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Abstract. This study presents a fractional-order model for EBOV-NIV co-infection dynam-
ics in humans and fruit bats using the Atangana-Baleanu derivative. Fixed-point theory and
Hyers-Ulam stability establish existence, uniqueness, and model stability. Fractional-order
derivatives outperform integer-order models in capturing memory-dependent transmission.
Numerical simulations (o = 0.99 vs. 1.0) reveal significant recovery rate influence on co-
infection peaks and persistence. The approach aligns with real epidemiological patterns and

supports targeted control strategies.

1. INTRODUCTION

The Ebola virus (EBOV), part of the Filoviridae family, is notorious for its
high mortality rate in both humans and other primates. The severe outbreak
of Ebola virus disease in West Africa resulted in over 11,000 deaths [44, 45].
Recently, the virus has frequently spread from animal hosts to humans, with
infected individuals remaining contagious, highlighting the persistent risk of
outbreaks [18, 22, 27, 31]. Despite some promising developments in clinical
trials, no vaccines or treatments for EBOV have been approved yet. This
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emphasizes the urgent need for innovative strategies to combat this dangerous
health threat.

In 1998 [24, 26, 37], an outbreak of severe encephalitis and pneumonia
among pig farmers and workers in slaughterhouses in Malaysia and Singapore
led to the identification of Nipah virus (NIV), a zoonotic paramyxovirus. Since
then, NIV has caused numerous outbreaks in the Philippines, Bangladesh, and
India, leading to over 600 cases and a fatality rate exceeding 50%. Like EBOV,
NIV continues to pose a threat to public health in Southeast Asia, as there
are currently no approved vaccines or treatments.

For a long time, ordinary differential equations have been used to model
the spread of contagious diseases, helping to understand epidemic transmis-
sion patterns. However, the advent of fractional calculus has provided new
perspectives on the dynamics of disease transmission. Fractional-order dif-
ferential equations have become valuable tools for analyzing biological and
technical systems, allowing for a more comprehensive understanding of dis-
ease transmission dynamics.

The Mittag-Leffler kernel derivative has recently been applied to model vari-
ous real-world phenomena. After studying the spread of the Q fever epidemic,
researchers concluded that trajectories of certain fractional orders converge
to a common endemic equilibrium point, unlike integer-order derivatives [15].
Furthermore, the Atangana-Baleanu (A-B) fractional differential operator was
found to model disease susceptibility more accurately, requiring fewer infec-
tious individuals. Another study used the Mittag-Leffler kernel to investigate
the presence, uniqueness, and stability of HIV/AIDS infection models [16].
Similarly, a separate study [12] examined the kinetics of COVID-19, empha-
sizing the importance of memory in its transmission, while Okyere et al. [34]
analyzed a SIR model based on the Caputo derivative.

Berge et al. [17] developed an infected-recovered-death model with natural
mortality in SIR compartments to study the transmission of Ebola virus dis-
ease in sub-Saharan Africa. Omeloye-Adewale [35] conducted a mathematical
analysis of the transmission dynamics of Ebola malaria. Biswas [19] explored
the dynamics of NIV using an SIR model and examined control and prevention
strategies through optimal control techniques ([20],[21],[23],[30],[38],[39],[40]).

Abbas [4] investigated relationships arising from a generalized form of the
Prabhakhar fractional derivative. The application of the Caputo-Fabrizio
model to fluid flow in the unsteady boundary layer of a Casson fluid was
discussed [2, 3]. Abbas [1, 5, 6] showed how the Laplace transform method
is employed to solve dimensionless partial differential equations and obtain
solutions. Another study [42] explored an epidemic model that describes the
deterministic influence of media coverage on the transmission of COVID-19.
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Mondal et al. [32] studied predator-prey dynamics, applying a generalized
predator-prey model [41].

Khan [28] established results for existence and H-U stability using fixed-
point theory. Changdev et al. [25] studied the basic solution of the Dirichlet
problem with first derivative constant conditions. Pakhira [36] emphasized
the importance of sensitive parameters, especially the strong memory effect.
Abdelhakem [10] used polynomial boundary techniques, which are well-known
in Legendre basic functions [7, 8, 9]. Several methods for approximating solu-
tions to ordinary differential equations, such as the Adams-Bashforth-Moulton
and Runge-Kutta methods, are discussed [13].

The Atangana-Baleanu-Caputo (ABC) derivative has shown exceptional
ability in modeling memory effects and long-range dependence in epidemi-
ological processes. From the literature, it is evident that separate models
for the transmission dynamics of Nipah and Ebola viruses have been ana-
lyzed both qualitatively and numerically. In this study, we present a new
and more efficient mathematical model for the dynamics of Ebola and Nipah
virus co-infection. To the best of our knowledge, no prior work has specifically
addressed co-infection dynamics using U-H type results.

Fractional differential equations play a crucial role in modeling anomalous
relaxation and diffusion processes. The convolution integral introduced by
fractional derivatives, which includes a power-law memory, makes fractional
differential equations essential for describing memory effects in complex sys-
tems. Fractional calculus approaches within mathematically informed frame-
works provide a deeper understanding of complex processes, offering novel
models applicable to optimization methods. In computer science, fractional
calculus is used to analyze algorithms, aiding in the evaluation of computa-
tional difficulty and resource requirements.

