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1. INTRODUCTION

In this work, we consider the existence of a positive solution to the following
p—Kirchhoff type problem with singular weight

- (a (Jo [Vul? d:):)Tf1 + b) Apu = |z~ [u[P" )72y + Nulf2u in Q,
u =0 on 052,
(1.1)

where © C RY is an open bounded domain with C' boundary and 0 € ,
1<p<N,a>0,6>0,A>0, 7>1,q>p. We denote by ||.|| the usual
norm in W, ? (Q) given by |Jul|” = Jo IVulP dz. For 0 < s < p, the quantity
p*(s) =p(N —s) /(N — p) defines the critical Hardy Sobolev exponent. Such
problems are often referred to as being nonlocal because of the presence of the
integral over the entire domain 2. It is called degenerate if b = 0 and a > 0
and non degenerate if b > 0 and a > 0.

Problem (1.1) is related to the stationary version of the following Kirchhoff

equation [15]
2 2
0“u

The relation above is an extension of the classical d’Alembert’s wave equation
by considering the effects of the changes in the length of the strings during the
vibrations. The parameters p, pg, h, 2 and L have the following meanings: L
denotes the length of the string, h stands for the area of the cross-section, F is
the Young modulus of the material, p the mass density and pg represents the
initial tension. These problems also serve to model other physical phenomena
as biological systems where u describes a process which depends on the average
of itself (for example, population density). The presence of the nonlocal term
makes the theoretical study of these problems so difficult, then they have
attracted the attention of many researchers in particular after the work of
Lions [16], where a functional analysis approach was proposed to attack them.

@
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Pu_(po, E [
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In the last few years, great attention has been paid to the study of Kirchhoff
problems involving critical nonlinearities. It is worth mentioning that the first
work on the Kirchhoff type problem with critical Sobolev exponent is Alves,
Correa and Figueiredo in [1]. After that, many researchers dedicated to the
study of several kinds of elliptic Kirchhoff equations with critical exponent
in a bounded domain or in the whole space RY some interesting studies can
be found in [3, 4, 9, 10, 13, 17, 20, 21, 22, 24] and the references therein.
More precisely, Naimen in [21] generalized the results of [6] to the semilinear
Kirchhoff problem
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- (b+an|Vu]2dx> Au=ud+ \f(x,u), u>0 in
u=20 on 01},

where Q C R3 is a bounded domain, f € C (ﬁ X R,R) and A € R. Under
several conditions on f and A, he proved the existence and nonexistence of
solutions. In higher dimensions, for A > 0 sufficiently large, Figueiredo in [9]
considers the scenario N > 3. Moreover, for the p-Laplacian case, Matallah
et al. in [4] and Wang et al. in [24] study the existence of solutions for such

A

On the other hand, the singular p-Kirchhoff equation case is established in
[10] for large enough A. Very recently, Benchira et al. in [5] have generalized
the results of [11] to the nonlocal problem (1.1) with ¢ = p, A € (0, bA1),

N N
b>0,N>p% a>0if7 < and 0 < a < ST if 1 = ——— (S is the
N N—p

best Sobolev constant for the imbedding Wol’p (Q) = L") (Q)). Noting that,
for a = 0 and b = 1, problem (1.1) had been studied in [12] by Ghoussoub and
Yuan.

A natural and interesting question is whether results concerning the solu-
tions of problem (1.1) with A sufficiently large remain valid for all A > 0.

Motivated by [5] and [21], we give a positive answer and we generalize
some results of [12] to the nonlocal problem (1.1). In our setting, a typical
difficulty occurs in proving the existence of solutions because of the lack of the
compactness of the Sobolev Hardy embedding Wol’p (Q) = Ly(s) (Q, |=|77).

We provide a sketch of the proof for the existence of solutions for problem
(1). The main tool is variational methods. More precisely, using the Mountain
Pass Theorem [2], we obtain a critical point of the corresponding energy. The
principal difficulties appear in the fact that the problem (1.1) contains the
critical Sobolev Hardy exponent, then the functional energy does not satisfy
the Palais Smale condition in all range, to overcome the lack of compactness,
we need to determine a good level of the Palais Smale condition and verify
that the critical value is contained in the range of this level. This is the key
point to obtain the existence of a Mountain Pass solution.

