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Abstract. In this paper, we explore fixed point results for fuzzy mappings in the framework
of M R-metric spaces. By introducing an appropriate contraction condition, we establish
the existence of common fixed points for certain fuzzy mappings in a complete M R-metric
space. Our findings extend and generalize classical fixed point theorems to a broader setting,
providing a new perspective on fuzzy analysis in generalized metric spaces. The results
presented here contribute to the growing field of fixed point theory and its applications in

mathematical modeling, optimization, and decision-making processes.

1. INTRODUCTION

This study explores the convergence properties and fixed-point theory of
self-mappings in M R-metric spaces, a modern extension of traditional met-
ric spaces. We derive essential theorems on the existence and uniqueness of
fixed points for contraction-type mappings, analyze the convergence behavior
of Cauchy sequences, and examine the convergence in measure of iterative pro-
cesses toward fixed points. These results hold substantial relevance in diverse
areas such as optimization, machine learning, and numerical analysis, offering
a rigorous framework for future investigations in M R-metric spaces.

For a deeper exploration of foundational concepts, readers may consult the
references listed in ([2]-[15], [19]-[37]).
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Definition 1.1. ([22]) Consider a non-empty set X # () and a real number
R > 1. A function M : X x X x X — [0,00) is termed an M R-metric if it
satisfies the following conditions for all v, &, & € X

(M1) M(v,£,3) > 0.

o (M2) M(v,£,3)=0if and only if v =€ = S.

e (M3) M(v,&,3) remains invariant under any permutation p(v, &, ),
that is, M(U7 ga %) = M(p(U7 g’ %))

(M4) The following inequality holds:

M(v,&,9) < R[M(v,&,01) + M(v,01,3) + M(41,€,9)].

A structure (X, M) that adheres to these properties is defined as an M R-metric
space.

Classical set theory is often inadequate for modeling systems with inherent
uncertainty. To address this, fuzzy set theory was introduced by Zadeh (1965),
where elements exhibit graded membership quantified by a function p4 : X —
[0,1]. Unlike crisp sets, fuzzy sets allow intermediate membership degrees,
enabling nuanced representations of vague or imprecise data.

Definition 1.2. ([38]) A fuzzy set A in a universal set X is characterized by
a membership function py : X — [0, 1], which assigns to each element z € X a
degree of membership p4(x). This extends classical set theory by permitting
partial membership values between 0 and 1.

To measure distances between fuzzy sets in M R-metric spaces, we adapt the
classical Hausdorff metric. Given two fuzzy sets A, B over X, their Hausdorff
M R-distance Hps is defined as:

Hy (A, B) = max < sup inf M(z,y,<), sup inf M(z,y,S) »,
rcAYEDB yEB €A
where M is the underlying MR-metric, and & serves as a reference point.
This metric captures the worst-case deviation between fuzzy sets within the
MR-metric framework.

Definition 1.3. ([14, 16]) The Hausdorff M R-metric Hjs is an extension of
the classical Hausdorff metric adapted for M R-metric spaces. For two fuzzy
sets A, B € F(X), it quantifies their separation using the M R-metric structure:

Hy (A, B) = max < sup inf M(z,y,<), sup inf M(z,y,S) »,
rcAYEB yeB TEA

where & is an auxiliary reference point in X.
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2. MAIN RESULTS

Theorem 2.1. Let (X, M) be a complete M R-metric space with R > 1, and
let T : X — F(X) be a fuzzy mapping, where F(X) is the set of all fuzzy subsets
of X. Suppose there exists a constant k € (0,1) such that for all v, € X, the
following inequality holds:

Hy(T(0), () < k- M(v, ,3),
where Hyy is the Hausdorff M R-metric induced by M. Then, T has a unique
fized point in X.

Proof. Step 1: Construction of the Sequence. Let vg € X be an arbitrary
starting point. Since T'(vg) is a fuzzy subset of X, there exists an g € (0, 1]
such that the ag-cut [T'(vo)]a, is nonempty. Choose v; € [T'(vo)]ag-
Similarly, for vy, there exists an oy € (0, 1] such that [T'(v1)]q, is nonempty.
Choose vy € [T'(v1)]a, -
Continuing this process, we construct a sequence {v,} in X such that
Un+1 € [T'(vn)]ay
where a,, € (0,1] for all n € N.