This research bridges epidemiology, mathematics, and computational sci-
ence, demonstrating its interdisciplinary nature. In our study, we explore
the co-infection dynamics of the Nipah and Ebola viruses by using fractional-
order derivatives, establishing connections between mathematical theory and
biological systems. This approach, which mimics brain-like computation and
scaling behaviors, enhances our understanding of epidemiology and complex
systems, especially concerning the interactions between various viral dynamics
and their effects on host species like fruit bats and humans.

In this paper, we present a co-infection model for EBOV-NIV using a three-
compartment (SIR) framework that incorporates the A-B fractional derivative.
We examine the existence and singularity of solutions, investigate H-U stabil-
ity, and perform numerical simulations based on specific assumptions for the
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model parameters. This work contributes to a deeper understanding of co-
infection dynamics and offers valuable insights into potential control measures
for these dangerous viruses.

(i) The use of the A-B derivative may offer novel insights into the co-
dynamics of Ebola and Nipah viruses.

(ii) We analyze the existence and uniqueness of the proposed co-dynamics
model for Ebola and Nipah viruses using the Atangana-Baleanu de-
rivative. By applying the fixed point theorem, this research enhances
our understanding of these viruses’ dynamics and potential control
measures.

(iii) By utilizing the generalized M-L kernel, we demonstrate the co-
dynamics of Ebola and Nipah viruses. Through simulations, we ac-
count for various factors that influence disease spread and impact,
aiding in the development of effective control strategies.

(iv) In our study of the co-infection dynamics of EBOV and NIV, we high-
light the significant impact of the recovery rate. We specifically exam-
ine how this parameter influences co-infection dynamics when using
a fractional order of 0.99 as opposed to the integer order of 1. This
distinction underscores the role of fractional calculus in understanding
disease transmission and provides crucial insights for effective disease
management and control.

The remainder of the paper is organized as follows: Section 2 introduces
fundamental concepts and initial results. In Section 3, we present the Ebola-
Nipah co-infection model along with the relevant parameters. Sections 4 and
5 discuss the H-U stability and existence of solutions for the proposed model.
Section 6 presents numerical simulations, and Section 7 concludes with a sum-
mary and suggestions for future research.

2. BASIC CONCEPTS

The study of fractional differential equations spans multiple disciplines and
finds applications across a variety of fields, including control systems, heat
transfer, biomathematics, complex systems, biomedicine, and financial sys-
tems, among others. The Atangana-Baleanu fractional derivatives are partic-
ularly favored due to their non-local characteristics, which allow them to more
effectively represent complex behaviors compared to traditional operators. In
these frameworks, it can be assumed that the observed behavior is contingent
upon the order of the fractional derivative model and the transmission rate.

Definition 2.1. ([39]) The fractional Atangana-Baleanu derivative of a func-
tion ¢ € x*(e, f), where f > e, in the Liouville-Caputo sense for g € [0, 1] is
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defined as follows:
— 88
ABCD5¢ 1_5/ ¢ (s [ Ble 3 ) ]ds, (2.1)
where B(f) satisfies B(0) =

Definition 2.2. ([33]) The Riemann-Liouville interpretation of the fractional
AB derivative for a function ¢ € x*(e, f), f > e, with g € [0,1] is expressed

as follows
_ ﬁ

Definition 2.3. ([29]) The Atangana-Baleanu (AB) integral for a function
o€ x*(e,f),f >e, when 0 < 8 < 1, is provided by Gakkhar and Chavda as
follows

SBI0E) = 5O+ 5 / H(3)(€ — )7 ds.

Lemma 2.4. ([11]) The Newton-Leibniz formula, as discussed by Agarwal-
Singh, is applicable to both the AB fractional derivative and the AB fractional
integral of the function ¢,

2817 (ABDo(6)) = 6(6) — le).

Theorem 2.5. ([11]) For two functions ¢,v € N'(e, f), f > e, the ABC and
ABR fractional derivatives satisfy the following relationships:

I25C DL g () —2BC DLv(e)|l < Mlg(€) — v(©)]),
I2BE DL p(€) —2BR DIv()[| < Allo(€) — v(©)].

3. EBOV/NIV CO-INFECTION MODEL

The results reveal various scaling patterns and fractal dimensions in the
dynamics of co-infection involving the Nipah and Ebola viruses. Our model
sheds light on how these viruses interact within host populations by identi-
fying critical thresholds and stability regions. These insights extend beyond
epidemiology, impacting biology, economics, and human behavior. The inter-
disciplinary nature of our research illustrates how mathematical and computa-
tional methodologies can uncover hidden relationships and guide public health
strategies, emphasizing the importance of our study in understanding complex
systems. By mapping the behavior of these viruses across different contexts,
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our research enhances the understanding of intricate interactions that span
multiple domains.

In this section, we present a co-infection model that incorporates both
Ebola and Nipah viruses, utilizing the Atangana-Baleanu approach in the
Caputo fractional derivative framework. This model draws inspiration from
compartmental epidemiological frameworks that have been vital in clarifying
the dynamics of epidemic spread and the various strategies employed for their
prevention. The model suggests specific sub-populations within the human
population, 9z, which include individuals susceptible to Ebola alone, repre-
sented as Jg, those infected solely with Nipah, denoted as Jp, individuals
co-infected with both viruses, represented as Jyg, and those who have recov-
ered, labeled as ‘A.