This paper is composed by two sections in addition to the introduction. In
Section 2, we give some preliminary results that we will use later. Section 3
is devoted to the main result.

2. PRELIMINARIES

In this work, we use the following notations: — (resp —) denotes strong
(resp. weak) convergence, o, (1) denotes o, (1) — 0 as n — 400, Bgr (z¢) is
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the ball centred at xp and of radius R, v~ = max{—u,0} and C, C;, Cy, ...,
denote various positive constants.

The following Sobolev Hardy inequality is essentially due to Caffarelli, Kohn
and Nirenberg [7]. Assume that 1 <p < N, 0<s < pand r <p*(s). Then

r P r
(/ u|sdx) <C (/ |Vul? dac) for all u € C5° (Q)
o |z] Q

for some positive constant C'. Note that the embedding of I/VO1 P (Q) into
L, (9, |z|™°) is compact if r < p*(s).

We define the best Sobolev Hardy constant for the embedding VVO1 P(Q) —
Lp*(s) (Q, |$|_S) as
P
S = inf lu aek
weWo P @0} ([ [2|~° [ulP*©)da)””
Recall that the infimum S is attained in RY by the functions of the form

N-—p
N—p p—1\ pp—s) s 1;1;’
— _ -1
ue () : <5(N s)(p_1> ) <€+|m|P ) , €>0.

Moreover, u. satisfies

*(s)
/ ]Vugpdyc:/ 2| uelP” Pdz = ST,
RN RN

(See Theorem 3.1 in [12]).

Let R be a positive constant and set ¢ € C5° (€2) such that 0 < p(z) <1
for |z| < R and ¢(z) = 1 for || < & and Br(0) C Q. Let v. (z) = ¢ (z) u. (2)

and taking z. (z) = v- () ([fq 2| ™* ve (2) [P (s dx) o such that

/ 2]~ ol O = 1.
Q

Then we have the well-known estimates as € — 0:
N7
|zl = 5+ 0 (7))
EWWO)—@) if ¢ > P OE-1)

(2.1)

q N-p . ’ ’ (2'2)
fQ ‘25’ dx = [0) (gP(P—S)q ‘lng‘) if q= %’
0 (gpivpi’;q) if g < 20=1)

(See [12]).
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The energy functional corresponding to the problem (1.1) is given by

b 1 p*(s) Y
Blu)= " P+ 2 [lulf— — /'“’ _ da:—/ |z, Vu e WP (Q).
D p p (S) Q ’37| q Ja

Notice that E is well defined in Wol’p (€2) and belongs to C! (Wol’p (Q), R).

We say that u € Wol’p (©)\ {0} is a weak solution of (1.1), if for any v €
W™ ()

(r—1) 2 JufP" ()2 2
<a||u|\pT —I—b)/ |VulP~ Vqudaz—/ Suvdx—)\/ |u|9"*uvdz = 0.
Q a |7 Q
Hence, a critical point of functional E is a weak solution of the problem (1.1) .
Definition 2.1. Let ¢ € R, a sequence {u,} C Wol’p (Q) is called a (PS),
sequence (Palais Smale sequence at level ¢) if
E(up) = ¢ and E' (u,) -0 as n — +oo.

We say that F satisfies the Palais Smale condition at level ¢, if any (PS).
sequence contains a convergent subsequence in VVO1 P (Q).

By [5] we have the following result.
Lemma 2.2. Leta > 0,b>0and 7> 1,0 > 1. For y > 0, we consider the
function fg: RT — R* given by
foy) =S —aS™ty —b.
(1) If b # 0, then the equation fg(y) = 0 has a unique positive solution
1
Yo > (%5’7)m and fo (y) >0 for all y > yo.
(2) If b = 0, then the equation fy(y) = 0 has a unique positive solution
1
y1 = (aST)7-1 and fp (y) >0 for ally > y1.

Remark 2.3. The authors in [4], [10] and [24] used the truncation method to
show the existence of solution under the condition “A sufficiently large”. Our
objective in this paper is the existence of solution for all A > 0.

To use the Mountain Pass Theorem, we should verify that the functional FE
exhibits the Mountain Pass geometry.

