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Abstract. In this study, we introduce a new modified Newton-Tikhonov method for ap-
proximating a solution of nonlinear ill-posed problems. The proposed iteration converges
quadratically. Order optimal error bounds are given in case the regularization parameter is

chosen a priori and by the adaptive method of Pereverzev and Schock(2005).

1. INTRODUCTION

In this study we are concerned with the problem of approximately solving
the nonlinear ill-posed operator equation

F(z) = f. (L1)

where F': D(F) C X — Y is a nonlinear operator between the Hilbert spaces
X and Y. Here and below (.,.) denote the inner product and ||.|| denote the
corresponding norm. We assume throughout that f® € Y are the available
data with

If = flI<é
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and (1.1) has a solution # (which need not be unique). Then the problem of
recovery of & from noisy equation F(z) = f° is ill-posed, in the sense that a
small perturbation in the data can cause large deviation in the solution.

Further it is assumed that F' possesses a locally uniformly bounded Fréchet
derivative F’(.) in the domain D(F) of F. A large number of problems in
mathematical physics and engineering are solved by finding the solutions of
equations in a form like (1.1). If one works with such problems, the measure-
ment data will be distorted by some measurement error. Therefore, one has to
consider appropriate regularization techniques for approximately solving (1.1).

Iterative regularization methods are used for approximately solving (1.1).
Recall ([13]) that, an iterative method with iterations defined by

) 6 0 6.0
Tpt1 = O (xg, 27, ,28:9°),

where 3 := xg € D(F) is a known initial approximation of #, for a known

function ® together with a stopping rule which determines a stopping index
ks € N is called an iterative regularization method if Hxia —Z|| -+ 0asd —0.

The Levenberg-Marquardt method([17], [18], [19], [20], [21], [22], [23], [24])
and iteratively regularized Gauss-Newton method (IRGNA) ([3], [12]) are
the well-known iterative regularization methods. In Levenberg-Marquardt
method, the iterations are defined by,

@)1 = af — (Af s Aks + D) T AL (F(2}) — ), (1.2)

where A 5 = F'(29)* is as usual the adjoint of As = F'(z2) and (o)
is a positive sequence of regularization parameter ([12]). In Gauss-Newton
method, the iterations are defined by

21 = af — (A sAks + D) AL (F(2]) = %) + ap(af — z0)]  (1.3)

where z{ := xo and (ay) is as in (1.2).

In [3], Bakushinskii obtained local convergence of the method (1.3), under
the smoothness assumption

& —xo = (F'(2)*F'(2))"w, w e N(F'(z))* (1.4)
)

with v > 1,w # 0 and F’(.) is Lipschitz continuous; N(F’(Z)) denotes the
nullspace of F’(z). For noise free case Bakushinskii ([3]) obtained the rate

2§ — 2] = O(au),
and Blaschke et.al.([12]) obtained the rate
2§ — & = O(af), (1.5)

for%§y<1.
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It is proved in [12], that the rate (1.5) can be obtained for 0 < v <
provided F’(.) satifies the following conditions:
F'(z) = R(z,z)F'(z) + Q(Z, ),
I = R(z,z)|| < Cr, 2,2 € Bay(zo),
IR, z)[| < Col F'(2)(z — =)l

with p, Cr and Cg sufficiently small. In fact in [12], Blaschke et.al. obtained
the rate

D=

2v 1
laf - &l = o(af"™T), 0<v< g

by choosing the stopping index ks according to the discrepancy principle
1F @) =yl <76 < |[F(23) =l 0 <k <k

with 7 > 1 chosen sufficiently large. Subsequently, many authors extended,
modified, and generalized Bakushinskii’s work to obtain error bounds under
various contexts(see [4], [5], [6], [7], [8], [9], [10]).