The following is a schematic diagram of the co-infected model under Fig. 1.
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FiGUure 1. Flow-chart of Ebola and Nipah co-infection
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Parameters | Description

A Rate of population recruitment

\E Rate at which Ebola is transmitted

AN Rate at which Nipah is transmitted

01 Mortality rate associated with Ebola

09 Mortality rate associated with Nipah

03 Mortality rate due to co-infection from both viruses

w1 Rate of recovery from Ebola

w2 Rate of recovery from Nipah

w3 Rate of recovery from both infections

m Level of latency for Ebola-infected individuals becom-
ing asymptotically infected with Nipah

72 Rate of susceptibility of Nipah-infected individuals to
Ebola

I Natural mortality rate

We assumed that the recruitment process increases the susceptible popu-
lation at a rate denoted by A. Each segment of the population within all
compartments undergoes a natural mortality rate of u.

The infection force \g signifies how individuals become susceptible to con-
tracting Ebola; here, Sg represents the effective contact rate associated with
Ebola transmission. Meanwhile, the term Sy reflects the effective contact rate
for individuals infected with Nipah within the infected compartment (Jg) of
Ebola-infected individuals. In a similar manner, susceptible individuals can
contract Nipah via a force of infection Ay, with the remaining individuals ei-
ther transitioning to the co-infection compartment (Jyg) at a rate of Ayn; or
succumbing to causes related to Ebola at a rate d1.

In parallel, those in the Nipah-infected compartment (Jy) recover from the
illness at a recovery rate of wo, while others either perish at a rate d9 or shift
to the co-infection compartment (Jyg) at a rate of Agne.

Participants in the co-infected compartment (Jyg) are subject to a force of
infection represented by meAr and n; Ay. Portions of these individuals recover
at a rate ws or may die due to the combined effects of Ebola and Nipah
infection at a rate ds.

0PCDI G H(€) = A— (Mg + Ay + )6,
0P DEIR(E) = Ae® — (p+ 01+ Avm +w1) T,
?BCD??NE(@ = ANmIE + Apmdn — (1 + 63 +w2)INE, (3.1)
0 PCDIN(€) = ANG — (1 + 0y + Mgt + ws) I,
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éBCD§5S)%(§) =wiJg +w2INE +wsIn — piR,

where
Ap = Be(JE + JEN)
N )
Ay = Bn(IN +TEN)
N
and

N =6yg+Jp+Ing+Iv+R.
The initial conditions of Ebola and Nipah co-infection model become:
Su(0) = &o(&), Ip(0) = IF©), Ine(0) = FFE), In0O) = (),
R(0) = Ro (&)

4. EXISTENCE AND UNIQUENESS OF THE SOLUTION

This section investigates the existence of a solution for the fractional order
EBOV/NIV model 3 through fixed point approaches

S(6) - 6(0) = ;z[g/f; <A ~ 6];(3,;]\4[r Ine) | 6N<3N]$ Ine) | M) o

/81 ¢ s B1—1
* B(81)T'(51) /0 =)

J J J J
" [/\ﬁE( E;f‘ NE)+5N( N]\‘fi‘ NE)+M]6dS’

Je(§) —Je(0) = ;zﬁfi AgS — (u+ 61+ Avm +w1)TE)

62 ¢ \B2—1
" B(B2)I'(B2) /0 €=2)
X [AgG — (u+ 01 + Anm1 + w1)JEg| ds,

1 _
Ine(§) —Ine(0) = B(Bfi))) ANmIE + AgmIN — (u+ 03+ w2)INE)

53 ¢ _ o\B3—1
+ BEtE €
X [ANMIE + Agmdn — (1 + 03 + w2)InE] ds,

IN(E) = I (0) = 558 (W + (e 6+ A +2))

B4 ¢ — s Ba—1
T BB B JAS0
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X [ANG + (p + 62 + A2 + w3)In]| ds,

2)%(5) - 9{(0) = 1BZB§;) (wle +wINE +w3dn — “9%)
3
" 3(556);(55)/0 (€ =) w1 Tp + wIng + w3In — pR] ds.

(4.1)

To keep things simple, we create the functions K;, and a few constants ¢;,
where i € N7,

Kl(f,G):/\f {(3E+3EN)%+(3N+3NE)BJ<ZV+H} G, (4.2)
Ky(,3g) =0 + jEN)ﬁWEg - <M+ 01+ (In + jNE)BWN +m —|—w1) Je, (4.3)

K3(&,Invg) = (On + jNE)BWanjE + 0+ 3NE)6

WEWN — (i + 03 +w2)In g,

(4.4)

K4(£73N) = (jN + 3]\715)%(‘5 — (/L + so + (jE + jNE)%nz + w;;) In, (4.5)

K5(&,R) = w1Jp + wInp + wsIny — pfR. (4.6)

Theorem 4.1. Under assumption B, the kernels K; for i € N} satisfy the
Lipschitz condition and act as contractions whenever ¢; < 1 for each i € Ny.

Proof. To begin, we show that the Lipschitz condition holds for K;(§, ).
Evaluating equation (4.2) for &(§) and &*(&) gives

136, 8) = Ka(e. &) = | A 0+ 9w 52 + O+ Im) G+ ]

- (/\ — (O +3nE) %E +(On +InE) %N +u> Cal
< [(3E +INE) Pe +ON +INE) Py +,u] 16 — &
N N
<Pe+ANv+ 4|6 - &7
< 616 — & (@)
Similarly, we have
1K2(8,TE) — Ka2(&, Tp) || < é2(175 — TE, (4.8)

I1K5(8,Ine) — Ka(&, Ixp)ll < ¢3llIne — Tnell, (4.9)
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[K4(& Inp)ll < ¢alIn — Tnll, (4.10)
[ K5 (€, R%) — K5(§,R7)|| < ¢s[|R — R (4.11)