Lemma 2.4. Suppose that 1 <p < N,a >0,b>0,0<s<p, q<p*(0)

and 1 < 7 < min {%ES), %} . Then there exist e € Wol’p (Q)\ {0} and positive

numbers 01 and p1 such that
(1) B (u) > b1 > 0 for |[u = pr.
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(2) |lel]l > pr and E(e) < 0.

Proof. (1) Let u € W&’p (€2)\ {0}. Then, by Sobolev Hardy and Young in-
equalities, we have

1

" « b A
E(u) > — ST |y P £ L )P 4 2 ful? — SO ulf. (2.3
(w) 7 () I - ] » ] . [l (2.3)
Let p = ||ul|. Then, from (2.3), one has
BEu) > LpP - ! =P ()P yp(s) iCpq. (2.4)
P p*(s) q

Asa>0and1<7<min{L(5)

TR %} , there exists a sufficiently small positive

numbers p; and §; such that

E(u)>d >0 for |ull=p1.

(2) Let u € WyP (Q2)\{0}. Then, as 1 < 7 < min{p*;s),%} it holds that

E(tu) — —oco as t — 400, so we can easily find e € W,? (Q)\ {0} with
lle]l > p1 such that E (e) < 0 which completes the proof. O

Now, we can define

r={gec (10,1, W"(®).§0)=0, 1) =e}

and

— inf E(£(1)).
¢ = Inf max (&)

Let g, y1 be defined in Lemma 2.2 and
pr(s)—p

pp* (s)

o PP(s) —Tp

1
bSys " 2.5
Tpp* (s) Y (2:5)

aSTyl '+
with

Y«= y1 ifb=0.

Next, we prove the following lemma, which is important to ensure the local
compactness of (PS) sequences for E.

Lemma 2.5. Assume that 1 <p < N,a>0,b>0,0<s<p<q<p*(0),

1 <7 < min {%SS), %} and {un} C Wol’p(Q) is a (PS). sequence for E where

¢ < C*. Then {un} contains a subsequence converging strongly in Wol’p(Q).
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Proof. For large enough n and 1 < 7 < min {L(S) 3}, we get

p’p
C+0n(1)—m (1) [Jun|l = E (Un)—m<El(un)7“n>
[ Rl i g < (9
- (7!\ unll? + BECE 73 p (5) < .

Then {u,} is bounded in VVO (Q). Consequently, by the concentration com-
pactness principle due to Lions (see [17] and [18]), there exists a subsequence,
still denoted by {u,} such that

|Vu, [P —dn > |Vul’ + 3 nigriv

i€l
. s N ~ 2.6
) — dy = ‘.%" ’u‘p (&) + E %511'7 ( )
i€l

|27 [un

where I is an at most countable index set, 7;,7; are nonnegative numbers and
0z, is the Dirac mass at x;. Moreover, by the Sobolev Hardy inequality we
infer that

i > SAPP) forall i eI, (2.7)
We now claim that I = (. To this end, by contradiction, suppose that I
# (). Then there exists j € I. For € > 0, let ¢, ; be a smooth cut-off function
centered at x; such that 0 < ¢.; <1, ¢, ; Be(w;) = 1, ¢€7j‘9\325(xj) =0 and
Ve i(x)| < 2/e. Clearly {¢cjun} is bounded in Wol’p (Q). It follows from
E'(un) — 0 as n — oo that

0= lim lim ((a||un\|p(7‘1)+b> / |Vt [P~ 2V, V (et ) dov
Q

e—+0n—o0
= bt O (0 [ a0 (0 ).
Q Q
On the other hand, since {u,} is bounded in VVO1 P (Q), we deduce that

lim lim |un| G jdr = hm hm Un | Vun|P "2 Vu, Ve jdz =0 (2.8)

e—0n—o0 Q
and
lim lim <a [ [P —|—b) / U |Vun P2V u, Ve jdz = 0. (2.9)
e—0n—o0 Q

By relations (2.6), (2.8), (2.9) and Holder’s inequality we obtain
0 =lim lim (E'(uy), e jun) > (b+ an;_l)nj - Y,

e—0n—o0
that is,
vj = bnj + anj,
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hence, by (2.7), we arrive at

1 p*(s)—p
v =0o0r ST (y;) P

FeT D > 0. (2.10)

aST ! (v;)
p(r—1) *( )

Now, we assume that v; # 0. Set y = (y;) »© and 0 = I;(:_If.
(2.10) we obtain

Sy —aSTly —b > 0. (2.11)
It is clear that # > 1 since 7 < %SS). So, from (2.11) and the definition of fy

in Lemma 2.2, we get

P (s)—

fo(y)=5" yp(f o} aST_ly—bZO.