In [13], Mahale and Nair considered a method in which the iterations are
defined by

211 = 20 — oy (A5 A AGIF (23) — ¢ — Ao(af — 20)], 2l :=xz0  (1.6)

where Ay := F'(x0), (ag) is a sequence of regularization parameters which
satisfies,
a _
ap >0 1< <pi, limagp=0 (1.7)
(677 %] k—0

for some constant p; > 1 and each g,, for @ > 0 is a positive real-valued
piecewise continuous function defined on [0, M] with M > || Ag||®. They choose
the stopping index kg for this iteration as the positive integer which satisfies

max{||F (23, _1) = 4°[l; By, } < 76 < max{|[F(a)_1) = °[l, Bk}, 1<k < ks
where 7 > 1 is a sufficiently large constant not depending on d, and
Br = IF(xh_1) —¢° + Ao(2} — 23 _1)|-

In fact, Mahle and Nair obtained an order optimal error estimate, in the sense
that an improved order estimate which is applicable for the case of linear
ill-posed problems as well is not possible, under the following new source
condition on xg — Z.

Assumption 1.1. There exists a continuous, stricly monotonically increasing
function ¢ : (0, M] — (0,00) satisfying limy_,0 ¢(A) = 0 and po > 0 such that

z0 — & = [p(A5 A0 *w (1.8)

for some w € X with ||w| < po.
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In [10], the author considered a particular case of this method, namely,
regularized modified Newton’s method defined iteratively by

D1 = 2 — (A§Ao + o) T [AG(F(2}) —¢°) + ala), —wo)], g =0 (1.9)

for approximately solving (1.1). Using a suitably constructed majorizing se-
quence (see, [1], p.28), it is proved that the sequence(mi) converges linearly to

a solution 2 of the equation
AGF(23) + alag, — x0) = Agy’ (1.10)

and that xi is an approximation of Z. The error estimate in this paper was
obtained under the following source condition on xy — Z.

Assumption 1.2. There exists a continuous, stricly monotonically increasing
unction ¢ : (0,a1| — (0,00) with a1 > T satisfyin,
Jfunction ¢ : (0,a1] — (0, 00) with |1F"(2)]1* satisfying

(1) Timy 0 p(A) = 0;

(2) fora <1,p(a) > a;

A
(3) suppso Fia’ < cop(@), VA€ (0,a1];
(4) there exists w € X such that
0 — 2 = (F'(2)"F'(2))w. (1.11)

Later in [11], using a two step Newton method (see, [2]), the author proved

that the sequence (z2) in (1.9) converges linarly to the solution 2%, of (1.10).

The error estimate in [11] was based on the following source condition
zo — & = p(AgAo)w,
where ¢ is as in Assumption 1.1 with a; > ||4o||?. In the present paper we

improve the semilocal convergence by modifying the method (1.9).

1.1. The new method. In this study we define a new iteration procedure

Tt = Tna — (AGAn +al) HAG(F (2 o) — %) + ala) o — 20)], 04 = 20

(1.12)
where A, = F’ (:Ufw) and « > 0 is the regularization parameter. Using an
assumption on the Fréchet derivative of F' we prove that the iteration in (1.12)
converges quadratically to the solution z2 of (1.10).

Recall ([14]) that, a sequence (z,,) is said to converge quadratically to z* if
there exists positive reals 3,y such that

|41 — 2| < B

for all n € N. And the convergence of (z,) to z* is said to be linear if there
exists a positive number My € (0, 1), such that

[zns1 = 2% < Mol|zn — 7.
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Quadratically convergent sequence will always eventually converge faster than
a linear convergent sequence.
We choose the regularization parameter a from some finite set
{Oé0<0£1 < - <O£N}

using the balancing principle considered by Perverzev and Schock in [15].

The rest of this paper is organized in the following way. In Section 2 we
provide the convergence analysis of the proposed method and in Section 3
we provide the error analysis. Finally in Section 4 we provide the details for
implementing the method and the algorithm.

2. CONVERGENCE ANALYSIS OF (1.12)

The following assumption is used extensively for proving the results in this
paper.