Step 2: Establishing the Contraction Property. Using the given inequality
for the Hausdorff M R-metric Hj;, we have:

Hy (T (vn), T(vn41)) < k- M(vp, Ung1, ).
Since vp41 € [T'(vn)]a, and vpi2 € [T(Un41)]an,,» it follows that:
M (Upt1,0n42,3) < Hy(T(vp), T(n41)) < k- M(vp, Uny1, ).
This implies:
M(vp+1,0n42,S) < k- M(vp, Unt1, ).
Step 3: Inductive Argument. By induction, we can show that:
M (vp,vn41,S) < k™ - M(vg,v1, ).

For the base case (n = 0), the inequality holds trivially. Assume it holds for
some n > 0. Then, for n + 1, we have

M (Upi1, Upp2, ) < k-M(vn, Ung1, S) < k-E™ M (v, v1, ) = K™ M (vg, v1, S).
Thus, by induction, the inequality holds for all n € N.

Step 4: Proving the Sequence is Cauchy. To show that {v,} is a Cauchy
sequence, consider m,n € N with m > n. Using the M R-metric property
(M4), we have
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By repeated application of the triangle inequality and the contraction property,
we obtain:

M (Un, 0, ) < R[E™ + K™ - 4 k™7 - M (o, 01, Q).
Since k € (0, 1), the series .22 k' converges, and thus
n
1-k

Asn — oo, k" — 0, so M (vp, U, ) — 0. This proves that {v,} is a Cauchy
sequence.

M(UTL?UW’M%) S R-

. M(Uo,vl,%).

Step 5: Existence of a Fixed Point. Since (X, M) is complete, there exists
v* € X such that v,, — v*. To show that v* is a fixed point of T', observe that

Hy (T(v*), T(vy)) < k- M(0*, 0, 3).
Taking the limit as n — oo, we have

lim Hy (T(v*),T(vy)) < k- lim M(v*,v,,) = 0.

n—oo n—oo
This implies:
Hy (T(v"), T(v%)) =0.
Therefore, v* € [T'(v*)]q for some a € (0, 1], and v* is a fixed point of T'.

Step 6: Uniqueness of the Fixed Point. Suppose »* is another fixed point
of T'. Then

Hy(T(0), T (%)) < k-M(*, ", 9).
Since v* and »* are fixed points, we have
Mv*, ") < Hy (T(0°), T(5")) < k- M(v*, ", ).
Since k € (0, 1), this implies
M(v*, ", ) =0,

and hence v* = »*. Thus, the fixed point is unique. O

Example 2.2. Step 1: Define the Space and M R-Metric.
Let X = [0, 1] be the closed interval on the real line. We define an MR-
metric M on X as follows:

M(v,5,) = |v—2|+ v =S|+ |»— 9.
We verify that M satisfies the conditions of an M R-metric:

o (M1): M(v,s,3) >0 is clear since absolute values are non-negative.

o (M2): M(v,s,3) =0 if and only if v = 2 = 3, as all absolute values
must be zero.

e (M3): M is symmetric in its arguments by definition.
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e (M4): For any v, 5,3, ¢; € X, we have

M(v,,9) = |v—s|+|v =S|+ | =S

<2 [M('U7%7£1) + M(Uaglyg) + M(€17%7 S)]7

where R = 2. This holds because the triangle inequality applies to
each absolute term.

Thus, (X, M) is a complete M R-metric space.

Step 2: Define the Fuzzy Mapping T. We define a fuzzy mapping T :
X — F(X) as follows: For each v € X, T'(v) is a fuzzy subset of X with the
membership function:

() 1—Fklv—s, if|v— s <1,
v)\%) = .
HT () 0, otherwise,

where k € (0, 1) is a constant. This means that for each v € X, the membership
degree of » in T'(v) decreases linearly with the distance |[v — x|.

Step 3: Define the Hausdorff M R-Metric Hy;. The Hausdorff M R-metric
H)y is defined for any two fuzzy subsets A, B € F(X) as:

Hy (A, B) = max {sup inf M(a,b,), sup inf M(a,b, %)} .
acA beB beB a€A

This metric measures the ”distance” between two fuzzy subsets based on the
underlying M R-metric M.
Step 4: Verify the Inequality. For any v, s € X, we need to show that

Hy(T(v), T(%)) < k-M(v, ).

Calculation:

(1) For any ¢ € T'(v), the membership degree is 7, (¢) =1 — klv —(|.