-1)

p(r
According to Lemma 2.2, there exist yy > (%Sﬁp =7 and Y1 =

_p(r=1)
(aST)r For such that fp (y«) = 0 and fy (y) > 0 if y > y, with
_ Yo if b 7é 0,

1

which implies that S (,yj)p%@) > Syl . So

v =yl (2.13)
Using relation (2.7), we conclude that
1

p’p
Case 1: ¢ < p*(s). By (2.13) and (2.14), we have

c+0n(1):E(un)_;<El( n), U >

Note that 1 < 7 < min {p*(s) Q} , so we distinguish two cases:

q—0p *(s _

S —(* bl el O+ LT
qp qp 3 Tqp
q—p (s)—q _ .

> 0L (Jull” + 1 +</x Sup(s)—i-’y')
2 +my)+ 2 ([ ol ;

q—Tp
ta (HUH”+77j)T
P
q—p — q—Tp -
> T2 e + / 2]~ Jul ™
qp
— * _ _7_
Lyl pnj+p ( ) q%+a pn;’

ap qp* (s) Tqp
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which implies

p*(s)
— _1 * S) — _1 P 7p*(s) — T 1 \T
e bl Pg T P (*) Q<Sy;1> P | p<5y*71>
ap qp* (s)

* _ 1\ T * o 1 * o 1 \T
. (S)* p (Sy*Tl) P (i) P (s)—7p <Sy;1>
Tpp* (s) pp* (s)
* _ # _ L o L T
P (i) Pty Pg 1 | AP <Sy*7_1>
pp* (s) qp Tqp
N p*(s) —¢q <S 711> pT}S) S_p*(s)
P84 (g, .
qp* (s)
* _ 1 T * _ 1 * _ 1 T
S P (S)* p (S%:l) Y (i) R (i) q <Sy*71>
Tpp* (s) pp* (s) qp* (s)
Y (i)—qs *T%er* (i)—q (S 11> "t
qp* (s) qp* (s)
S ) =P gr ) P g
Tpp* (s) p* (s)
* _ 1 P (s)—p
+ pq}()‘i)(s)qS:y;1 (Sly*ll’(7'1> _ aST*ly* _ b)

e P8 —a
=C"+ w (5) Sy« fG(y*)

with 6 = z;: ((Tszzf’ which leads to a contradiction.

Case 2: p*(s) < ¢ < p*(0). By (2.13) and (2.14) and Lemma 2.2, we have

) 1
@ = lxm, I (un) = 75 (03 (tm) )

11 - ps—Tp P(s)
— lim b< - > ||un\|p+quA/ |t |7l + —2— / [un| .
noo \p TP atp  Ja ™oy Jo o |7l

11 Py — TP Pi(s)
> lim b < — > llun | + & » [un| .
D Topy Ja o |zl

1 1 p* (3) —Tp ’u‘p*(s)
>b(———) (Julff +n;) + +;
( Tp) ([l 77]) ( o |z Vo

Tpp* (s)
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1 1 *(g) — P (s) -1 *(g) —
ST VR N AR ES P A L8

poTp op*(s) Jo lz[® P Tpp* (s)
1 p*(s) —Tp
> (= =)oy 4+ 2 TP
<P TP> I op* (s) "
2, i (s) ) L) *(s)
> (1 - 1) by 4 P =P (e STy e
p TP pp* (s)
L A pi(s) =T 1 |
> (== = ) bSyl Tyl T Syt —
<p Tp) : Tpp* (8) * p* (s) * p* (s)

(1 s e (L 1 Y
™ (s) ™ p*(s)

P
_T_ 1
2@(1—*1 )STyI‘lJr(l— *1 )bsyl‘l
™  p*(s) P p*(s)
D

(s 1

Pr(s) =P s P —Tp 2 () =T o
Top* (s) 7 "