The kernels K;, i € N7 are thus contractions with ¢; < 1, i € NP, and
therefore fulfill the Lipschitz condition. The proof is now complete. ]

By Using the kernels K;, i € NP and initial states &(0) = Jg(0) = In(0) =
Ine(0) = R(0) = 0. The system represented by equation (4.3) is rewritten as
follows:

— 3

S(€) = GRS + grhr | €0 K s (112
_ §

36(6) = G K6 T8 + gzt | €= 9% Ka(e Tpe)ds, (113

— 3
Ine(6) = g K € Inel©) + gzt [ (€= 9" Kl Ine(9)ds,

(4.14)
— 3

IN(E) = A KA TN + Framrr [, €9 Kl In(e)ds. (413
— 3

() = G Kol MO + g | €= Kals Rds. (110

Now, we define the following recursive formulas:

() = %K (1, 61 (€))
B1

BTG

T60(6) = FrppKalé Tena(€)

B2
* BB ()
_ 1—03
B(Bs)

13
/0 (€ —5)P 1K (5,6,_1(s))ds, (4.17)

13
/o (€ —9)2 7 Ky (s, Tpp—1(5))ds, (4.18)

Ive, (§)

K3(¢,InE, . (§))

Bs
* BB (B)

™= 53

13
/0 (€ —8) 1 K3(s,InE, ,(5))ds, (4.19)

K4(§a an—l (f))
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¢ 7 — s Ba—1 s s o
B(ﬁ4)F(ﬁ4)/0 (€ =) Ku(s, In, , (5))ds, (4.20)

1,(6) = Fr Kol€ R (€)

L — s Bs—1 S s B
- B(ﬁ5)F(65)/0 (€ =) Ks(s, Rn1(s))ds. (4.21)

Consider the differences,

1063

+

G6n+1(§) = (6n+1 - Gn)(g)

1-f ~
= 5%, (K1(§,6n(8)) — K1(§,6n-1()))

/- / (€ = P (ka5 8 (s)) — (5, B (5)))ds, (4:22)
B(B1)L'(B1) o T L
Gan+1( ) ( Hyq1 n)(f)
— BQ (
B(ﬁz)

+ __P /5(5 — )72 (ka(s, T, (5)) = ka(s, T, (5)))ds
B(B2)I(B2) Jo o o |

2(53 an, (5)) - K2(£7 :iHn,1 (6)))

(4.23)
GINE,.. (&) = ONE,.n — INE,)()

_ 13{5, (K?,(E’/JNEn(f)) — Kg(f’jNEn—l(g)))

B e K e (e)) k(s (s
e €9 (s I, (9) — s T, ().

(4.24)
GIN, (&) = (On,y = IN,)(E)

= B(ﬂf) (K4(£,3Nn(£)) - K4(§73H”71(§)))
B L (€ 97 R, (9) = Bl T, ()

+

(4.25)

Gmn+1( ) ( n+1 — )(5)

_ 15 (K5(&,R,(6)) — K5(6,R,-1(9)))
B(ps)

+ _ B /5(5 — )77 (ks (5, M0 (s)) — ks (s, Rn1(5)))ds, (4.26)
BT Jo o S
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”G6n+1(€)” - ||6n+1 - 671“(5)

= ;{f T IKL(E 80 (€) = K1(6,8aa (O
L 3 _861—1 s s)) — 5 s 5
+B</31)F(51>/0 (€ =) k1(s,6n(s) — k1(s, Gn-1(s))lds,
(4.27)
| G, (N = 1T, — T, [1(6)
- ;zﬁfj | Ko (&, T, (€)) = K€, T, (6))]
Lﬁ_sﬁﬂ 7 (8 Bl s
+B</32>r<52)/0 (€ — )77 ka(s, T, () = ka(s, T, (5))ds,
(4.28)
||GjNEn+1 (g)H = ||jNEn+1 — jNEn”(é-)
1-8 N R
B B(ﬁS K5 (€, In s, (€) — Ks(€,Tnm, , (©))]|

Bs

£
B(5:)T(54) — )%t s s))—ks(s, T s))||ds
- 3(63)1“(53)/0 (€ = 8)2 7| Ks(s, Inp, (5) —ks(s, I, ())llds,

(4.29)
HGan+1 (g)H = HanJrl - an||(€)
_1-B - ~
~ B() HK4(£’JNn(§)) K4(§73Hn—1(§))||
L £ s Ba—1 5.7 ) — s s .
i B<ﬁ4)r<ﬁ4>/o (€= 9)" | Ka(s, I, (s) — ka(s, I, (5)) ]| ds,
(4.30)
[GRns1 (O = [Rnt1 — Rnll(€)
_1-5; B
= B IS (€ 90(E) = Ko (€ s (€)]
L € _ )Pl s &) — s . .
BB () / (€ = 5)7 7 |[ks(s, R (5)) — ks (5, Ro—1(5)) | ds.

