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Abstract. In this paper, we give a sufficient condition to converge to common fixed point of
a finite step iteration process with errors for two finite families of generalized asymptotically
quasi-nonexpansive mappings in the framework of Banach spaces. Also, we establish some
weak and strong convergence theorems of the above said scheme and mappings using addi-
tional assumptions to the space in the framework of uniformly convex Banach spaces. The
results presented in this paper improve and extend some results of Chen and Guo (2011) [1],
Sitthikul and Saejung (2009) [19] and many others.

1. INTRODUCTION

Let K be a nonempty subset of a real Banach space E. Let T: K — K
be a mapping, then we denote the set of all fixed points of T" by F(T'). The
set of common fixed points of two mappings S and T will be denoted by
F=F(S)NF(T). A mapping T: K — K is said to be:

(1) nonexpansive if

[Te =Tyl < [lz—yl (1.1)
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for all x,y € K.
(2) quasi-nonexpansive if F(T) # () and

[Tz —pl < = —pll (1.2)

for all z € K and p € F(T).
(3) asymptotically nonexpansive [6] if there exists a sequence {k,} in
[1,00) with lim,,—,~ kn, = 1 such that

[Tz =Tyl < knllz -yl (1.3)

for all z,y € K and n > 1.
(4) asymptotically quasi-nonexpansive if F(T') # () and there exists a se-
quence {ky,} in [1,00) with lim,,_ o kn, = 1 such that

[T"z —pl| < knllz—pl (1.4)

forallz € K,pe F(T) and n > 1.

(5) generalized asymptotically quasi-nonexpansive [7] if F(T) # ( and
there exist sequences {ky} in [1, 00) and {s,} in [0, c0) with lim,_,~ kn,
=1 and lim,,_.o, s, = 0 such that

[Tz —pll < knlle—pll+sn (1.5)

forallz € K,pe F(T) and n > 1.
(6) uniformly L-Lipschitzian if there exists a positive constant L such that

[T"c = T"y|| < Lz -yl (1.6)
for all z,y € K and n > 1.

If in definition (5), s, = 0 for all n > 1, then T' becomes asymptotically
quasi-nonexpansive, and hence the class of generalized asymptotically quasi-
nonexpansive maps includes the class of asymptotically quasi-nonexpansive
maps.

Remark 1.1. It is easy to see that if F'(T') is nonempty, then nonexpansive
mapping, asymptotically nonexpansive mapping and asymptotically quasi-
nonexpansive mappings are the special cases of generalized asymptotically
quasi-nonexpansive mappings.

The class of asymptotically nonexpansive self-mappings was introduced by
Goebel and Kirk [6] in 1972 as an important generalization of the class of
nonexpansive self-mappings, and proved that if K is a nonempty closed convex
subset of a real uniformly convex Banach space and T is an asymptotically
nonexpansive self-mapping of K, then T has a fixed point.

Since then, iteration processes for asymptotically nonexpansive mappings
and asymptotically quasi-nonexpansive mappings in Banach spaces have stud-
ied extensively by many authors (see [2],[5],[8]-[10],[12]-[18]). In 2002, Xu and
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Noor [21] introduced and studied a three-step iteration scheme to approxi-
mate fixed points of asymptotically nonexpansive mappings in Banach space.
Cho et al. [3] extended the work of Xu and Noor to a three-step iterative
scheme with errors in Banach space and proved the weak and strong conver-
gence theorems for asymptotically nonexpansive mappings. In 2009, Sitthikul
and Saejung [19] introduced and studied a finite-step iteration scheme for a
finite family of nonexpansive and asymptotically nonexpansive mappings and
proved some weak and strong convergence theorems in the setting of Banach
spaces. In 2009, Imnang and Suantai [7] introduced and studied a multi-
step iteration iteration scheme for a finite family of generalized asymptotically
quasi-nonexpansive mappings in the framework of Banach spaces. Recently,
Chen and Guo [1] introduced and studied a new finite-step iteration scheme
with errors for two finite families of asymptotically nonexpansive mappings as
follows:

Let K be a nonempty convex subset of a Banach space F with K+ K C K.
Let {S;}¥, {T;}Y,: K — K be 2N asymptotically nonexpansive mappings.
Then the sequence {z,} defined by

r1 = z €K,
o) =
o) = oP1re® + (1 - alV)Sta, + ull,
o) = o Tl + (1 af?)Shan +uf?,
D = o ITR 0D 4 (1= ol D)y + oD,
eV = oWNR N0 L — oMY ST 4+ V)
Tnp1 = V), Vn>1, (1.7)

where {ag)} C [0,1] and {ug)} are bounded sequences in K for all i € I =
{1,2,...,N}, and the weak and strong convergence theorems are proved,
which improve and generalize some results in [19]. Letting ugf) = 0 for all
n>1,4€ [ in (1.7). We have the following:

r1 = z€K,
20 =z,
D = QT7af) + (1 ald)STan
2P = PR + (1 - aP)Sha,,
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N0 = oWNDr p(N=2) 4 (NS eR
2 = aMTraND 41— oMY ST,
Tn+1 = JjnN)? Vn = 1’ (18)

where {ag )} C [0,1] for all ¢ € I and the author [1] proved weak convergence
theorem of iteration scheme (1.8).

The purpose of this paper is to study the weak and strong convergence of
the iteration scheme (1.7) and (1.8) to converge to common fixed points for
two finite families of uniformly L-Lipschitzian and generalized asymptotically
quasi-nonexpansive mappings in the framework of uniformly convex Banach
spaces. The results presented in this paper improve and extend the corre-
sponding results of Chen and Guo (2011) [1], Sitthikul and Saejung (2009)
[19] and many others.

In order to prove the main results of this paper, we need the following
concepts and lemmas:

Let E be a Banach space with its dimension greater than or equal to 2. The
modulus of convexity of F is the function dg(e): (0,2] — [0, 1] defined by

. 1
o(0) = int {1 |36+ )| ell =1, Il =1, = o =1 }.

A Banach space E is uniformly convex if and only if dg(e) > 0 for all
e €(0,2].
Recall that a Banach space E is said to satisfy Opial’s condition [11] if, for
any sequence {x,} in E, z, — = weakly implies that
limsup ||z, — x| < limsup ||z, — y||
n—-ao0 n—-—ao0

for all y € F with y # z.

A Banach space E has the Kadec-Klee property [19] if for every sequence
{zp} in E, x, — = weakly and ||z,| — ||| it follows that |z, — z|| — 0.

A mapping T: K — K is said to be semi-compact [2] if for any bounded
sequence {z,} in K such that ||z, — Tz,| — 0 as n — oo, then there exists a
subsequence {zy, } C {xy} such that z,, — 2* € K strongly.

Lemma 1.2. (See [20]) Let {an}02 1, {Bn}i2 and {r,}, be sequences of
nonnegative numbers satisfying the inequality

Ap41 S (1 + ﬂn)an + Tn, Vn 2 1.
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If ZZO 1 Bn < 00 and ZZO 1 Tn < 00, then lim, o o, exists. In particular,
{an}22, has a subsequence which converges to zero, then limy,_,o oy, = 0.

Lemma 1.3. (See [16]) Let E be a uniformly convexr Banach space and 0 <
a < t, < B <1 foraln e N. Suppose further that {xn} and {yn} are
sequences of E such that limsup,,_, . ||zn| < a, limsup,,_, ||lyn| < a and
limy, o0 [[tnTn + (1 — t)ynl|l = a hold for some a > 0. Then limy, o0 || — Ynl|
=0.

Lemma 1.4. (See [19]) Let E be a real reflexive Banach space with its dual
E* has the Kadec-Klee property. Let {x,} be a bounded sequence in E and
D, ¢ € wy(Ty) (where wy(zy) denotes the set of all weak subsequential limits
of {zn}). Suppose lim,,_, ||tz + (1 —t)p — q|| exists for all t € [0,1]. Then
p=gq.

Proposition 1.5. Let K be a nonempty subset of a Banach space E and
(SN TN, : K — K be2N generalized asymptotically quasi-nonexpansive
mappings. Then there exist sequences {ky}, {hn} C [1,00) and {s,}, {tn} C
[0,00) with ky, — 1, hy, — 1 and s, — 0, t,, = 0 as n — oo such that

STz — Syl < kpllz—y| + 50, Yn>1,
and

Tz — Tyl ho || = y|| + tn, VY >1,
forallz,ye K andi=1,2,...,N.