Tpp*(s) Tpp* (s)

[T () + G )

* _ 1 P*<5>*P
+ p (S) Tpsy;——l (S;]_y*p(-rl) _asT—ly* _b)

Tpp* (5)
% . 1 \T _1
I (s ) (5 ) usel
Tpp* (8) p p*(s)
P(s) TP o
—+ -— 7 -9 . T \Yx
o (5) Y fr (y+)
* _ 1 \T 1 1 L
Tpp* (8) p p*(s)

which entails a contradiction. Hence I is empty and so

/ 2|75 Jup|P" ) da —>/ 2|75 P ) da.
Q Q

On the other hand, we have

J

bSyl '

(B ). ) = (a7 ) = [l un Pt =A [ oo
Q Q

=o0,(1)

(2.15)
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and

(E'(up),v) = (a [ [PV b) / |V, P2V, Vodz (2.16)
Q

—/ |x|_s|un|p*(8)_2unvda¢—)\/ |t |7 2wy vda
Q Q
= on(1)

for any v € ng’p (Q). Set I = lim ||uy,|| as n — 400, then from (2.15) and
(2.16), we deduce that

<alp(771) + b) P— / lz] "% |u
Q
and

<alp(71)+b>/|Vup2Vquda:—/ |z|~® \u|p*(s)2uvdx—/\/ lu|? 2uvdz =0.
Q Q Q

P) dg — /\/ |u|fdx =0 (2.17)
Q

(2.18)
Taking the test function v = u in (2.18), we get
(azW—U + b) |u|lP — / 2|~ ul?" ) da — )\/ lu|dz = 0. (2.19)
Q Q
Therefore, the equalities (2.17) and (2.19) imply that ||u| = [. Consequently
{un} converges strongly in VVO1 P (Q), which gives the desired result. O

The energy functional E satisfies the Palais Smale condition at level ¢ for
any ¢ < C*. So, the existence of critical point follows immediately from the
following lemma.

Lemma 2.6. Let for1<p < N,a>0,0>0,0<s<p,

e {p*(()) = %} <g<p*(0)and1l <7< min{p}),

}. Then

aq
p

supE(tz.) < C*
>0

for all A > 0.
Proof. We define the functions g and h such that

0 0) = E2) = 20 e Ll = S R [
< i p 0 pr(s) g Jo' "
and
Sfp*(S)
P *(s) p*(s)
|z )"

p*(s)

)

a b
h(t) = —t™ [lze||™" + —tP ||z||” -
™ b
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then
tp*(s) 717*(5) p*(s) tq
gt:ht—*<1—S Pz )—)\/zqd:c.
(t) = h(t) 7 (5) Izl . Q|e|
Noting lim ¢ (t) = —oo and g (t) > 0 when ¢t is close to 0, so sup g(t) is
t—+o0 t>0

attained for some T, > 0. Furthermore, from ¢’ (T;) = 0, it follows that
~T2 O™ TP P 4 0TE T 2P = >\T§_1/ |2e|fdx (220
Q
and

—ATé’_l/ |zl tda + TP |2 |7 4 OTE T 2P = T2 (2.20)
Q

Multiplying the equation in (2.20) by 7. 1P we obtain
—TP" &P 4 TPV 2| 4 b2 ||P > 0.

Easy calculations confirm that

1
ap(t—1 p*(s)—7p
< (2 egr) ™

p*(s)—p
Applying relation (2.2) yields, for sufficiently small e
1
-1 PO
T. < (W)ST>p p— (2.22)
p*(s)—p

On the other hand, we multiply the equation in (2.21) by T2 and by
recalling (2.22), we obtain

TV O > g |[oe| P — XTI / 22| 0de
Q

> e = A0 [ o
Q
From (2.2), we find that for small enough e
1
T. > (aST) 7@ =: t,.
Now we estimate g (7;). It follows from A’ (t) = 0 that
_ *(-5) * *
=57 O O T b P = 0,
that is

*(S) * *
Sip L HZEHp (s)-p tP (s)—p _ atp(ffl) ”ZEHP(T_l) Ny — (223)

Set
y = tp(‘rfl)SlfT H25Hp(7-_1)
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_ p*(s)-p
and 0 = pr—1)