(4.31)

Theorem 4.2. There is a solution for the fractional order EBOV-NIV co-
infection treatment model (3.1), given that the following constraint is met

A = maz{¢;} < 1, where i € N}. (4.32)
Proof. Define the functions
v1(§) = Gn-1(§) — 6(9), (4.33)
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V20(6) = I, (&) = T ©), (4.34)
V() = Tnt 1 (6) — Ini(E), (4:35)
v4a(6) = T, () = T E), (436)
V5.(6) = R (€) — R(E). (4.37)
By using the equation (2.1) to (4.37) we find,
(O] < Frt IKI(6.6,(9) ~ K€ SO
e (€= P EL(S, Bals) — K5, 6(s))]ds
<[5 * B 418 - el (439
Next,
201 < G2 1Ko (€ 3, (€)= K€, Tu O
el (6~ P (S, 30, (5)) — KalS, T (5)) lds
< | B * Bt | Pl
< A"[Ty — T, (4.39)
And also,
34O < Bt IKale. T, () ~ Ka(€Ine )]
e | (6~ )P K (S, I (5)) — Ka(S, Inp(s)lds
< | B * Bt | @, ~ el
< By * Byt &P -l (440

From the above equations, we find v;(¢), — 0 as n — oo, i € N° for A, 1.
This completes the proof. O

The following theorem is for the uniqueness of solution.
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Theorem 4.3. If the constraints mentioned in Equation (4.41) are satisfied,
then AB fractional order model 2.1 possesses a singular solution, when the
following conditions are hold

L — B Bi .
B(5i) * B(/a,»)r(@.)] ¢i <1, i€Ny. (4.41)

Proof. Let (&(€),35(€), Ine(€),In(€),Tr(€)) be a another solution for the
system. Then we have

~ — ~ 3 -
8(6) = Fra K116 80) + g L € 9" K@ 8 (442)

. — — 3 .
To(6) = Bt el ToO) + Fryey L €~ 0% K@ Telo)s, (449)

i _1—P i P Ce_ et Fom(s))ds

— — — § —
TN = G K& TN + gz [ (€~ 9" Ku(@. In(s)ds. (445)

— — — § —
Tnl) = G Kol Tnl€) + gzt [ (€= 9" (. Talo)ds. - (4.46)

By using equations (4.42) to (4.46) and Theorem 4.2, we take the norm,

1-— 61 HK1(§7 6(5)) — K1(§, é(é))”

L ¢ — )1 S s)) — S S §
* Bwl)r(m)/o R
o

1-p =
< B "1 o1 BErEy

This implies that

IS — &|.

1—5 b1 -
[B(ﬁl) Lt w] 16 - &l = 0. (4.47)

By condition (4.43), the inequality (4.47) is true, than we have

that is,
&) = &(9). (4.48)
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Likewise, we demonstrate that, using the same method,
I6(6) = Tn(©),
Ive(€) = Ine (),
InE) = I (),
Ir(§) = Tr(6). (4.49)
Thus, there is just one solution for the model (2.1). O

5. HYERS-ULAM STABILITY

In this section the authors discussed the H-U stability of ABC fractional
integral system in the described by equations (4.17) to (4.21).

Definition 5.1. The AB fractional integral system described by equations
(4.17) to (4.21) is considered H-U stable if exist constants A; > 0,7 € N7 such
that for every v; > 0, i € N} for which

— 3
S(6) ~ G KA S(E) + gzt [ (€= 9" K5 S| <. G1)
_ 3
I66) — G Ke(€95(0) + Ty [ (€= 9" Kol Tn(0)ds| <
(5.2)
— 3
I () = Gt Kol Ine() + gy | (€9 Kals Ins(s))ds| <,
(5.3)
— 3
IN(E) ~ a6, () + oy | (€9 Kl In(s)ds| <,
(5.4)
_ 3
‘m(&) ~ BN + s | €= K R )s| < 55 (59)

there exist (6, Jg, Ing, In, R ) which are satisfying

S(6) = =LK (€ 6(6)) + 3t

13
B(B1)T(B1) —5)" 1K (s,6(s))ds .
B(5) <ﬁ1>r<m>/0 (€= )" ' Ki(s,6(s))ds,  (56)
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. 1B 7, 7% ¢ —g)P—1 s, Jg(s))ds
#(6) = G (e Te(E) + Gy | €= 9 Kals Te)s, (57
L= 5s . 7@)’ ‘ — 5)P 7 Ky (s, Inp(s))ds
I = Tt Kl IN(O) + e [ (€~ 9% Ka(s (s
(5.8)
~ 1 754 . 64 ¢ _s Ba—1 s ~ s P
VO = B K& I + Gy | €= 0 T K Tno)s (59)
_1-5 755 ‘ — )Pt 5,R(s))ds
RE) = G o€ RO + gzt | €= 9 Kals R (5.10)
such that

16(¢) — S(&)] < M,
98(€) = IE(6)] < Ao,
InvE(€) — Ine(€)] < A3,
T8 (€) = In(E)] < Aaa,
R(E) = R < A5 (5.11)

Theorem 5.2. Given B, the suggested fractional order model (3.1) is H-U
stable.

Proof. The unique solution to the suggested AB fractional model (3.1), may
be found using Theorem 4.3, (&(¢), I (£), Ine(£), In(E), R(E)).

Suppose (6 J E,J NE,J N,Eﬁ) is an approximate solution to model 3 that
satisfies equations (4.17) to (4.21). Then, we have

. 1- 5 :
18©) =S = Fy K& &) — K&, SO
B

3
ke _g)pi-l 5.6(s)) =K1 (s.S(s)|lds
n B(Bl)F(Bl)/o (E—5) Y| K (s,6(s))— K1 (s, S(s))||d

1- 0 1 :
= [ B T Bwl)r(ﬁl)} 2l =&l

Let 1 = ¢1 and A = (é) + B(ﬂl)ll“(/o’l)’ we get

16(8) — &)l < AL (5.12)

Similarly, we get

13 = T < 1202, (5.13)
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19nE(€) = Ine(©)| <33, (5.14)
135 (€) = IN(E)]] < 1l (5.15)
IR(E) — RE)| < 545 (5.16)

Utilizing equations (5.12) and (5.16), we establish the H-U stability of the AB
fractional integral system (4.17) to (4.21), and consequently, the H-U stability
of the AB-fractional order model (3.1). This concludes the proof. g

6. NUMERICAL SIMULATION

Finding the exact solution of fractional differential equations is very difficult.
Therefore, most of the researchers investigating fractional differential equa-
tions optimize and approximate the solution by applying pre-existing tech-
niques. For the numerical solution, they applied modified Euler techniques,
Taylor’s series method, Adams-Bash-Forth techniques, the predictor-corrector
method, and different integral transforms.