Assumption 2.1. There exists a constant kg > 0,7 > 0 such that for ev-
ery x,u € B(xg,r) U B(Z,r) C D(F) and v € X, there exists an element
O(x,u,v) € X such that

[F'(2) = F'(w)]v = F'(0)®(z,u,v), [[®(z,u,v)] < kol[v|[|z — ul|.
In view of Assumption 2.1 there exists an element ®(x,zg,v) € X such
that
[F'(z) — F'(wo0)Jv = F'(20)®o(x, 20,v),  [[®o(z, w0, )| < lo|lv][[lz — zoll-

Note that
lo < ko
holds in general and IZCT? can be arbitrarily large [1], [2]. Let dy < \/ap,

\/1+210( - dy-1
0

9

and

For r < L’“’ko, ko < %, let g : (0,1) — (0,1) be the function defined by

(2+3lo)
L 3(1 + l()’l“)k}(]
g(t) = 20— lor) t, Vte(0,1).
Lemma 2.2. Let lor < 1 and u € By(xg). Then (AjA, + al) is invertible:
(1) (AfAy + o)™t =1+ (AjAo + al)"LAS(Ay — Ag)] LA Ag + al) ™1
(i) I(A5AL + o) A5 AL < 7187

1—lor?
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where Ay := F'(u).

Proof. Note that by Assumption 2.1, we have

(A5 Ao + al) T AG(Ay — Ag)|| = IISTllp (A5 Ao + al )T AG(Ay — Ag)v||
v||<1
= Hshlp (A5 Ao + o)1 A§ Ag@o(u, 20, v) ||
v|| <1

< l0||u—3:0|| <lpr < 1.

So I + (A§Ag + al)"LAs(A, — Ap) is invertible. Now (i) follows from the
following relation

Af Ay + ol = (AjAg + oI)[I + (AjAg + o) "L AL (AL — Ap)).
To prove (ii), observe that by Assumption 2.1 and (i), we have
[(AjA, +al)TAS AL = sup |[(AjA, + o) LAF A
vl<1

= sup [|[(AfAy + o) TAL(Ay — Ag + Ao)o||
oli<1

= H51H1p [T+ (AfAg + al) T AS(A, — Ag)]
v||<1

(A5 Ao + al) " A%(Ay — Ao + Ag)

1 * — *
< ——— (A5 Ao + o) "HAF Ag®o (u, o, v) |
1— kio?“
+(A5 Ao 4 al) "L AL Agu]|]
< 1 + l()?“ ‘
- 1—lpr
This completes the proof. O

Theorem 2.3. Suppose Assumption 2.1 holds. Let % <r< %,

5 € (0,00]. Then the sequence (xfw) defined in (1.12) is a Cauchy sequence
in B,(x0) and hence converges to x° € B,(xq). Further x5 satisfies (1.10) and
the following estimate holds for all n > 0;

|25 o — a3l < re” 7", (2.1)

where v = —In(g(7,))-

Proof. Suppose xfw‘ € B,(xg),¥n > 0. Then



On the semilocal convergence of odified Newton-Tikhonov regularization 105

x(TSL+1,a - xi,a (2.2)

= (AjAn + o) T AGAn(3d, o — 201 0) — AG(F (2, ) — F(29_1 )]
+(AFA, +al) AL (A, — Ap 1) (A5A, 1 4 al) 7!
x[Aj(F (20, o) = y°) + 04(33?1—1@ — x0)]

= (A5 An + al) T AG[AR (@), o — 29 _1.0) — (F(a5,4) — F(zh_1.4))]

n—1la n,a n—1l,a
(A5 AR + o) T AG(Ap = A1) (@ 0 — 291 4)
=C + ¢ (2.3)
where
Qo= (A5An + o) T AG[An(2h o — 2 10) — (F(29,0) = F(a_1.0))];
and

G = (ApAn + O‘I)_lAS(An - An—l)(xz,a - xi—l,a)'
So by Fundamental Theorem of Integration,

= it ol) 7 5] [ (A Pl ) 0
0
and hence by Assumption 2.1 and Lemma 2.2,
1
< N3 A+ ) A [0y 08— 1)
xi—l,a_ n,oa)dtH

Ltlor (1o 5 5 5 .6 5
< / (I)(xn—l,a + t(xn,a - xn—l,a)v TpasTn—1,a — xn,a)dtH

1—[07"
(lor—l—l)k:g
= (].—l ’I”) H Lp— 104”2 (24)
Similarly,
Il < II(A5An + al) T Af(An — An1) (@10 — 2.0)l
< ||(A0 —|—OéI) IAOA (I)( na7 fl 10(’fo la_$fz,o¢)”
1+ lgr)ko
< LHbrdhoy s LR 25)
1—lpr
So by (2.3), (2.4)and (2.5), we have
”33n+1,a—37n,a|| > WH wn 104”2