IN

Proof. Since for each i = 1,2,...,N, S;, T;: K — K are generahzed asymp-
totically qua51 nonexpanswe mappings, there exist sequences {k )} {hn)} -
[1,00) and {sn }, {tnl)} C [0, 00) with Y =1, = 1and s = 0,69 -0
as n — oo such that

IStz — SPyll < kD |z —yll+sY, VYn>1,
and
Tz — TPyl < A9 |z —y| +t9, ¥n>1,

forall z,ye Kandi=1,2,...,N.
Letting

by = max{k\" k@ BNV py = max{r(D, A2 RV}

and

sp = max{sV, s@ . sV 4 = max{tD ¢2) MYy

n n
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then we have that {k,}, {hn} C [1,00) and {s,}, {tn} C [0, 00) with
k, — 1, h, > 1and s, — 0, t, =0 asn — oo and

IS =Syl < kD e =yl + s < kalle =yl + 50, YR =1,

and
TP =Tyl < bz =yl + 67 < holle =yl +ta, Y0 >1,
for all x, y € K and for each ¢ =1,2,..., N. O

2. STRONG CONVERGENCE THEOREMS

In this section, we first prove the following lemmas in order to prove our
main theorems.

Lemma 2.1. Let E be a real Banach space and K be a nonempty closed
conver subset of E with K + K C K. Let {S;}N, {Ti}¥,: K — K be
2N generalized asymptotically quasi-nonexpansive mappings with sequences
{kn}, {hn} C [1,00) and {sp}, {tn} C [0,00) given in Proposition 1.1 and
F = ﬂfil F(S;)NF(T;) #0. Let {x,} be the sequence defined by (1.7), where
{ag)} C [0,1] for all i € I with the following restrictions:

() X5y (b — 1) < 0

(i) D02 8p <00, Yo7ty < 00;

(i) 3°°0, Huﬁf)‘ < oo foralliel.

Then the limit limy, o ||z, — q|| exists for all ¢ € F.

Proof. Let g € F. Then from (1.7), we have

ng) — qH = ‘ o1l 2, 4+ (1 — al))SPa, +ull) — qH
< alD T — gl + (1= ) |57wn - gl + |l
< alDlhn llzn = all + ta] + (1= )k — gl + 5] + Jul?
< alkahn 20— all + 0Vt + (1 = alD)knhn 7w = gl
+(1 = D)5y, + Enhy, |[uld ‘
< knhn”xn—qHJrknhn{)uﬁ}) ‘ —i—sn+tn}. (2.1)
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Again using (1.7) and (2.1), we obtain

‘ 2@ — qH - Haff)TQ”ar(l) 41— a®)88a, +u® - qH

< @ |13ed - g + (1 - a®) |55 u?||

< a2 = g + ta] + (1 = @) ko llzn — all +

< — || + aPta + (1 = a@)kuhn [z — al

(1 - a®)s, u®

< oPk,h, [knhn |z —ql| +knhn{ ‘ u +tn}]
+(1 = kb 20 — gl + (1 = )5, + Enhy, [l )

< K2A2 flzn — gl + k2RE] [uf ]

+k2Rh2 (s 4 1) (2.2)

Continuing the above process, we get that

|

for all n > 1 and ¢ € I. In particular,

2 — CIH < kLR ||l — gl + k;‘;hZ

‘ + ki RE (s + 1) (2.3)

a1 =l = qu

< ke by — qll + &

ENRY (s + t)

n

— [+ KRN )] |lzn — qll + & h,ﬁvz ]| + BN B (51 + ta)

< L+ (kg = 1) |z

alP|| + Rsn + ta) (2.4)

for some R > 0 and all n > 1. It follows from the conditions (i), (ii) and (iii)
that 3507, (ky'hy —1) < 00, 307 (sn+1tp) < oo and 307 ) <Zg:1 uy) ) <
oo. By Lemma 1.2, we have that lim,,_, ||z, — ¢|| exists. This completes the
proof. O
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Lemma 2.2. Let E be a real uniformly convex Banach space and K be a
nonempty closed convex subset of E with K + K C K. Let {S;}Y,, {Ti}X,:
K — K be 2N wuniformly L-Lipschitzian generalized asymptotically quasi-
nonexpansive mappings with sequences {ky}, {hn} C [1,00) and {sp}, {tn} C
[0,00) given in Proposition 1.1 and F = ﬂf\il F(S;))NF(T;) # 0. Let {z,} be
the sequence defined by (1.7), where {a,(f)} C [a,1—a] for some a € (0,1) and
all i € I with the following restrictions:

() 2opet (knhy — 1) < o005

(i) 2op2ysn <00, 37T tn < 00;

(iii) >0y Huq(f)‘ < oo foralliel.

