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Abstract. In this paper, we propose a new Armijo-modified line search strategy that pro-
vides an efficient way to determine the step size at each iteration. The proposed modification
ensures the global convergence of the original line search (LS) conjugate gradient method
under some assumptions. By incorporating this modified line search, the algorithm benefits
from stability when solving large-scale unconstrained optimization problems. To demonstrate
the effectiveness of the proposed approach, we present a set of comprehensive numerical ex-
periments. These tests compare the new scheme with existing classical line search techniques,
highlighting its competitive performance in terms of accuracy, convergence speed, and com-
putational efficiency. The results confirm that the proposed Armijo-modified line search is
a valuable improvement to conjugate gradient methods.
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1. INTRODUCTION

Unconstrained optimization is a central topic in numerical optimization,
with applications in diverse fields such as machine learning, signal processing,
and data science [3, 10, 11, 14, 15, 18]. Among iterative algorithms, conjugate
gradient (CG) methods are particularly attractive for large-scale problems
because of their low memory requirements and computational efficiency [7].

The Liu-Storey (LS) method [12] is a well-known variant of CG methods,
but its global convergence is not always guaranteed without suitable line search
strategies. Line searches play a crucial role in determining appropriate step
sizes, directly affecting stability and convergence. The Armijo rule [2] is widely
used for this purpose, as it ensures descent directions and is relatively simple
to implement. However, when applied directly to the LS method in large-scale
settings, it may fail to guarantee global convergence. To address this issue, we
propose a modified Armijo line search that ensures the global convergence of
the Liu—Storey method under mild assumptions.

Let us consider the following unconstrained minimization problem:
min f(z), z€R", (1.1)
where f is a differentiable objective function, and has the following form
Tyl = Tk + apdy, (1.2)

where the step size «y is obtained by carrying out some line search, and the
direction dj, is defined by

—Gk> for k =1,
d, = (1.3)
—gk + Brdg—1, for k> 2,

where g = Vf(xy) is the gradient of f at zy, and S is a parameter that
results in distinct conjugate gradient methods.

The Liu-Storey (LS) method [1] is a well-known conjugate gradient method.
In the LS method, the parameter Sy is specified by

T
LS _ 9k Yk-1
kE di ) (14)
k—19k—1
where ||-|| denotes the Euclidean norm, and yx_1 = g — gx—1-

There are many approaches for finding an available step size. Among them,
the exact line search is an ideal one, but it is cost-consuming or even impossible
to use to find the step size. Some inexact line searches are sometimes useful
and effective in practical computation, such as the Armijo line search [5, 8],
and Goldstein and Wolfe line searches [4, 6, 9, 16, 17].
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The Armijo line search is commonly used and easy to implement in practical
computation.

Let s > 0 be a constant, p € (0,1) and p € (0,1). Choose aj to be the
largest « in {s, sp, sp?,...} such that
fio — f(@p + ady) > —augl dy.

The drawback of the Armijo line search is how to choose the initial step size
s. If s is too large, then the procedure needs to call many more function
evaluations. If s is too small, then the efficiency of the related algorithm will
be decreased. Therefore, we should choose an adequate initial step size s at
each iteration so as to find the step size oy, easily.

The remainder of this paper is organized as follows. Section 2 presents the
proposed modification of the Armijo line search. Section 3 proves the conver-
gence properties of the original Liu—Storey approach. Section 4 presents the
global convergence analysis. Finally, numerical results and some discussions
are given in Section 5.

2. MODIFICATION OF THE ARMIJO LINE SEARCH

To present the New Armijo-Modified analysis, we make the following fun-
damental assumptions about the objective function.

Assumption 2.1. The function f is LC' and strongly convex in R™, i.e.,
there exists a constant L > 0 such that

IVf(u) = V@) < Llu—v], YuveR" (2.1)
Note that Assumption 2.1 implies that the level set
I'={zeR"| f(z) < f(xo)} is bounded.
Given u € (0, %), p€(0,1)and c € [%, 1], the Armijo condition requires:
fo + apdy) < f(xn) + cargy d.

To satisfy this, we need a step size «aj that gives sufficient decrease. If Vf is
Lipschitz continuous with constant L, then we have the descent lemma:

L
flay + ardy) < f(x) + argl di + 71:042 i)

This gives an upper bound on how much f can grow along the direction. To
guarantee Armijo, we want

flan + ardy) < f(zy) + cagl d.