N

< g(en)en, (2.6)
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where
e 1= Hxia — xz_LaH, n=12---.
Now using induction we shall prove that x‘fL,a € B, (x0). Note that
er =[] —oll
= (4540 + o) T AG(F (o) — )

= [[(A5A0 + o) T AG(F (o) — F(&) — F'(wo) (z0 — &)
+F (o) (20 — &) + F(&) — )|

1
< [I(ApAo + OJ)‘IAS(/ [F'(& + t(zo — ) — F'(20)] (w0 — &)dt
0
+F! (o) (w0 — &) + F(2) — ¢°)|
1
< (AfAg 4+ o) TP AFAo( | ®(x0, 2+ t(zo — 2), 20 — 2) |
0
+H(A5 Ao + ) T AGF (o) (20 — &)
+H[(A5 Ao + o) AG(F(2) — o)l
< 2 — 2.
s 3P +p+\/a (2.7)
< W <r

ie., :U‘ia € B, (x0). Now since v, < 1, by (2.7), eq < 1. Therefore by (2.6) and
the fact that g(ut) < pg(t), for all t € (0, 1), we have that e, < 1,V n > 1 and

n__
2 16

gle1) 1.

Now suppose 9 ., € B,(zo) for some k. Then

1 1 1 ) 1 1
|’$k+1,a - .’L'()H < ”karl,a — Tka ’ + ka,a - xkfl,ozH +eoet ”xl,a - l’()”
k_ k—1_
< (glen)” 4gle) T4+ 1De
< a9
~ 1—g(e1)
Te
— <
1- 9(%)

Thus by induction xia € B,(z9), Vn>0.
Next we shall prove that (g +1.4) 18 a Cauchy sequence in B (zo).
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A

m
19 19 1) 19
||$n+m,a - xn,a” = Z ||$n+i+1,a - xn—l—i,a” (28)
=0

m

n4+i__
< Y ogle)” e
=0

< glen)* ter(L+gle1)* + -+ gle1)*™)
2n—1 2n—1
< gler)” 'er < 9(%)" <re . (29)
1—g(er) L —g(vp)

Thus (x;ia) is a Cauchy sequence in B, (xg) and hence converges, say to z° €

B, (z0). Further by letting n — oo in (1.12) we obtain
F'(20)"(F(20) —y°) + (), — o) = 0.
The estimate in (2.1) follows by letting m tends to oo in (2.9). O

Remark 2.4. Note that if r € (ry,72) where

2+ (2ly — 3ko), — \/(413 + 9kZ — 36kolo)72 — (12ko + 8lo)y, + 4

T =

210(2 + 3ko,)
and
242 — ko)y,+ \/ (412 + 9k — 36klo)y2— (12K + 8lg)y, + 4
"2 = { 200(2 + 3ko,) :
2 — 3ko
(2 + 3lo)ko }

{17 \/(8l0—12k0)2+16(36kolo—9k0—410)—(810+12k0)} then

with 7, < ¢k, = min 2(36kolo—9k2—412)

%grandlor<l.

3. ERROR ANALYSIS

We use the following assumption to obtain an error estimate for |22, — .

Assumption 3.1. There exists a continuous, strictly monotonically increas-
ing function ¢ : (0,a] — (0,00) with a > ||[F'(x0)||* satisfying;

(1) \The(A) = 0.

(i) 32098 < o(a), VA€ (0,al.
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(iii) there exists v € X such that

zo — & = p(ApAo)v.
Theorem 3.2. Let 20, be as in (1.10). Then

|

- af < P (2 ),

where q = lgr.
Proof. Let M = [} F'(& + t(z3 — #))dt. Then

F(a2) — F(2) = M (25 — &)

«

and hence by (1.10), we have
(45M +al)(zl, — 3) = A3y’ — y) + alzo — 2).

