

)
≤ CΨ

(
ζσ, ζσ+1,

µ

2Ψ(ζ, ζσ+1)

)
� ϑCΨ

(
ζσ, ζ,

µ

2Ψ(ζσ, ζ)

)
→ 0� 0 = 0 as i→∞.
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This indicates that Iζ = ζ, which is a FP . To demonstrate the uniqueness,
take Iα = α for some α ∈ L. Then,

1

AΨ(ζ, α, µ)
− 1 =

1

AΨ(Iζ, Iα, µ)
− 1 ≤ ϑ

[
1

AΨ(ζ, α, µ)
− 1

]
<

1

AΨ(ζ, α, µ)
− 1,

which is a contraction, and

BΨ(ζ, α, µ) = BΨ(Iζ, Iα, µ) ≤ ϑBΨ(ζ, α, µ) < BΨ(ζ, α, µ);

CΨ(ζ, α, µ) = CΨ(Iζ, Iα, µ) ≤ ϑCΨ(ζ, α, µ) < CΨ(ζ, α, µ)

are contractions. Therefore, we must have

AΨ(ζ, α, µ) = 1; BΨ(ζ, α, µ) = 0 and CΨ(ζ, α, µ) = 0.

Hence, ζ = α. �

Example 3.10. Let L =
[

1
8 , 1
]
. Define Ψ by

Ψ(ζ, ω) =

{
1 if ζ = ω,
1+max{ζ,ω}

min{ζ,ω} if ζ 6= ω 6= 0.

Moreover, take,

AΨ(ζ, ω, µ) = e
−max{ζ,ω}

µ , BΨ(ζ, ω, µ) = 1− e−
max{ζ,ω}

µ

and

CΨ(ζ, ω, µ) = e
max{ζ,ω}

µ
−1

with ζ ∗ ω = ζω and ζ � ω = max{ζ, ω}. Then (L,Ab, Bb, Cb, ∗,�) is a
G-complete NCMLS.

Observe that lim
µ→∞

AΨ(ζ, ω, µ), lim
µ→∞

BΨ(ζ, ω, µ) and lim
µ→∞

CΨ(ζ, ω, µ) are

all finite. Consider I : L→ L, where

I(ζ) =

{
0 if ζ ∈

[
1
8 ,

1
4

]
a
8 if ] 1

4 , 1
] .

Then we have four cases:

(i) If ζ, ω ∈
[

1
8 ,

1
4

]
, then Iζ = Iω = 0.

(ii) If ζ ∈
[

1
8 ,

1
4

]
and ω ∈ ] 1

4 , 1
]
, then Iζ = 0 and Iω = ω

8 .

(iii) If ω ∈
[

1
8 ,

1
4

]
and a ∈ ] 1

4 , 1
]
, then Iω = 0 = 0 and Iζ = a

8 .

(iv) If ζ, ω ∈ ] 1
4 , 1
]
, then Iζ = a

8 and Iω = ω
8 .
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For all cases (i)-(iv),

AΨ(Iζ, Iω, ϑµ) ≥ AΨ(ζ, ω, µ), BΨ(Iζ, Iω, ϑµ) ≤ BΨ(ζ, ω, µ)

and

CΨ(Iζ, Iω, ϑµ) ≤ CΨ(ζ, ω, µ)

are satisfied for ϑ ∈ ] 0, 1 [ , and also

1

AΨ(Iζ, Iω, µ)
− 1 ≤ ϑ

[
1

AΨ(ζ, ω, µ)
− 1

]
,

BΨ(Iζ, Iω, µ) ≤ ϑBΨ(ζ, ω, µ) and CΨ(Iζ, Iω, µ) ≤ ϑCΨ(ζ, ω, µ)

are satisfied for ϑ ∈ ] 0, 1 [ . Observe that lim
σ→∞

Ψ(ζσ, ω) and lim
σ→∞

Ψ(ω, ζσ)

are finite. Observe as well as that the conditions of Theorem 3.7 and Theorem
3.9 are all met, and 0 is the unique fixed point of I.