Using the descent lemma bound gives

L
flag) + agg’dk + ?koﬂ Hdk||2 < f(zx) + cozg;{dk.
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Canceling f(xy) and rearranging yield
L
T k 2
(1—¢)(—gpdk) > 5 ||| -

So, we have
_ 21— o) (~gldy)

T Lilldel®
Therefore,
(1—¢) (~digr)
ap = , (2.2)
L ||dg|?
and ay is the largest o in {s, sp, sp?,...} such that
T = f(xx + ady) > —apgy di (2.3)

for (—dfgk) > 0, where Lj is an approximation to the Lipschitz constant L of
g9(u).

3. CONVERGENT PROPERTIES

In this section, we will reintroduce the convergence properties of the LS
method. Now we give the following algorithm firstly.

Algorithm 3.1. (1) Step 0: Given xg € R", set dy = —go, k = 0.
(2) Step 1: If ||gx|| = O then stop; else go to Step 2.
(3) Step 2: Set w11 = x) + agdy, where dy is defined by (1.3), B = kLS,
and oy, is defined by the new Armijo-modified line search.
(4) Step 3: Set k:=k+ 1, go to Step 1.

Some simple properties of the above algorithm are given as follows.

Lemma 3.2. ([3]) Let {x1} be a sequence generated by Algorithm 3.1. Then,
under Assumption 2.1, the sequence {f(zx)} is non-increasing, and {xy} re-
mains in the bounded level set I'.

Lemma 3.3. Assume that Assumption 2.1 holds and that the LS method with
the new Armijo-modified line search generates an infinite sequence {xy}. If

_ _JTr
ap < 19 dkg;)’
Lo dll

(3.1)

then
T 2
Irr1dk+1 < —cllgpral” (3.2)
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Proof. Under Assumption 2.1, by the Cauchy—Schwarz inequality and the LS
method, we have

(1) (~digr) > arL||di|*
apL ||gr-s1] [l

= 5 gr+1ll lldill
||9k+1||
gr1ll [lgr+1 — grll
2 Il gr+1l [1d ]l
g1
981 (k1 — 96)| ¢
= ‘gk+1dk|
H9k+1H

T T
Gir1(Ge+1 — 9) (—diigr) , ¢
> (Gk+14k)
(=dfar)  Ngrsal®

( k;gk)( T )

5k+1 H Ik+10k)-

el

Thus, we have

2 2 | aLS (T
—cllgkall” = = llgra1ll” + B (9rs1dk)
= ng+1dk+1-

Hence, the proof is completed. O

Lemma 3.4. Assume that Assumption 2.1 holds. Then, the new Armijo-
modified line search is well defined.

Proof. On the one hand, since

i Jk = fextady)

a—0 (%

gFdy, > —pgidy,

there exists an a;c > 0 such that

fr — flap + ady)

- > —pgldy, Ya e (0,04]

Thus, letting o = min{sy, o } yields
fr — f(op + ady)

o > — gy, dka Va e (Ova/k/]

On the other hand, by Lemma 3.2, we can obtain

gz + adk)Td(:ck + adg) < —cllg(zr + adk)H ,
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(1—c) (—dfgr)

if a < .
L [lde)?
_ . (1—c¢) (—dfgr)
ak:mm(a’k’, k 5 ) :
Lo ldgl|
We can prove that the new Armijo-modified line search is well defined when
a € (0, ay]. Hence, the proof is completed. O

4. GLOBAL CONVERGENCE

Lemma 4.1. Assume that Assumption 2.1 holds and that the LS method with
the new Armijo-modified line search generates an infinite sequence {xy}. Sup-
pose there exist constants mg > 0 and My > 0 such that mg < L; < Mj.
Then,

L(l—c
il < (14 0= g v (a.1)
mo
Proof. For k =0, we have

L(1—-¢)
el = el < (1+ 20 =) g
0

For &k > 0, by the procedure of the new Armijo-modified line search, we
have

By the Cauchy—Schwarz inequality, the above inequality, and noting the LS
formula, we have

dsrll = || —grs1 + BiTrdi]|

91 (k1 — i)
(—di gr)

< 1+Lakw lgr+l
(—dy 9r)

L(l—c¢
< <1+( )) gkl
mo

Hence, the proof is completed. O

< gkl + lld||
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Theorem 4.2. Assume that Assumption 2.1 holds, the LS method with the
new Armijo-modified line search generates an infinite sequence {xy}, and there
exist constants mg > 0 and My > 0 such that mg < Ly < My. Then

lim ||gx| = 0. (4.2)
k—o0
Proof. Let ng = inf{ay}. If ny > 0. Then we have
fi = fir1 = —pongf dy (4.1)
> pnoc | gkll” - (4.3)
Under Assumption 2.1, we have
+00
> llgrl? < 4o, (4.4)
k=0
and thus,
lim ||gx[| = 0. (4.5)
k—o0