Slay, — ﬂ”xS_I)H =0 forallicI.

Then lim,, s ‘

Proof. By Lemma 2.1, we know that lim,,_,~ ||z, — ¢ exists. So we can as-
sume that

Jim |l —ql| =d (2.5)

for all ¢ € F', where d > 0 is nonnegative number. It follows from condition
(iii), (2.3), (2.5) and lim,_so0 kphy, = 1 that

limsupHa:,(lN_l) qu <d (2.6)
n—oo
and so
limsupHTﬁxme—D —q+u,(1N)H <d. (2.7)
n—oo
Also,
lim sup HS}(}xn —q+ U%N)H <d. (2.8)
n—oo

Further, from (1.7) and (2.5), we have
d=lim [l — g
= lim (o (TR — g+ ufD) + (1 = o) (SRan — ¢+ uiV)].

By Lemma 1.3, we get that

li_>m SRy, — TN H =0
and
lim ‘T]\‘,x%}v_l) —q+u£lN)“ =d.

n—o0
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From (2.6), we have

d - limianTJQ$£LN_1) —q+“£1N)H

n—oo

< liminf [hn

n—oo

N —qH +tn} + lim )ugN)H

n—oo

= liminf ‘a;glel) — qH < limsup Hx,(lel) - qH <d

n—r00 n—o00

and so

lim )xﬁlN_l) - qH =d. (2.9)

n—oo

It follows from the condition (iii), (2.3), (2.5) and lim,_,~ knh, = 1 that

lim sup x,(lN*Z) — qH <d.

n—oo

Further, we know that

lim sup HT}{,_@&NJ) —q+ U%N_I)H <d (2.10)
n—oo
and
lim sup HS]"V_lxn —q+ ugN—UH <d. (2.11)
n—oo

From (1.7) and (2.9), we have

o (N-1) _
d = lim [l ql
= lim 0N DT yaf ) — g )
n—o0
+ (1= o) (SR 10 — g +ulY)). (2.12)
It follows from (2.9)-(2.11) and Lemma 1.3 that
lim ‘S}{Plxn — 1% V=2 H =0.

n—oo

Continuing the above process, we obtain the result of Lemma 2.2. This com-
pletes the proof. O

Lemma 2.3. Under the assumptions of Lemma 2.2, if
lim ||z, — Sj'@y| =0 (2.13)
n—o0

foralli € I. Then

lim |z, — Tizn|| =0, Viel.
n—oo
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Proof. Since lim,,_ HSfxn — Ti”ngl)H = 0 for all ¢ € I by Lemma 2.2. It
follows from (2.13) that

lim
n—oo

Zn — TP H —0 (2.14)

for all ¢ € I. Next, from (1.7), we have

Jon = @ni1ll < @l [on = TRaN 0| + (1= M) o = Shanl + [u™]).
Using (2.13), (2.14) and lim,,_, ‘ uglN)H = 0, we have
nh_}ngo |z — xnt1]] = 0. (2.15)

Since limy, o0 |20 — TT' @y || = 0 by (2.14) and

lon — Traall < | R

Ty — ﬂnznﬁf_l)H + ‘

< ‘ Ty — Ti"a:gfl)H + L ‘ Y — g,
o w1l ol [,
FL( = o) [|Syzn — | + L |60 (216)
for all i = 1,2,...,N. From (2.13), (2.14), (2.16) and lim,_. ) uﬁf‘”H — 0,
we have
lim ||z, — T]'zy,|| =0 (2.17)
n—oo

for all ¢ € I. Tt follows from (2.15) and (2.17) that

||$n - T’zan < ||xn - xn-i—l”'f‘Hxn—i—l - T’Z‘nJrlxn—s-lH‘f‘Hz;nJrlxn—&-l - 1—;71+1an

[T, T

< ||5Un - anrlH + H$n+1 - T;;nJrlanrlH +L ||=Tn+1 - mn”
+L || T w0 — n|
< (14 D) |2 — gl + |21 — T @0 |

+L Tz — x| - (2.18)
Using (2.15) and (2.17), we get that
lim |z, — Tiz,|| = 0.
n—oo

for all ¢ € I. This completes the proof. O
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Lemma 2.4. Under the assumptions of Lemma 2.2, if
le =Tyl < Sz =Tyl (2.19)
forallz,y e K andi € 1. Then

lim |z, — Sizy| = lim ||z, — Tizy|| =0, Viel.

