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Abstract. In this paper, we investigate the Hyers-Ulam stability of the following additive
functional equation

flkz+y)+ fz+ky) = (k+1)f(z) + (k+ 1) f(y), (k=1,2,3,--),

in intuitionistic fuzzy normed spaces.
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1. INTRODUCTION AND PRELIMINARIES

In 1940, Ulam [19] raised the following question. Under what conditions
does there exists an additive mapping near an approximately addition map-
ping? The case of approximately additive functions was solved by Hyers [6]
under certain assumption. In 1978, a generalized version of the theorem of
Hyers for approximately linear mapping was given by Rassias [13]. The sta-
bility concept that was introduced and investigated by Rassias is called the
Hyers-Ulam-Rassias stability. During the last decades, the stability problems
of several functional equations have been extensively investigated by a number
of authors [1, 2, 3, 4, 5, 7, 8, 9, 10, 11, 14, 15, 16, 18] and references therein.

In the present paper, we determine the stability results concerning the fol-
lowing additive functional equation

flkr+y)+ fx+ky) = (k+ 1) f(2) + (E+ 1D f(y), (F=1,2,3,---)

in intuitionistic fuzzy normed spaces (IFNS).

Here we recall some notations and basic definitions.

Definition 1.1. ([17]) A binary operation x* : [0, 1] x [0,1] — [0, 1] is said to
be a continuous t-norm if it satisfies the following conditions:
(i) = is associative and commutative;

(ii) * is continuous;

(i) a*x 1 =a for all a € [0, 1];

(iv) a*b < c¢*d whenever a < ¢ and b < d for each a,b,c,d € [0, 1].
Definition 1.2. ([17]) A binary operation ¢ : [0, 1] x [0,1] — [0, 1] is said to
be a continuous t-conorm if it satisfies the following conditions:

(i) ¢ is associative and commutative;

(ii) ¢ is continuous;

(iii) a0 =a for all a € [0, 1];

(iv) aob < cod whenever a < ¢ and b < d for each a,b,c,d € [0, 1].

Using the above two definitions, Saadati and Park [17] introduced the con-
cept of intuitionistic fuzzy normed spaces as follows:

Definition 1.3. ([17]) The five-tuple (X, u, v, *,¢) is said to be an intuition-
istic fuzzy normed space (IFNS) if X is a vector space, * is continuous ¢-norm,
¢ is a continuous ¢-conorm and p, v are fuzzy sets on X x (0, 00) satisfying the
following conditions: For all z,y € X and s,t > 0,

(
(
(z,t) =1iff x =0
(az,t) :,u<w L ) for each a # 0;

" o]
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(w,t) * u(y, s) < p(z +y,t+ s);

,u
w(zx,.) : (0,00) — [0, 1] is continuous;

)
)
(vii) limy oo iz, t) = 1 and limy_y p(z, t) = 0;
viii) v(z,t) < 1;
(ix) v(z,t) =0iff x = 0;
(x) v(azx,t) =v (m, ﬁ) for each o # 0;

)

) v(z,.): (0,00) — [0, 1] is continuous;

(xiii) limy—yoo v(z,t) = 0 and limy_o v(z,t) = 1.

In this case (i, v) is called an intuitionistic fuzzy norm.
Definition 1.4. ([12, 20]) Let (X, p, v, %,©) be an IFNS. Then a sequence (x,)
is said to be intuitionistic fuzzy convergent to L € X if lim u(x,, — L,t) =1
and limv(x, — L,t) = 0 for all ¢ > 0. In this case, we write x,, B Lasn— .
Definition 1.5. ([12, 20]) Let (X, p, v, *,¢) be an IFNS. Then a sequence (x,)
is said to be an intuitionistic fuzzy Cauchy sequence, if lim p(z,4p — zp,t) =1
and lim v(2p4p — xp,t) =0forallt >0and p=1,2,---.

Definition 1.6. ([12, 20]) Let (X, i, v, *,0) be an IFNS. Then (X, p, v, %, 0) is
said to be complete, if every intuitionstic fuzzy Cauchy sequence in (X, p, v, *, ©)
is intuitionistic fuzzy convergent in (X, p, v, x,©).