(2.23) we get

Sy —aST "ty — b= fy(y) = 0. (2.24)

According to Lemma 2.2, fp (y«) = 0 where y, is defined in (2.12) . Therefore,
h' (t.) = 0 with

1
o= 87 2] 7 () D

Since fy (y), it follows that A’ () is convex and so

]_ 717*(5) * *
h(t)=h(t)=——— Pr(s) 4" (o)
masch (£) = h (k) = =587 7 ||
a e AT
SR P e e P (2.25)
D p
Since A’ (t,) = 0, we have
*(g) * *
ST PO = | TP 4 b P 2. (2.26)

So, we deduce that
1

*(S

b
(aHZaHTptT“rszellptp)+*p|| z [P + EHZaHpt{:

p

1 1

_ tTp TP bl = — tp p
<Tp p* (8> el <p p* (5)> Il
( 1
*

o

_T_ _1
) STy*r—l +b (1 _ *1 ) Sy;—l

™ p*(s) P p*(s)
c*.

Consequently, by (2.2) and the fact that max {p* (0) — £, %} <q<
p* (0), we obtain

sup E(tz:) = g (T%)
>0

() + )< o P*“)—l)Tf*(s)—ATg [ 1zepaa
p* (s
1
) ( 1> Tq/ |ze|9dx
p S
! Y2 (7@ _ A pya 0 (e (V-1R)
<O+ p*(s)0<ep )(tl) ()0 (<7 z
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<C"+0 (sN%) —0 <E§‘i(N“NJ’))>
<o) -0 (ﬁ;iif]i;“(p*(mq))
<C* -0 <5W<p*<0>—q>) '

For ¢ sufficiently small, we obtain sup;~q E(tz:) < C* which conclude the
desired result. O

3. MAIN RESULT

The result below provides the existence of a Mountain Pass type solution.
We now state our main result.

Theorem 3.1. Let 1 <p< N,a>0,b6>0,0<s<p,

max {p*(O) — %,%} <qg<p*0) and 1 <1< min{p*zgs), %}. Then

(1.1) has a positive solution for all A > 0.

Proof. Applying Lemma 2.4, F possesses a Mountain Pass geometry. There-
fore, from the Mountain Pass Theorem [2], there exists a (PS). sequences
{un} C Wg’p (Q) of E. According to Lemma 2.5 and Lemma 2.6, {u,} has a

subsequence (still denoted by {u,}) such that u, — u in WO1 P (Q). Hence u
is a critical point of E and therefore a solution of (1.1).

Now we show that u > 0. To obtain a contradiction, we assume that ©v = u~.
Then

0=(E (u),u")

— (a [P 4 b) / IVuP~2VuVu ™ de
Q
—/ |z|~® ]u\p*(s)_2uu_dx—)\/ lu|? 2w~ da
Q Q

> (a [l [P —I-b) Hu_Hij/ |z|* ]u|p*(5)d$+)\/ |ul?dz,
Q Q

=
So u~ = 0. By the strong maximum principle [23], we have u > 0. Theorem 3.1
can be concluded. O

Acknowledgments: The authors gratefully acknowledge: Qassim Univer-
sity, represented by the Deanship of Scientific Research, on the material sup-
port for this research under the number (1125) during the academic year



Existence of positive solutions for a quasilinear Kirchhoff problem 1005

1447AH/2025AD. And also, Algerian Ministry of Higher Education and Sci-
entific Research on the material support for this research under the number
(1125) during the academic year 1447AH/2025AD.

[1]
2]
3]

[4]

[5]

[6]

REFERENCES

C.0O. Alves, F.J.S.A. Correa and G.M. Figueiredo, On a class of nonlocal elliptic prob-
lems with critical growth, Differ. Equ. Appl., 2(3) (2010), 409-417.

A. Ambrosetti and P.H. Rabinowitz, Dual variational methods in critical point theory
and applications, J. Funct. Anal., 14 (1973), 349-381.

A. Benaissa and A. Matallah, Nonhomogeneous Elliptic Kirchhoff Equations of the P
-Laplacian Type, Ukr. Math. J., 72 (2020), 203-210.