Proof. By (2.19), we obtain that

R ——
< ‘ S, — Ti”asﬁj—UH (2.20)

for all ¢ € I. It follows from (2.20) and Lemma 2.2 that

lim || Sz, — Ti”xg_l)’ = lim ||z, — Ti"wg_l)H =0. (2.21)
n—oo n—oo
Since
llxn — Sizn| < ‘ Ty, — ﬂ”x,(ffl)H + HTi"x,(ffl) — Sizy, (2.22)
Using (2.21) in (2.22), we obtain
lim |z, — Sizn|| =0 (2.23)
n—oo
for all 4 € I. Also,
lxn — Sitey| < ‘ Ty, — ﬂnx,(ffl)H + HTi"x,(f*l) — Si'zy, (2.24)
Using (2.21) and Lemma 2.2 in (2.24), we obtain
lim |z, — S]'z,|| =0 (2.25)
n—oo

for all i € I. Thus lim,,_, ||y, — Tix,|| = 0 for all i € I by Lemma 2.3. This
completes the proof. O

Theorem 2.5. Let E be a real Banach space and K be a nonempty closed
convex subset of E with K + K C K. Let {Si}¥,, {Ti}¥,: K — K be 2N
uniformly L-Lipschitzian generalized asymptotically quasi-nonerpansive map-
pings with sequences {ky}, {hn} C [1,00) and {s,}, {tn} C [0,00) given in
Proposition 1.1 and F = (X, F(S;) N F(T;) # 0. Let {x,} be the sequence
defined by (1.7), where {ag)} C [a,1—a] for some a € (0,1) and alli € I with
the following restrictions:

(1) Yope1(knhy — 1) < ooy

(i) D00 8n <00, D00ty < 005

(i) >0y Hug) < oo foralliel.
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Then {x,} converges strongly to a common fized point of the mappings
{11, Ts,...,Tn,S1,52,...,SN8} in K if and only if liminf,,_, d(z,, F) = 0,
where d(z, F) = inf{||lx — y|| : y € F}.

Proof. The necessity of Theorem 2.5 is obvious. So, we will prove the suffi-
ciency. Assume that liminf, o d(z,, F) = 0. Taking the infimum over all
g € F in (2.4), we have

N
d(wns1, F) < [+ BV RY = D]d(@n, F) + RS Hu,(f)H + R(sp + tn).
k=1

By using the conditions (i) - (iii) and Lemma 1.2, we know that lim,,_,~ d(zy,, F')
exists and so lim, o d(zy, F') = 0.
Now, we show that {z,} is a Cauchy sequence in K. In fact, letting b,, =

(ENRN 1), ¢, = R{ PO Hu&’“) H —i—sn—i—tn} in (2.4). For any positive integers

m,n, m >mn, from 1 +x < e® for all x > 0 and (2.4), we have

[zm —all < (L4 bm-1) |lZm-1 — qll + em—1
< e | @mer — gl + emet
< €bm_1 [6bm_2 HZCm—Z — q” + Cm_Q] + Cm—1
< 6<bm71+bm72) ||$m72 — q” + 6bm,1 Cm—2 + Cm—1
< elma1tbn2) |z o gl + et s + i)
< ...
m—1 m—2 m—l
< ( eb’“) lzn — q| + (Zebk) Ck
k=n k=n h=n
m—1 m-1 ml
< () fra—al+ (L) Y e

B
Il
b
Il
b
Il
S

n n

o0
< Qllan—al + QY e,
k=n

where Q = >, e . Thus for any ¢ € F, we have

[2m = znll < {l2m = gll + [Jzn — 4|

< (1+Q -l +QY e

k=n

Taking the infimum over all ¢ € F', we obtain that

l2m —znll < (14 Q)d(xn, F)+ Q) e
k=n
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It follows from Y ° | ¢, < 0o and limy, o0 d(2p, F') = 0 that {z,} is a Cauchy
sequence, K is a closed subset of F and so {x,} converges strongly to ¢p € K.
Further, F(T;) and F(S;) (i = 1,2,...,N) are closed sets, and so F is a
closed subset of K. Therefore, g9 € F, that is, {x,} converges strongly to
a common fixed point of the mappings {71, 75,...,Tn,S1,S52,...,5ny} in K.
This completes the proof. O

A family {T; : 1,2,...,m} of m self-mappings of K with F' = ("; F(T;) #
() is said to satisfy condition (B) [1] K if there is a nondecreasing function
f:]0,00) — [0,00) with f(0) = 0 and f(r) > 0 for all » € (0,00) and such
that maxj<i<m { |z — Tix|| } > f(d(z, F)) for all z € K.