4. Application to nonlinear fractional differential equations

In this section, we utilize following theorem to demonstrate the existence
and uniqueness of a solution to a nonlinear fractional differential equation
(NFDE)

Dq
0+ζ(δ) = g(δ, ζ(δ)), 0 < δ < 1, (4.1)

along with the boundary conditions,

ζ(0) + ζ
′
(0) = 0, ζ(1) + ζ

′
(1) = 0,

where 1 < q ≤ 2 is a number, Dq
0+ is the Caputo fractional derivative and

~ : [0, 1]× [0,∞)→ [0,∞) is a continuous function.

Let L = C([0, 1],R) refer the space of all continuous functions on [0, 1]
equipped with the CTN ζ ∗ ω = ζω and CTCN ζ � ω = max{ζ, ω} for all
ζ, ω ∈ [0, 1]. Define an NCMLS on L as follows:

AΨ(ζ, c, µ) =
αµ

αµ+ ρmax{supδ∈[0,1] ζ(δ), supδ∈[0,1] c(δ)}6
,

BΨ(ζ, c, µ) =
ρmax{supδ∈[0,1] ζ(δ), supδ∈[0,1])c(δ)}6

αµ+ ρmax{supδ∈[0,1] ζ(δ), supδ∈[0,1] c(δ)}6

and

CΨ(ζ, c, µ) =
ρmax{supδ∈[0,1] ζ(δ), supδ∈[0,1] c(δ)}6

αµ
.

For all µ > 0 and ζ, c ∈ L with

Ψ(ζ, c) = 1 + max{ sup
δ∈[0,1]

ζ(δ), sup
δ∈[0,1]

c(δ)}6.
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Observe that ζ ∈ L solves (4.1) whenever ζ ∈ L solves the below integral
equation:

ζ(δ) =
1

Γ(q)

∫ 1

0
(1− v)q−1(1− δ)~(v, ζ(δ))cv

+
1

Γ(q − 1)

∫ 1

0
(1− v)q−2(1− δ)~(v, ζ(δ))cv

+
1

Γ(q)

∫ δ

0
(δ − v)q−1~(v, ζ(δ))cv.

Theorem 4.1. The integral operator I : L→ L is set by

ζ(δ) =
1

Γ(q)

∫ 1

0
(1− v)q−1(1− δ)~(v, ζ(δ))cv

+
1

Γ(q − 1)

∫ 1

0
(1− v)q−2(1− δ)~(v, ζ(δ))cv

+
1

Γ(q)

∫ δ

0
(δ − v)q−1~(v, ζ(δ))cv,

where ~ : [0, 1]× [0,∞)→ [0,∞) satisfying the following criteria:

max

{
sup
v∈[0,1]

~(v, ζ(v)), sup
v∈[0,1]

~(v, c(v))

}
≤ 1

4
max

{
sup
v∈[0,1]

ζ(v), sup
v∈[0,1]

c(v)

}

for all ζ, c ∈ L, and

sup
δ∈(0,1)

1

4096

[
1− δ

Γ(q + 1)
+

1− δ
Γ(q)

+
δq

Γ(q + 1)

]6

≤ ω < 1.

Then NFDE has a unique solution.
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Proof.

max{Iζ(v), Ic(v)}6

=


1−δ
Γ(q)

∫ 1
0 (1− v)q−1 max{supv∈[0,1] ~(v, ζ(v)), supv∈[0,1] ~(v, c(v))}cv+

1−δ
Γ(q−1)

∫ 1
0 (1− v)q−2 max{supv∈[0,1] ~(v, ζ(v)), supv∈[0,1] ~(v, c(v))cv}

+ 1−δ
Γ(q)

∫ δ
0 (δ − v)q−1 max{supv∈[0,1] ~(v, ζ(v)), supv∈[0,1] ~(v, c(v))}cv


6

≤


1−δ
Γ(q)

∫ 1
0 (1− v)q−1 +

max{supv∈[0,1] ζ(v),supv∈[0,1] c(v)

4 cv

1−δ
Γ(q−1)

∫ 1
0 (1− v)q−2 max{supv∈[0,1] ζ(v),supv∈[0,1] c(v)