(2) Similarly, for any ¢ € T'(»), the membership degree is pz(,(¢) = 1 —
k|> — (|

(3) The Hausdorff distance Hps(T'(v),T(5¢)) is bounded by the maximum
difference in membership degrees, which is proportional to |v — »|. 4. Since
M(v,5,3) = |v— 2|+ |v — Q| + | — J|, we have

Hy(T(0),T(5) <k-|lv—2<k-Mv,sxS).

Thus, the inequality holds.

Step 5: Find the Fixed Point. By the theorem, 7" has a unique fixed point
in X. We claim that v = 0 is the fixed point.
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Verification:
(1) For v = 0, the fuzzy subset 7°(0) has the membership function:

1—Fk|0— 5|, if || <1,
MT(O)(%) =

0, otherwise.
(2) At » =0, we have
pr)(0) =1 —kl0—0] = 1.
(3) For any s # 0, up)(s) =1 — k3| < 1.
Thus, v = 0 is the unique fixed point of T.

This example demonstrates the application of the theorem in a concrete
setting. The fuzzy mapping T satisfies the given inequality, and the fixed
point is uniquely determined as v = 0.

Theorem 2.3. Let (X, M) be a complete M R-metric space with R > 1, and
let T,S : X —» F(X) be two fuzzy mappings, where F(X) is the set of all
fuzzy subsets of X. Suppose there exists a constant k € (0,1) such that for all
v, 2 € X, the following inequality holds:

Hy(T(v),S(5)) < k-max{M(v,,I), M(v,T(v),), M(5,5(5),3)}.
Then, T and S have a common fixed point in X.

Proof. Step 1: Construction of the Sequence. Let vy € X be an arbitrary
starting point. Since T'(vp) is a fuzzy subset of X, there exists an ag € (0, 1]
such that the ag-cut [T'(vo)]a, is nonempty. Choose v; € [T'(vo)]ag-

Next, since S(v1) is a fuzzy subset of X, there exists an oy € (0,1] such
that the aj-cut [S(v1)]a, is nonempty. Choose vy € [S(v1)]q,-

Continuing this process, we construct a sequence {v,} in X such that

Vant1 € [T(v2n)]as,,  Vant2 € [S(V2nt1)]asn i

where {a,} is a sequence in (0, 1] for all n € N.

Step 2: Establishing the Contraction Property. Using the given inequality
for the Hausdorff M R-metric Hj;, we have

Hyr(T(vap), S(vant1)) < k- max{M (von, Van+1, ), M (vop, T (v2r), I),
M (vant1, S(v2n+1), )}
Since van11 € [T(V2n)]as, and vapt2 € [S(V2nt1)]ag, 1, it follows that
M (vani1, vant2,S) < Hyr(T'(v2n), S(v2n41))
< k - max {M(Ugn, Vant1,S), M(van, vant1,S),

M (Van 41, Vant2,S) }-
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Simplifying, we get
M (van41,van+2, ) < k- M(vap, vant1, ).

Similarly, for the next pair of points, we have

Hy(S(vant1), T(vont2)) < k- max {M(U2n+1, Vant2, ),
M(U2n+1, S(U2n+1)a %)7
M (van+2, T (van+2), %)}
Since van12 € [S(Van+1)]asns: and vang3 € [T(V2n42)]as,ys, it follows that
M(U2n+27 Von+3, %) < HM(S(U2n+1)7 T(UQTH—Z))
< k- max{M (vap+1, Van+2, ),
M (vont1,v2n+2,3),
M (v2n42, V2n+3,3) ]
Simplifying, we get

M (vapy2, V2043, ) < k- M(Vant1, Vang2, S).

Step 3: Inductive Argument. By induction, we can show that
M (vp,vn41,S) < k™ - M(vg,v1, ).
For the base case (n = 0), the inequality holds trivially. Assume it holds for
some n > 0. Then, for n 4+ 1, we have
M (Uny1,Ung2,S) < E-M(vp, Vg1, ) <k-E"M(vo, v1, ) =k" 1M (v, v1, J).
Thus, by induction, the inequality holds for all n € N.

Step 4: Proving the Sequence is Cauchy. To show that {v,} is a Cauchy
sequence, consider m,n € N with m > n. Using the M R-metric property
(M4), we have

M(vn,vm, ) < R[M(vp, Unt1, ) + M (Ung1, Um, ) + M (v, vp, S)) .