The methodology in this work integrates fractal geometry and scaling con-
cepts with fractional-order calculus to model the dynamics of Ebola and Nipah
virus co-infection. We investigate the stability and qualitative characteristics
of the system using Hyers-Ulam stability theory and fixed-point theory. The
theoretical framework is supplemented with numerical simulations that pro-
vide a detailed analysis of the behavior of the viruses using the fractional
Atangana-Baleanu integral and the Adams-Milton methods in Matlab. We
also verify our model and clarify the complex dynamics and patterns resulting
from co-infections. This thorough method offers insightful information about
intricate relationships and scaling patterns in the dynamics of viral transmis-
sion.

We now show the numerical simulation of model with various non-integer
order derivatives 6.2 we study the dynamical behaviour of the model of varia-
tion of the non-integer order derivative (5;, ¢ = 1,2, 3,4, 5. In order to evaluate
the approximate answer, h = 0.001 was the step-size employed.

Alkahtani [14] provides the computational estimation of the Atangana-
Baleanu fractional integral utilizing the Adams-Moulton rule.

AB 1B _ 1=B[¢(Ens1)—d(En) B [ (Eks1)— (&), 5
ol | A g 3 [

k=0

(6.1)

where bg = (k+1)18 — (k)15
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Employing the numerical scheme described above, we obtain:

— &n(e) Bzﬁﬁ; [/\ B ﬁWE (3E1L+1(€)2_ 3&(5)) n (3EN(§) _2JEN (5))
+% (jN (51)2— IN, (5)) n (6(5)—2671(5)) }
+Bf’g)ibfl [A_ = <3Ek+1<s>3Ek<s>> . (J EEEEE (€) — Tmn (5))
1) &= 2 2
+6FN (31\/ 1(5)2— jm(f)) n (jNEk+1(£)2_ InE (f))—l—u <6k+ (f)—Gk(ﬁ)ﬂ

. <3Nn 2—2JN €3) (JNEWJr 23;En(f)) <§E ;jEn(f)>}}
+B(ﬁﬁl)§:bgl [% E 1(5)2_3En(5)>+<3NE(§);jNEn(§)>
(o i)(f;—G 9 .y o (25 259)
N <3N —23N (g)) <3NEM —QJNEn(é)> (JE —23E (5))]
INE, (§) = INE, (§)
_ (5)4'{2(5[3 O <3N (5)2* IN (5)) n (3NE(§)23NEn(§)>

n (3%1(5)2— ffEn(f)); Q/BE (jEn+1(f)2—3 "(5)>

n <3NE(§) —QBNE,L €3

(i + 5y + ) (3NEH+1 ;jNEn(g))]}
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+ Bs ibgfs |:7726E (jEk+1(£)2_ jEk(f))
k=0

B(Bs) N
N <3NE;C+1(£)2_ jNEk(f)) n <3Nk+1(§)2_ ij,(f))
(it B+ wn) (jNEk+1(£)2_ jNEk(§)>:| 7
INia (§) = T, (€)

:3N0(€)+{;—£1 [AJ]V <3N (5)2— IN (5)) + (3NE(5)—2JNE (f))
+ <6n+1(f)2 671(5)) (it 85+ 12) (jE (5)2* jEn(E)) %
(it 8+ ) (JNE(f) ;jNEn(§)> % Y ]}

(ij(f) -Jn (5))
2
+B(6;4>§bg {5]3, <(3N (5)2—3Nk(5)>+<3NEk+1(f)2— INE (f)))
N <6k+1(§)2 Gr(©)) _ {<u+52+n2€\]f <3NE (5)2— INE (5)))
2

+ B55 Z bfs |:(,U1 <3Ek+1 (5)2_ jEk (5))

. éJNEH] () JNE,C(é)) s <3’Nk+l(§) — N, (g))

iy (%k+1(§) - fﬁk(ﬁ)ﬂ . 6.2)
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Parameters | Description

A Rate of population recruitment

A\E Rate at which Ebola is transmitted

AN Rate at which Nipah is transmitted

61 Mortality rate associated with Ebola

da Mortality rate associated with Nipah

03 Mortality rate due to co-infection from both
viruses

w1 Rate of recovery from Ebola

wo Rate of recovery from Nipah

w3 Rate of recovery from both infections

m Level of latency for Ebola-infected individuals be-
coming asymptotically infected with Nipah

M2 Rate of susceptibility of Nipah-infected individu-
als to Ebola

1 Natural mortality rate

This document provides a detailed analysis of the given image, which con-
sists of five line plots illustrating the population dynamics related to the spread
of Ebola and Nipah virus infections over a 10-day period. The analysis focuses
on different compartments of the population, including susceptible individu-
als, infected individuals (both Ebola and Nipah), co-infected individuals, and
recovered individuals.