H. Benchira, S. Benmansour and A. Matallah, Ezxistence and nonezistence of nontrivial
solutions for a class of p-Kirchhoff type problems with critical Sobolev exponent, Filomat,
36(9) (2022) 2971-2979.

H. Benchira, A. Matallah and M.E.M.O.E. Mokhtar, FExistence of solutions for a p-
Kirchhoff-type problem with critical exponent, J. Math., 2022 (2022) ID 2818091.

H. Brézis and L. Nirenberg, Positive solutions of nonlinear elliptic equations involving
critical exponents, Comm. Pure Appl. Math., 36 (1983), 437-477.

L. Caffarelli, R. Kohn and L. Nirenberg, Fiirst order interpolation inequality with weights,
Compos. Math., 53 (1984), 259-275.

P. Drabek and Y.X. Huang, Multiplicity of positive solutions for some quasilinear elliptic
equation in RN with critical sobolev exponent, J. Diff. Equ., 140 (1997), 106-132.
G.M. Figueiredo, Existence of positive solution for a Kirchhoff problem type with critical
growh viatruncation argument, J. Math. Anal. Appl., 401(2) (2013), 706-713.

G. Figueiredo, M. Guimaraes and R. Rodrigues, Solutions for a Kirchhoff equation with
weight and nonlinearity with subcritical and critical Caffarelli-Kohn-Nirenberg growth,
Proc. Edinbur. Math. Soc., 95 (2016), 925-944.

M. Guedda and L. Veron, Quasilinear elliptic equations involving critical Sobolev expo-
nents, Nonlinear Anal., 13 (1989), 879-902.

N. Ghoussoub and C. Yuan, Multiple solutions for quasi-linear PDFEs involving the
critical Sobolev and Hardy exponents, Trans. Amer. Math. Soc., 352 (2000), 5703-5743.
R. Kaid, A. Matallah and S. Messirdi, Multiple solutions to p-Kirchhoff type problems
involving critical Sobolev exponent In RY, Mathematica, 65 (2023), 75-84.

D.S. Kang, On the quasilinear elliptic problems with critical Sobolev-Hardy exponents
and Hardy terms, Nonlinear Anal., 68 (2008), 1973-1985.

G. Kirchhoff, Mechanic. Teubner. Leipzig, Germany, (1883).

J.L. Lions, On some questions in boundary value problems of mathematical physics, in:
Contemporary Developments in Continuum Mechanics and Partial Differential Equa-
tions, North-Holland Math. Stud. North-Holland. Amsterdam, 30 (1978), 284-346.
P.L. Lions, The concentration compactness principle in the calculus of variations, the
limit case (I), Rev. Mat. Iberoam, 1(1) (1985), 145-201.

P.L. Lions, The concentration compactness principle in the calculus of variations, the
limit case (II), Rev. Mat. Iberoam, 1(2) (1985), 45-121.

S. Litimein, A. Matallah and S. Messirdi, Ezistence of multiple solutions for a monho-
mogeneous p-Laplacian elliptic equation with critical Sobolev-Hardy exponent, Bol. Soc.
Paran. Mat., (2019) 1-12 .



1006 F.Z. Elouchdi Derrar, Y. Hamzaoui, H. Benchira, M.E.O.El Mokhtar and A. Matallah

[20] H. Liu, J. Zhang and J. Zuo, High energy solutions of general Kirchhoff type equations
without the Ambrosetti-Rabinowitz type condition, Adv. Nonlinear Anal., 12 (2023), ID
20220311, 19 pp.

[21] D. Naimen, Positive solutions of Kirchhoff type elliptic equations involving a critical
Sobolev exponent, NoDEA Nonlinear Diff. Equ. Appl., 21 (2014), 885-914.

[22] Z. Shen and J. Yu, Multiple solutions for weighted Kirchhoff equations involving critical
Hardy-Sobolev exponent, Adv. Nonlinear Anal., 10(1) (2021), 673-683.

[23] J.L. Vazquez, A strong mazimum principle for some quasilinear elliptic equations, Appl.
Math. Optim., 12 (1984), 191-202.

[24] L. Wang, K. Xie and B. Zhang, Existence and multiplicity of solutions for critical
Kirchhoff-type p-Laplacian problems, J. Math. Anal. Appl., 458 (2018), 361-378.