By repeated application of the triangle inequality and the contraction property,
we obtain:

M(vp,vm, ) < R [k” Y L T km—l] - M (vg,v1, ).
Since k € (0,1), the series 22 k' converges, and thus:
kn
1—k

Asn — oo, k" — 0, so M (vp, U, S) — 0. This proves that {v,} is a Cauchy
sequence.

M (v, U, ) < R - - M (vg, v1, ).
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Step 5: Existence of a Common Fixed Point. Since (X, M) is complete,
there exists v* € X such that v, — v*. To show that v* is a common fixed
point of T" and S, observe that

Hy (T(v*),S(v")) < k-max{M (v*,v*, ), M (v*, T (v"),S), M(v*,S(v"), )}
Taking the limit as n — oo, we have

le Hy (T (v*),S(v")) < k- le max{M (v*,v*,¥), M (v*,T(v"),S),

=0.

This implies
Hu(T(W"), $(v")) = 0.

Therefore, v* € [T'(v*)]o and v* € [S(v*)]g for some «, § € (0,1], and v* is a
common fixed point of 7" and S. O

Example 2.4. Step 1: Define the Space and M R-Metric. Let X = [0, 1]
be the closed interval on the real line. We define an M R-metric M on X as
follows:
M(v,5,3) = |v— 2|+ |[v =] + | — Q.

We verify that M satisfies the conditions of an M R-metric:

o (M1): M(v,s,3) >0 is clear since absolute values are non-negative.

o (M2): M(v,s,¥) =0 if and only if v = 2 = 3, as all absolute values

must be zero.
e (M3): M is symmetric in its arguments by definition.
e (M4): For any v, 5,3, 41 € X, we have:

M(Uv x, %) <2 [M(U7%7€1) + M(’U7€1,3) + M(Ela x, %)] ’
where R = 2. This holds because the triangle inequality applies to
each absolute term.
Thus, (X, M) is a complete M R-metric space.

Step 2: Define the Fuzzy Mappings 1" and S. We define two fuzzy mappings
T,S : X — F(X) as follows:
(1) For each v € X, T'(v) is a fuzzy subset of X with the membership
function:
() 1—Fklv—s, if|v—s <1,
)=
HT(w) 0, otherwise,

where k € (0,1) is a constant.
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(2) For each v € X, S(v) is a fuzzy subset of X with the membership
function:
)1 —kjv =, if|v—s <1,
MS(U)(%)_ 0, otherwise.

Step 3: Define the Hausdorff M R-Metric Hp;. The Hausdorff M R-metric
H)y is defined for any two fuzzy subsets A, B € F(X) as:

Hy (A, B) = max {sup inf M(a,b,), sup inf M(a,b, %)} )
acAbEB beB a€A

Step 4: Verify the Inequality. For any v, s € X, we need to show that
Hu(T(v), () < k- max{M(v, ,3), M(0, T(v),3), M(5¢, $(), 3)}.

Calculation:

(1) For any ¢ € T'(v), the membership degree is pip(,)(¢) =1 — kfv — (|.

(2) Similarly, for any ¢ € S(s), the membership degree is pg(,)(() = 1 —
k| —(|.

(3) The Hausdorff distance Hy;(T'(v), S(3¢)) is bounded by the maximum
difference in membership degrees, which is proportional to |v — /.

(4) Since M (v, 5,3) = |[v — 3| + |[v — | + |3 — J|, we have

Hy (T (v),S(5)) <k-|v—

< k- max{M(v, ,3), M(v, T(v), 3), M(, 5(), 9)}.

Thus, the inequality holds.

Step 5: Find the Common Fixed Point. By the theorem, T" and S have a
common fixed point in X. We claim that v = 0 is the common fixed point.

Verification:
(1) For v = 0, the fuzzy subset 7°(0) has the membership function:

1—Kk|0— 5, if |5 <1,
MT(O)(%) - {0, otherwise.
(2) At » =0, we have
pr)(0) =1 —kj0—0] = 1.
(3) Similarly, for S(0), we have
ts)(0) =1 — k[0 — 0] = 1.

(4) For any s # 0, pup(oy(2) = 1 — k|| <1 and pg(o)(») = 1 — k|| < 1.
Thus, v = 0 is the unique common fixed point of T" and S.
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This example demonstrates the application of the theorem in a concrete
setting. The fuzzy mappings T and S satisfy the given inequality, and the
common fixed point is uniquely determined as v = 0.
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