Susceptible Population Ebola Infected Population
14000 1200
12000 / 1000
10000
R
— Sio)-5000
/7 ot

— K0)=330

— 10)=520
0)=910

— K0)=1200

—_—

8 10 o 2

Population size

Population size

s(0)=8000
— sl0)=10000

6000

o 2 4 6 s 10
Time (days)

Ebola and Nipah Infected Population Nipah Infected Population

— En0)=156 00— — Nomae
ENI(0)=387

4 6
Time (days)

— ENI0)=286 800 — No)=410
]

— enno)=ass | @ 0

€

§ o0

& 50

2 a00

300

200

4 6
Time (days)

Recovered Population

§ 1000
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4 6
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FIGURE 2. Population dynamics of susceptible, infected, co-
infected, and recovered individuals over time. Each graph rep-
resents different initial conditions.
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The figure consists of five subplots:

Susceptible Population

e This subplot (top-left) shows the number of susceptible individuals
decreasing over time.

e Different initial conditions (S(0) = 5000, 7000, 8000, 10000) are repre-
sented in red, blue, yellow, and green curves, respectively.

e Higher initial population sizes correspond to a slower decline, high-
lighting the impact of initial conditions on disease spread.

Ebola Infected Population

e The top-right subplot illustrates the decline in the Ebola-infected pop-
ulation over time.

e The initial conditions (1(0) = 330, 520,910, 1200) correspond to differ-
ent curves.

e The decline is more rapid in cases with higher initial infection numbers,
suggesting faster recovery or mortality.

Ebola and Nipah Co-Infected Population

e The middle-left subplot represents the number of co-infected individ-
uals.

e The trends show a decreasing pattern similar to the Ebola-infected
population.

e Higher initial infection levels (ENI(0) = 156,286, 387,896) lead to a
slower decline.

Nipah Infected Population

e The middle-right subplot displays the Nipah-infected population
trends.

e Unlike Ebola, the decline is less pronounced, with some curves remain-
ing nearly stable (N (0) = 210,410, 680, 900).

e This indicates a slower progression of Nipah compared to Ebola.

Recovered Population

e The bottom subplot represents the recovered population, which in-
creases over time.

e Different initial conditions (R(0) = 1,2,3,4) show varying recovery
rates.

e The highest initial recovery (green curve) results in the highest recov-
ered population.
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Significance and Interpretation

e The image highlights the progression of disease transmission and re-
covery dynamics in a fractional-order epidemiological model.

e The faster decline of Ebola-infected and co-infected populations com-
pared to Nipah suggests different disease progression and mortality
rates.

e The decrease in the susceptible population aligns with the increase in
the recovered population, illustrating the natural resolution of infec-
tions.

e Variability in initial conditions significantly affects disease dynamics,
reinforcing the importance of early intervention strategies.

This visualization provides insights into disease spread and intervention
effectiveness, demonstrating the role of mathematical modeling in epidemio-
logical research.

Susceptible Ebola Infected Both Infected

Population

4 s s 4 s s 2 4 3
Time (days) Time (days) Time (days)
Nipah Infected Recovered

c
8
R
3
2
&
&

4 6 s 10 o 2 a 6
Time (days) Time (days)

FiGure 3. Time evolution of different compartments in the
epidemic model for varying values of the fractional order pa-
rameter «. The subplots depict the susceptible population,
Ebola-infected individuals, both Ebola and Nipah co-infected
individuals, Nipah-infected individuals, and the recovered pop-
ulation over a period of 10 days. Each curve corresponds to a
different « value, as indicated in the legends.

Figure 3 illustrates the temporal dynamics of an epidemic model incorporat-
ing fractional calculus. The image comprises five subplots, each representing a
distinct compartment of the model: (i) susceptible individuals, (ii) individuals
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infected with Ebola, (iii) individuals co-infected with both Ebola and Nipah,
(iv) individuals infected with Nipah, and (v) recovered individuals. The x-
axis in all subplots represents time (in days), while the y-axis denotes the
corresponding population size.

The curves in each subplot correspond to different values of the fractional-
order parameter «, ranging from 0.92 to 0.99. As « increases, the model
exhibits subtle variations in the population dynamics, highlighting the impact
of fractional derivatives on disease progression. Notably, the susceptible pop-
ulation shows an increasing trend, while the infected populations (both Ebola
and Nipah) decline over time. The recovered compartment exhibits an upward
trend, indicating progressive recovery from infection. These trends align with
the expected theoretical behavior of fractional epidemic models.

The visualization provides insights into the sensitivity of the model to vari-
ations in «, which is crucial for understanding disease transmission under
fractional-order dynamics. The inclusion of multiple a values enables com-
parative analysis and validation of the model’s applicability in real-world epi-
demiological scenarios.

Susceptible Ebola Infected Both Infected

sssss

8500

Populati
Population

4 s s 1 3 2 4 s s 1 3 2 4 s
Time (days) Time (days) Time (days)
Nipah Infected Recovered

Population

4 3 s 2 4 5
Time (days) Time (days)

FI1GURE 4. Temporal evolution of population compartments in
a fractional-order model. Subplots show susceptible, Ebola-
infected, co-infected, Nipah-infected, and recovered popula-
tions over time for a € [0.60, 0.85].

The given figure consists of a set of five subplots arranged in a 2 x 3 grid
(with the last slot empty), representing the temporal evolution of different
population compartments in a fractional-order epidemiological model. Each
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subplot visualizes the population dynamics of specific categories: Susceptible,
Ebola Infected, Both Infected (Ebola and Nipah), Nipah Infected, and Recov-
ered individuals. The x-axis in all subplots represents Time (days), while the
y-axis represents the corresponding Population size.