Thus
5

— (A3Ao + D) A3y’ — ) + alwo — &) + Aj(Ao — M)(al, — 2)

«

= 81 + S9 + 83, (3.1)

where s1 = (AjAg + al) LA (Y° — y), 52 = (A5Ag + o) ta(zg — &) and
s3 1= (A§Ag + al) LA (Ag — M)(2%, — ). Note that

o

T T

[s1]] < ja, (3.2)
by Assumption 3.1
[s2]l < @(a)]lv] (3.3)
and by Assumption 2.1
szl < lor||z5 — 2. (3.4)

The result now follows from (3.1), (3.2), (3.3) and (3.4).

3.1. Error bounds under source conditions. Combining the estimates in
Theorem 2.3 and Theorem 3.2 we obtain the following.

Theorem 3.3. Let the assumptions in Theorem 2.3 and Theorem 3.2 hold
and let xfw be as in (1.12). Then

. —yorn, max{l, [lv[|} kB
] < e 4 R T (\/a—ﬂp(a)).

[E2N
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Further if ng := min {n ce " < } then

C(Jz +l)

S\

5
—z|

nsg,x

IN

[z

max{l I}
—q

where C :=r +
3.2. A priori choice of the parameter. Observe that the estimate % +
¢(«) in Theorem 3.3 is of optimal order for the choice a := as which satisfies

\/% = (). Now, using the function ¥ (\) := A/~ 1(A), 0 < X < a, we have
§ = Vap(a) = P(p(a)) so that as = ¢_1[¢_1(5)]~

Theorem 3.4. Let 1)(A) = A/ 1(N),0 < X\ < a and assumptions in Theo-
rem 3.3 holds. For § > 0 let a5 = gp 1[w*1(5)] and let ng be as in Theorem
3.3. Then

o, o — 3l = O 1()).

nsg,ox

3.3. Adaptive choice of the parameter. In the balancing principle con-
sidered by Pereverzev and Schock in [15], the regularization parameter a = o
are selected from some finite set

DN::{ai:0<ao<Oc1<---<aN}.

Let
n; = min{n ce 1 < 0 }
(2 . — ,\/EZ
and let xgi = xfbi’ai where xfmai be as in (1.12) with @ = «; and n = n,.

Then from Theorem 3.3, we have

(8
o, —all < &( (0)), Vi=12,N.
i \/O[>Z

Precisely we choose the regularization parameter o = «j from the set Dy
defined by

Dy :={a; = p'ay,i=1,2,---N}
where p > 1.

To obtain a conclusion from this parameter choice we considered all possible
functions ¢ satisfying Assumption 2.1 and ¢(a;) < \/% Any of such functions
is called admissible for & and it can be used as a measure for the convergence
of 28 — & (see [16]).

The main result of this section is the following theorem, proof of which is
analogous to the proof of Theorem 4.4 in [10].
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Theorem 3.5. Assume that there exists i € {0,1,--- , N} such that p(a;) <
\/%. Let assumptions of Theorem 3.3 be satisfied and let

Q;

[ = max{i sp(ag) < \;;} <N,

k::max{i:VjZLZ'” ,i;||a:‘;i—:b

o]
aj

| < 4C‘i}
V&
where C is as in Theorem 3.3. Then | <k and

|20, — || < 6Cuy~1(5).

4. IMPLEMENTATION OF THE METHOD

Finally the balancing algorithm associated with the choice of the parameter
specified in Theorem 3.5 involves the following steps:
e Choose ap > 0 such that dg < cxy1y1/a0 and g > 1.
e Choose N big enough but not too large and a; := p‘ag,i =0,1,2,--- , N.

A /1+2l0(ck050—%)—1

e Choose p < where cj,, is as in Remark 2.4.

lo
e Choose r € (r1,72).
4.1. Algorithm.
1. Set i = 0.
2. Choose n; = min {n st < \/%}
3. Solve xfbi’ai = xii by using the iteration (1.12) with n = n; and o = «;.
4. If ||xgZ - xin > 46’\/%, j < i, then take k = i — 1 and return xik.
5. Else set ¢ =14 + 1 and return to Step 2.
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