2. INTUITIONISTIC FUZZY STABILITY

Let k be a finite positive integer. The functional equation
fkx +y) + fle+ky) = (F+1)f (=) + (k+1)f(y) (2.1)

is called an additive functional equation, since the function f(z) = czx is its
solution. Every solution of the additive functional equation is said to be an
additive mapping.

We start with a Hyers-Ulam type theorem in IFNSs for the additive func-
tional equation.

Theorem 2.1. Let X be a linear space and let (Z,p/,v',«',¢') be an IFNS.
Let o : X X X — Z be a mapping such that for some a > k

' (90 (2,0> ,t) > i (p(x,0),at),

v (go (%,0) ,t) >V (¢(z,0),at),
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forall z,y € X and t > 0. Let (Y, u,v,*,0) be an intuitionistic fuzzy Banach

space and f : X =Y be a p-approzimately additive mapping such that

pkf(kz +y) + f(x +ky) — (k+ 1) f(z) — (k+1)f(y)
> i (p(z,y),1),

vkf(kz +y) + f(x + ky) — (k + 1) f(z) — (E+ 1) f(y)
<V'(p(z,y),t)

(2.2)

for all t > 0 and all x,y € X. Then there exists a unique additive mapping

A: X =Y such that

W(A() — f@)t) > W <<P(w,0), (“"“”),

— k)t
VA = 0.0 = v (w0, O
for all x € X and all t > 0.
Proof. Put y =01in (2.2). For all z € X and ¢t > 0,

/‘(f(kw) - kf($)7t) > /1’/(90(337 0)7t)7
v(f(kx) = kf(z),t) < Vi(p(x,0),1).

u(kf (%) —f(w),t) > (90(

o(k1 (5) ~ @) = (e

Replacing by % in (2.2), we get

(7 () - () ) >

)
i) - () ) = v (o (50) )
Replacing t by # in (2.4), we get
(97 (iet) =8 () ) 2 0 (000,

(41 (i) = 17 (1) et ) <7/ (20000

Thus

(2.4)
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It follows from k™ f (%) — f(x) = Y120 (KM f (55r) — K f (%)) and (2.5)
that

x Ly
. (k”f (2) 1.5 )
=0
n—1
> TLn (901 () - 91 (1) ) 2 0 000,
F=0
n—1
v (k"f (+) = f@). a’ffl) (2.6)
7=0
n 1 x ST kit ,
< H v (k]Jr f (W) — K f (E) 7aj+1> <V (p(z,0),t)
=0

for all z € X,t > 0 and n > 0, where H?:_ol aj = ap*ag * ... * an,]_[?:_& bj =
biobyo...ob,.
Replacing = with % in (2.6), we obtain

:
n—1 m
(ks () s ()

Thus
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forall z € X,t > 0,m >0 and n > 0. Hence
n+m £ m €
(41 () =471 (3) 1)

t
> <‘P($70)7 W) ) (2.7)
j=m alt1

t
<V | p(,0), _1)

forallz € X, t >0, m > 0 and n > 0. Sincea>kand2§i0(§) <
00, the Cauchy criterion for convergence in IFNSs shows that k" f (k%) is an
intuitionistic fuzzy Cauchy sequence in (Y, p, v, x,0). Since (Y, u, v, *,0) is
complete, this sequence is intuitionistic fuzzy convergent to some point A(x)
€Y. Fixz € X and m =0 in (2.7). Then we obtain

7 (k”f (;7) - f(fc),t> >y (@(%0), Z"f’“> ,

j=0 aiFT
v (k:”f (%) N f(x)’t> < v (tp(az,O), Z;L—ECJJC«]H>

for all ¢t > 0 and n > 0. Thus we obtain

t
> p' | p(z,0), _1> :

v (Al) ~ f(@).1) < v (A(x) (L) ;) o <knf (2~ 1) ;)

t
<v' | ¢(z,0), 1>
( 22‘?:0 alg:il

for large n. Taking the limit as n — oo and using the definition of IFNS, we

get

=
—~
o
—
&
N~—
|
~
—
&
:_/
~
S~—
V

1 <90(w70), (a;k)t> ,

/ (ota0.52)
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for all z € X, t > 0. Replacing = and y by ;% and £ in (2.2), we have

<knf<kx—;y)l f<x+k:y> knf((k:+1)>
() o (G ) 5)

(er(2) on(552) o (52

)=o)
o (475 (5. ) 1) 1.