As an application of our Theorem 2.5, we establish another strong conver-
gence result as follows.

Theorem 2.6. Under the assumptions of Lemma 2.4, if the family {T1,T5,
ooy TNy S1, 89, ..., SN} satisfies condition (B). Then {x,} converges strongly
to a common fized point of the mappings {T1,Ts,...,Tn,S1,52,...,SN}.

Proof. By Lemma 2.4, we know that lim,_,« ||z, — Siz,|| = 0 and lim,,

|z — Tyzn| = 0 for all i € I, and so maxi<i<n { ||zn — Siznl|, |20 — Tiznl| }
— 0 (n — 00). It follows from the condition (B) that lim,_,~ f(d(zy, F')) = 0.
By the proof of Theorem 2.5, we know that lim, oo d(x,, F') exists. Since
f:]0,00) = [0,00) is a nondecreasing function with f(0) = 0 and so lim,
d(xy, F) = 0. By Theorem 2.5, {z,,} converges strongly to a common fixed
point of the mappings {T1,T5,...,TN,S1,S52,...,Sxy}. This completes the
proof. O

Remark 2.7. Since a nonexpansive and an asymptotically nonexpasive map-
pings with F(T) # () are asymptotically quasi-nonexpasive mappings and
hence generalized asymptotically quasi-nonexpasive mappings. Theorem 2.6
improves and generalizes Theorem 2.2 in [1] and Theorem 1 in [19].

Theorem 2.8. Under the assumptions of Lemma 2.4, if there exists a T; or
Si, i € I, which is semi-compact. Then {x,} converges strongly to a common
fized point of the mappings {T1,Ts,...,Tn,S1,52,...,SN}.

Proof. Without loss of generality, we can assume that 77 is semi-compact.
From Lemma 2.1 we know that the sequence {z,} is bounded and lim,,
|z, — Sizy|| = 0 and limy, 0 ||, — Tizn|| = 0 for all ¢ € I by Lemma 2.4.
Since Tj is semi-compact and lim, o |2, — T12,|| = 0, there exists a subse-
quence {z,,} C {z,} such that z,, — z* € K as i — oco. Thus

la* = Ta*|| = lim ||z, — T, || = 0
1— 00
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and
la* = Sia*|| = lim [, — iz, || = 0
1— 00

for all i € I. Which implies that z* € F = N, F(S;) N F(T;) and so
liminf, o d(zpn, F) < liminf, o d(zp,, F) < lim;_o0 ||2n, — 2*|| = 0. It fol-
lows from Theorem 2.5 that {z,} converges strongly to a common fixed point
of the mappings {711,7%,...,Tn,S1,52,...,5nv} in K. This completes the
proof. O

Remark 2.9. Since an asymptotically nonexpasive mappings with F(7T') # ()
is an asymptotically quasi-nonexpasive mapping and hence generalized asymp-
totically quasi-nonexpasive mappings. Theorem 2.8 improves and generalizes
Theorem 2.3 in [1].

3. WEAK CONVERGENCE THEOREMS

In this section, we prove weak convergence theorems of the iteration scheme
(1.7) and (1.8) in uniformly convex Banach spaces.

Theorem 3.1. Under the assumptions of Lemma 2.4, if E satisfying Opial’s
condition. Assume that the mappings I — S; and I — T; for all i € I, where
I denotes the identity mapping, are demiclosed at zero. Then {x,} converges
weakly to a common fized point of the mappings {T1,T5,...,Tn,S1,52,...,Sn}.