Each curve in the plots corresponds to different values of the fractional-
order parameter «, ranging from 0.85 to 0.60, as indicated in the legends. The
color-coded lines in each graph show how varying « influences the popula-
tion trajectory. The susceptible population exhibits an increasing trend over
time, while the infected categories (Ebola Infected, Nipah Infected, and Both
Infected) demonstrate a declining trend. Conversely, the Recovered compart-
ment displays an upward trajectory, indicating disease resolution over time.

The key observations are

(1) Susceptible Population: Increases over time due to recruitment.
Higher « yields faster growth.

(2) Ebola and Nipah Infected: Monotonic decline. Lower « prolongs
persistence.

(3) Both Infected: Sharp decline at high «, slower clearance at low «.

(4) Recovered Population: Steady increase. Faster recovery at higher
a.

This figure highlights the influence of the fractional-order parameter o on
the disease dynamics. The results indicate that larger « values lead to faster
infection clearance and quicker recovery, suggesting a more responsive system.
Conversely, lower « values correspond to slower recovery rates, potentially
prolonging disease spread. This analysis is crucial for understanding disease
control strategies, particularly in designing fractional-order epidemic models
to assess intervention efficacy.

The trends and behaviors observed in the plots align with theoretical ex-
pectations of fractional-order dynamical systems, where memory effects influ-
ence the rate of disease transmission and recovery. These findings contribute
to the broader discussion on fractional calculus in epidemiological modeling,
emphasizing its applicability in capturing real-world disease dynamics more
accurately than traditional integer-order models.

Figure 5 presents a graphical representation of the numerical solution of a
fractional-order epidemic model incorporating two infectious diseases, Ebola
and Nipah. The plot illustrates the temporal evolution of different population
compartments, including Susceptible (S), Infected with Ebola (I;), Infected
with Nipah (I2), Coinfected Individuals (I;2), and Recovered (R), over a period
of 10 days.
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FIGURE 5. Temporal dynamics of population compartments
over 10 days in a fractional-order model. Curves: Suscep-
tible (red), Ebola-infected (green), Nipah-infected (magenta),
co-infected (cyan), recovered (yellow).

The figure demonstrates the following key trends:

e The susceptible population (red line) exhibits a steady increase over
time, indicating continuous recruitment into the population, possibly
due to a birth rate term incorporated in the model.

e The Ebola-infected population (green line) initially decreases, reflect-
ing the impact of disease-related mortality and recovery dynamics.

e The Nipah-infected population (magenta line) remains relatively sta-
ble, with minor fluctuations, suggesting a balance between infection
transmission and recovery rates.

e The coinfected population (cyan line) exhibits an initial decline, fol-
lowed by stabilization, indicating interactions between both infections
and their combined impact on disease progression.

e The recovered population (yellow line) shows an increasing trend, sig-
nifying successful disease resolution and immunity development over
time.

This visualization aids in understanding the complex interplay between
multiple infections and their impact on population dynamics. The inclusion
of fractional derivatives accounts for memory effects and non-Markovian
transmission patterns, making the model more realistic for epidemiological
studies. The trends observed in the figure validate the theoretical expecta-
tions of the model and provide insights into potential control strategies for
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managing co-circulating infectious diseases.

Limitations of the Study: There was a lack of literatures above EBV/NIV
coinfection and more compartments are added to coinfection model with pa-
rameter values.

7. CONCLUSION

In this study, we developed a comprehensive fractional-order mathematical
model to analyze the co-infection dynamics of Ebola virus (EBOV) and Nipah
virus (NIV). The incorporation of the Atangana-Baleanu fractional derivative
has enabled a more nuanced representation of disease transmission processes
by accounting for memory effects and non-local interactions, which are often
neglected in traditional integer-order models.

Our key findings are summarized as follows:

e The use of fractional calculus, specifically the Atangana-Baleanu de-
rivative, provides a flexible and accurate framework for modeling the
complex interactions involved in EBOV and NIV co-infections, cap-
turing effects that conventional models may overlook.

e Qualitative analyses utilizing fixed-point theorems have demonstrated
the existence and uniqueness of solutions to the proposed model, con-
firming its mathematical robustness.

e Numerical simulations performed using the Adams-Bashforth-Moulton
predictor-corrector method in MATLAB reveal that variations in the
fractional order significantly influence disease transmission and co-
infection dynamics. Notably, a fractional order of 0.99 exhibits be-
haviors distinct from the classical integer-order case, emphasizing the
importance of memory effects.

e The model underscores the critical role of recovery rates and other pa-
rameters in shaping outbreak outcomes, highlighting potential avenues
for targeted intervention strategies.

Despite these insights, limitations remain due to the scarcity of literature
on EBOV/NIV co-infection and the need for further validation with empirical
data. Future research directions include:

e Extending the model to incorporate additional compartments or co-
infecting pathogens.

e Investigating long-term epidemiological implications across diverse
ecological settings.

e Considering stochastic effects and real-world intervention measures to
enhance model realism.
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Overall, this work emphasizes the significance of fractional-order modeling
in understanding complex infectious disease interactions. It provides valuable
insights into disease dynamics and lays a foundation for developing effective
control and prevention strategies against co-infections of high public health
concern.

Data availability statement: The datasets utilized and/or analyzed dur-
ing the current study can be obtained from the corresponding author upon
reasonable request.
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