: / n x Yy
Jm v (K () 1) =0
for all x,y € X, t > 0, A satisfies (2.1). Therefore, A is an additive mapping.
To prove the uniqueness of the additive mapping A, assume that there exists
another additve mapping A’ : X — Y which satisfies (2.3). For each z € X,
we have k"A (&) = A(z) and k"A' (&) = A'(z) for all n € N. It follows
from (2.3) that

p(Alz) — Al(z),t) = (k”A(kn) k”A’(kn>,t>
= () - (1) 5)

() (2.0
)

)

= (@(;n,()), 2. kn

and similarly

Mo — k)t
uu@»—mm»ﬂéf(@“”%agﬁm))'
Since lim,,_ o0 % =00 as a > k, we get lim,_, Ml (SO (:c, 0) ) néaknk) ) =

1, and limy, oo v/ (gp (z,0), Oﬁg’;’“”) = 0. Therefore, p(A(z) — A'(z),t) =1

and v (A(xz) — A'(z),t) = 0 for all t > 0. Hence, A(x) = A’(x). This completes
the proof. O
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In the following theorem, we consider 0 < a < k.

Theorem 2.2. Let X be a linear space and (Z,p' V', %', o) be an IFNS. Let
p: X x X — Z be a mapping such that for some 0 < a < k

limy, o0 it ((K™2, kK™y), k™t) = 1 and limy, o V' (@(k"x, k™y), k"t) = 0 for all
z,y € X andt > 0. Let (Y, pu,v,%,0) be an intuitionistic fuzzy Banach space
and f: X =Y be a p-approximately additive mapping in the sense that

pkf(kr +y) + flxz+ky) — (k+1)f(x) — (k+1)f(y),1)

> i (plz,y),t) (2.8)
v(kf(kz +y)+ flz+ky) — (k+1)f(2) = (k+1)f(y),t)

<V (p(z,9),1)

for all z;y € X and t > 0. Then there exists a unique additive mapping
A: X =Y such that

W(A) — f(2),0) = 1 <<P (2.0, “"‘“”) ,

2

(A0 - 1)) < v (o (0.0, 5

forallz € X and t > 0.

Proof. The proof of this theorem is similar to the proof of Theorem 2.1. Here
we represent the sketch of proof. Putting y = 0 in (2.8), we get

n (Z 1) = (ot 00,

o (10 - s@t) </ ot

forallz € X and ¢t > 0. So

u (f(kj:lx) - f(k”w)yt) >y <<p(x, 0),

y (”’“;x) - ), ) </ (1t.0),
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forall z € X and t > 0. For each x € X,n > 0,m > 0 and ¢t > 0, we deduce
that

fEmma)  f(kma) > / t
H( n+m - m 7t > H 90('7;70)7 n+m—1 o )
e ¢ S h
fmma)  f(km) > / t
v = it < v e@0), T (2.9)
( ket k S

for all z € X, t > 0 and m,n > 0. Thus {%} is an intuitionistic fuzzy
Cauchy sequence in the intuitionistic fuzzy Banach space. So there exists a
mapping A : X — Y defined by A(z) = lim, 0 f(’]znx)
(2.9), we obtain

and putting m = 0 in

W(A() - F(2)) > o <90 (x.0). M) ,

2

(4(0) = ) </ (0,0, LS

for all x € X and ¢ > 0. This completes the proof. O

Acknowledgments: This paper was supported by the University of Phayao
and Thailand Science Research and Innovation Fund (Fundamental Fund (UoE)
2026).