Proof. Let q € F, from Lemma 2.1 the sequence {||z,, — ¢||} is convergent and
hence bounded. Since F is uniformly convex, every bounded subset of F is
weakly compact. Thus there exists a subsequence {x,,} C {z,} such that
{zn, } converges weakly to ¢* € K. From Lemma 2.4, we get that

nh_g)lo ||$nk - Sl:rnk” =0 and nh_{glo ||xnk - Tll’nk” =0
for all ¢ € I. Since the mappings I — S; and I —T; for all + € I are demiclosed
at zero, therefore S;¢* = ¢* and T;q* = ¢*, which means ¢* € F. Finally, let
us prove that {x,} converges weakly to ¢*. Suppose on contrary that there
is another subsequence {z,;} C {z,} such that {z, } converges weakly to
p* € K and ¢* # p*. Then by the same method as given above, we can
also prove that p* € F. From Lemma 2.1 the limits lim, o ||z, — ¢*| and
limy, 00 ||2n — p*|| exist. By virtue of the Opial condition of E, we obtain

lim ||z, —¢"| = lm |z, — ¢

n—00 ng—00

< lim ||zn, —p*|| = lim |lz, —p*|| = lim ||z, — p*||
N —00 n—00 n;—00

< lim Hxnj —q*H = lim ||z, — ¢
nj—>00 n—00



Convergence theorems for generalized asymptotically quasi-nonexpansive mappings 93

which is a contradiction so ¢* = p*. Thus {z,} converges weakly to a common
fixed point of the mappings {11,75,...,Tn,S1,S52,...,Sny}. This completes
the proof. O

Lemma 3.2. Let E be a real uniformly convexr Banach space and K be a
nonempty closed convex subset of E with K + K C K. Let {S;}¥,, {Ti}X,

i=1>

: K — K be 2N uniformly L-Lipschitzian generalized asymptotically quasi-
nonexpansive mappings with sequences {ky}, {h,} C [1,00) and {s,}, {tn} C
[0,00) given in Proposition 1.5 and F = 01]11 F(S;))NF(T;) # 0. Let {x,} be
the sequence defined by (1.8), where {ag)} C [a,1—a] for some a € (0,1) and
all © € T with the following restrictions:

(1) Yonei1(knhy — 1) < o0o;

(i) D00 sn <00, D00ty < o0.

Then lim,,_, ||ty + (1 — t)p — q|| exists for all p, g € F and t € [0, 1].
Proof. By Lemma 2.1, we know that {x,} is bounded. Letting
an(t) = [[tzn + (1 = t)p — q||

for all t € [0,1]. Then lim, o a,(0) = |[p — ¢|| and lim, o0 an(1) = ||zn — q||
exists by Lemma 2.1. It, therefore, remains to prove the Lemma 3.2 for ¢ €
(0,1). For all x € K, we define the mapping 7T,,: K — K by

2 = aWna® 41— oMygng,
22 = a1 + (1 - a?)S5a,,
ngNfl) — angl)TﬁflxglNim + (1 — OéglNil))S]T\Lf—1$n7
Tu@) = aMTHa™ + (1 - alM)Sya.

It is easy to prove
I Thx = Toyll < unllz —yll + cp, (3.1)

for all x,y € K, where ¢/, = R(s,, +t,), un = (1 +b,) and b, = (kYA —1)
with Y ¢, <00, Y o7 by, < oo and u,, — 1 as n — co. Setting

Sn,m = n+m—1Tn+m—2 coidIpy, m=>1 (32)
and

b, m = ||Sn,m({txn + (1 —t)p) — (tSn, m@n + (1 — ) Snma)|| - (3.3)
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From (3.1) and (3.2), we have

n+m—1
HSn,mx_Sn,myH < Up Unp+1 - -+ Un+m—1 ||:E—y||—|— Z C;
n+m—1 n+m—1 -
< (I w)le—oil+ >
j=n i=n
n+m—1
= Lole—yl+ Y ¢ (3.4)
i=n

for all z,y € K, where L, = H;Lifln_l uj with L, — 1 and Sy, mn = Tnim,
Sn,mp = p for all p € F. Thus

tnim(t) = |trppm + (1 —t)p —q|
< bpmt HSn,m(txn"'(l_t)p)_QH
n+m—1

By using |[4], Theorem 2.3} , we have

bom < 6 (lon = Il = IS0 = Sn, bl
< ¢ o = pll = N =P+ = Samp)
< 67 (o =l = (lwnsm = #l = [Snmp =), (36

and so the sequence {b, n,} converges to 0 as n — oo for all m > 1. Thus,
fixing n and letting m — oo in (3.5), we have

limsup ann(t) < 67" (llan = pl = (lim llzw =l = 1S0,mp = 2] ))

m—o0
n+m—1

+Lnan(t) + > d, (3.7)