4 cv

+ 1−δ
Γ(q)

∫ 1
0 (δ − v)q−1 max{supv∈[0,1] ζ(v),supv∈[0,1] c(v)

4 cv


6

≤ 1

46
max{ sup

v∈[0,1]
ζ(v), sup

v∈[0,1]
c(v)}6

(
1− δ
Γ(q)

∫ 1

0
(1− v)q−1cv

+
1− δ

Γ(q − 1)

∫ 1

0
(1− v)q−2cv +

1− δ
Γ(q)

∫ δ

0
(δ − v)q−1cv

)6

≤ 1

46
max{ sup

v∈[0,1]
ζ(v), sup

v∈[0,1]
c(v)}6 sup

δ∈[0,1]

[
1− δ

Γ(q + 1)
+

1− δ
Γ(q)

+
δq

Γ(q + 1)

]6

= ωmax{ sup
v∈[0,1]

ζ(v), sup
v∈[0,1]

c(v)}6,

where

ω = sup
δ∈(0,1)

1

4096

[
1− δ

Γ(q + 1)
+

1− δ
Γ(q)

+
δq

Γ(q + 1)

]6

.

Therefore, the above inequality implies that

max{ sup
v∈[0,1]

Iζ(v), sup
v∈[0,1]

Ic(v)}6 ≤ max{ sup
v∈[0,1]

ζ(v), sup
v∈[0,1]

c(v)}6.

Then, we have

αµ+
ρ

ω
max{ sup

v∈[0,1]
Iζ(v), sup

v∈[0,1]
Ic(v)}6

≤ αµ+ ρmax{ sup
v∈[0,1]

ζ(v), sup
v∈[0,1]

c(v)}6.

Therefore,

α(ωµ)

α(ωµ) + ρmax{sups∈[0,1] Iζ(v), sups∈[0,1] Ic(v)}6

≥ αµ

αµ+ ρmax{supv∈[0,1] ζ(v), supv∈[0,1] c(v)}6
.
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Hence, we have

AΨ(Iζ, Ic, ωµ) ≥ AΨ(ζ, c, µ).

And also

ρ supv∈[0,1] max{supv∈[0,1] Iζ(v), supv∈[0,1] Ic(v)}6

α(ωµ) + max{supv∈[0,1] Iζ(v), supv∈[0,1] Ic(v)}6

≤
ρ supv∈[0,1] max{supv∈[0,1] ζ(v), supv∈[0,1] c(v)}6

αµ+ max{supv∈[0,1] Iζ(v), supv∈[0,1] Ic(v)}6
.

Hence, we have

BΨ(Iζ, Ic, ωµ) ≤ BΨ(ζ, c, µ).

Furthermore,

ρ supv∈[0,1] max{supv∈[0,1] Iζ(v), supv∈[0,1] Ic(v)}6

α(ωµ)

≤
ρ supv∈[0,1] max{supv∈[0,1] ζ(v), supv∈[0,1] c(v)}6

.
αµ.

Hence, we have

CΨ(Iζ, Ic, ωµ) ≤ CΨ(ζ, c, µ)

for some α, ρ > 0. Observe that the requirements of the Theorem 3.7 and
Theorem 3.9 are met. As a result, I has a distinct point. For that reason, the
precise NFDE has a unique solution. �

5. Conclusion

In this study, we introduced the concept of a neutrosophic metric-like space,
extending traditional metric structures to better handle uncertainty and inde-
terminacy. We developed the framework of neutrosophic controlled metric-like
spaces and established fixed point theorems for contraction mappings on G-
complete spaces.

These results generalize classical fixed point theorems and provide useful
tools for analyzing systems under vague or incomplete information. To demon-
strate the applicability of our findings, we applied them to prove the existence
and uniqueness of solutions for a nonlinear fractional differential equation.

We believe the results presented here will be valuable to researchers working
in neutrosophic and fuzzy environments, and may inspire further work in gen-
eralized fixed point theory, fractional calculus, and applications in uncertain
systems.

Acknowledgement: Authors are thankful to Prince Sultan University for
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