REFERENCES

[1] A. Alotaibi and S.A. Mohiuddine, On the stability of a cubic functional equation in
random 2-normed spaces, Adv. Difference Equ., 2012 (2012), Paper No. 39.

[2] M. Arun Kumar, V. Arasu and N. Balaji, Fuzzy stability of a two variable quadratic
functional equation, Int. J. Math. Sci. Eng. Appl., 5(4) (2011), 331-341.

[3] S. Bowmiya, G. Balasubramanian, V. Govindan, M. Donganont and H. Byeon, Gen-
eralized linear differential equation using Hyers-Ulam stability approach, Eur. J. Pure
Appl. Math., 17(4) (2024), 3415-3435.

[4] S. Bowmiya, G. Balasubramanian, V. Govindan, M. Donganont and H. Byeon, Hyers-
Ulam stability of fifth order linear differential equations, Eur. J. Pure Appl. Math., 17(4)
(2024), 3585-36009.

[5] J. Gao, On the stability of functional equations in 2-normed spaces, Nonlinear Funct.
Anal. Appl., 15(4) (2010), 635-645.

[6] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci.
U.S.A. 27 (1941), 222-224.

[7] Y. Manar, E. Elqorachi and Th.M. Rassias, Hyers-Ulam stability of the Jensen func-
tional equations in quasi-Banach spaces, Nonlinear Funct. Anal. Appl., 15(4) (2010),
581-603.



1036 S. Ramarao, S. Donganont, V. J. Sudhakar, C. Park and M. Donganont

[8] Y. Manar, E. Elqorachi and Th.M. Rassias, On the Hyers-Ulam stability of the quadratic
functional equations on a restricted domain, Nonlinear Funct. Anal. Appl., 15(4) (2010),
647-655.

[9] S.A. Mohiuddine and H. Selvi, Stability of Pexiderized quadratic functional equation in
intuitionstic fuzzy normed space, J. Comput. Appl. Math., 235 (2011), 2137-2146.

[10] M. Mursaleen and S.A. Mohiuddine, On the stability of cubic functional equations in
intuitionstic fuzzy normed spaces, Chaos Solitons Fract. 42 (2009), 2997-3005.

[11] C. Park and D.Y. Shin, Functional equations in paranormed spaces, Adv. Difference
Equ., 2012 (2012), Paper No. 123.

[12] E. Ramzanpour, A. Bodaghi and A. Gilani, Stability and hyperstability of multi-additive-
cubic mappings in intuitionistic fuzzy normed spaces, Honam Math. J., 42(2) (2020),
391-409.

[13] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer.
Math. Soc., 72 (1978), 297-300.

[14] K. Ravi, S. Kandasamy and V. Arasu, Fuzzy versions of Hyes-Ulam-Rassias theorem of
quadratic functional equation, Adv. Fuzzy Sets Syst., 8(2) (2011), 97-114.

[15] K. Ravi, J.M. Rassias and P. Narasimman, Stability of cubic functional equations in
fuzzy normed space, J. Appl. Anal. Comput., 1 (2011), 411-425.

[16] K. Ravi and B.V. Senthil Kumar, Generalized Hyers-Ulam-Rassias stability of a system
of bi-reciprocal functional equations, Eur. J. Pure Appl. Math., 8(2) (2015), 283—293.

[17] R. Saadati and J.H. Park, On the intuitionistic fuzzy topological spaces, Chaos Solitons
Fract. 27(2) (2006), 331-344.

[18] B.V. Senthil Kumar, H. Dutta and S. Sabarinathan, Modular stabilities of a reciprocal
second power functional equation, Eur. J. Pure Appl. Math., 13(5) (2020), 1162-1175.

[19] S.M. Ulam, Problems in Modern Mathematics, John Wiley & Sons, New York, 1940.

[20] Z. Wang, Stability of a mized type additive-quadratic functional equation with a param-
eter in matriz intuitionistic fuzzy normed spaces, AIMS Math., 8(11) (2023), 25422—
25442.