and again letting n — oo, we obtain

limsupa,(t) < ¢ 1(0)+ liminf a,(t) + 0 = liminf a,(t).
n—oo

n—oo n—oo

This shows that lim,_,~ a,(t) exists, that is,

[tz + (1 —t)p —ql|

lim
n—oo

exists for all ¢ € [0, 1]. This completes the proof. O
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Theorem 3.3. Let E be a real uniformly conver Banach space such that its
dual E* has the Kadec-Klee property and K be a nonempty closed convex
subset of E with K + K C K. Let {S;}Y,, {T;}Y.,: K — K be 2N uniformly
L-Lipschitzian generalized asymptotically quasi-nonexpansive mappings with
sequences {kp}, {hn} C [1,00) and {sn}, {tn} C [0,00) given in Proposition
1.5 and F = ﬂzj\il F(S)NF(T;) # 0. Let {x,} be the sequence defined by (1.8),

where {aﬁf)} C [a,1 —a] for some a € (0,1) and all i € I with the following
restrictions:

(1) Yopei1(knhy — 1) < ooy
(i) D00 8n <00, D00ty < 005
(iii) ||z — Tiy|| < ||Siz — Ty|| for all z,y € K and i € I.
If the mappings I — S; and I —T; for all i € I, where I denotes the identity
mapping, are demiclosed at zero. Then {x,} converges weakly to a common
fized point of the mappings {T1,Ts,...,Tn,S1,52,...,SN}.

Proof. By Lemma 2.1, we know that {x,} is bounded and since FE is reflexive,
there exists a subsequence {x,,} of {z,} which converges weakly to some
p € K. By Lemma 2.4, we get that

lim Hwn] — Si:cnjH =0 and lim Hxn] —Tixn].H =0
n—00 : n—00

for all 7 € I. Since the mappings I —5; and [ —T; for all i € I are demiclosed at
zero, therefore S;p = p and T;p = p for all ¢ € I which means p € F'. Now, we
show that {z,} converges weakly to p. Suppose {z,,} is another subsequence
of {x,,} converges weakly to some g € K. By the same method as above, we
have ¢ € F and p, ¢ € wy(zy). By Lemma 3.2, the limit
Jim [[tz, + (1= #)p — 4

exists for all ¢ € [0, 1] and so p = ¢ by Lemma 1.4. Thus, the sequence {x,}
converges weakly to p € F. This completes the proof. Il

Remark 3.4. Since a nonexpansive and an asymptotically nonexpasive map-
pings with F(T) # () are asymptotically quasi-nonexpasive mappings and
hence generalized asymptotically quasi-nonexpansive mappings. Theorem 3.3
improves and generalizes Theorem 3.2 in [1] and Theorem 2 in [19].

Example 3.5. Let F = [—7, 7| and let T" be defined by
Tz =z cosx

for each z € E. Clearly F(T') = {0}. T is a quasi-nonexpansive mapping since
if x € F and 2z = 0, then

1Tz — z|| = [Tz — 0| = |z||cos x| < [z] = ||z — =],
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and hence T is generalized asymptotically quasi-nonexpansive mapping with
constant sequences {k,} = {1} and {s,} = {0}. But it is not a nonexpansive
mapping and hence asymptotically nonexpansive mapping. In fact, if we take
r =5 and y = 7, then

Tz —Ty| = chosg - 7Tcos7rH =,
whereas
T s
o=l = |5 - = 5

Example 3.6. Let £ =R and let T be defined by

T 1 :
_J §cosy, ifx#0,
T(z) = { 0, ifx=0.

If x # 0 and Tw = x, then x = § cos % Thus 2 = cos % This is imposssible.
T is a quasi-nonexpansive mapping since if x € F and z = 0, then

]

1
|7 = 2I| = Tz = 0] = |3]lcos —| < T < Ja| = = = 2],

and hence T is generalized asymptotically quasi-nonexpansive mapping with
constant sequences {k,} = {1} and {s,} = {0}. But it is not a nonexpansive
mapping and hence asymptotically nonexpansive mapping. In fact, if we take

x:%andy:%,then
1 3 1
Tz —Ty| = ‘ S—Wcosg —gocosm| = o,
whereas
R s B
r—yl|l=|l——-—|| ==—
4 3= w 3T

4. CONCLUSION

By Remark 1.1 it is clear that if F/(T') is nonempty, then nonexpansive
mapping, asymptotically nonexpansive mapping and asymptotically quasi-
nonexpansive mappings are the special cases of generalized asymptotically
quasi-nonexpansive mappings, thus our results are good improvement and
generalization of corresponding results of [1, 19] and many others from the
existing literature.
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