In the following, we will prove that ng > 0.
For the contrary, assume that ng = 0. Then, there exists an infinite subset
K C{0,1,2,...} such that

li =0. 4.6
keK,llgn—mo Ok (4.6)

Let o = ay/p, there is a k' such that
ap/p < sp, k>k.
At least one the following two inequalities
fi = flar + ady) > —pagi d (4.7)
and
g(ak + adp) d(zy + ady) < —c|lg(z + ady)|® (4.8)

does not hold.
If (4.7) does not hold, then we have

e — flzr + ady) < —,uaggdk.

Using the mean value theorem on the left-hand side of the above inequality,
there exists 6 € [0, 1] such that

—a gz + abpdy) T dy, < —po g;fdk.

Thus
g(xk + Ozﬁkdk)Tdk > Mngdk.. (4.9)
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By the Cauchy—Schwarz inequality, (4.9) and Lemma 3.2, we have
La||di|* > llg(xx + abrdi) — g(a) | Il dll

|(g(ax + abhdi) — g(an)) " di|

> —(1 - p) gir di

> e(1 = p) llgell*-

We can obtain from Lemma 4.1 that

s 00— ) Jlgrll”

Y

k=
Lo dl?
-2
S ep—p) [1+ L(l—C)] 7
o L mo

k > k', k € K, which contradicts (4.6).
On the other hand, if (4.8) does not hold, then we have

gz + ady) Td(xy, 4+ ady) > —c||lg(zy + ady)|)? (4.10)
and
d(xp + ady) = —g(z + ady)

n gz + adp)T (9(zk + ady) — gi)

dp.
—d%g(xk + Oédk) k

Thus, we have

gz + adp)T (9(zk + ady) — g)
—d} gy, + ady)

gla + adi) > (1= c) [lg(ar + ady)[|”.

By using the Cauchy-Schwarz inequality on the left-hand side of the above
inequality, we have
2
[l dk |
—dl g(zp + ady)
Combining Lemma 3.2, we have

alL > (1—c).

p(1—c) —dig(zy + ady)
L _ 2
1+ 2520 gy

o >

> 0,
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k >k, k € K which also contradicts (4.6). This shows that ny > 0. The
whole proof is completed. ]

Remark 4.3. The sequence {z;} generated by the LS method with the new
Armijo-type line search converges to 2*, where V2 f(2*) is a symmetric positive
definite matrix, and f(x) is twice continuously differentiable on

I(z*,e0) = {z; ||z — 2¥|| < e}

5. NUMERICAL EXPERIMENTS AND DISCUSSION

In this section, we present several numerical experiments to demonstrate
the efficiency of the new Armijo-modified line search used in the LS method.
The test problems are taken from the CUTE library collection [7, 15], with
dimension n = 10,000. The parameters used in the experiments are set as
follows: p = 0.25, p = 0.75, ¢ = 0.75, and Ly = 1. Two conjugate gradient
algorithms, denoted by LS and LS™, are compared in terms of numerical
performance.

The tested methods are defined as follows:

(1) LS: the standard LS method with the classical Armijo line search.
(2) LS™: the LS method with the newly proposed Armijo-modified line
search.

The inequality ||gx|| < 1077 is satisfied. All codes were implemented in
MATLAB R2013.

The results are compared based on the number of iterations and CPU time.
The performance of the algorithms is illustrated in Figures 1 and 2, showing
the CPU time and number of iterations, respectively, using the performance
profile approach introduced by Moré and Dolan [5].

In particular, Figure 1 compares the CPU time performance between the LS
and LST methods. For each method, the plot shows the fraction P of problems
for which the method is within a factor ¢ of the best performance. The left
end of the curve indicates the percentage of problems for which the method
was the fastest, while the right end indicates the percentage of problems that
were successfully solved.

The experimental results indicate that the choice of initial points does not
significantly influence the outcomes. Both the LS and LS* methods exhibit
good performance. However, when comparing CPU time and the number of
iterations, the LS™ method consistently outperforms the LS method.
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F1GURE 1. Performance profile based on CPU time.
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FIGURE 2. Performance profile based on function evaluations.

Nine testing problems have been taken from [15]. Table 1 lists the numerical

results. The meaning of each column is as follows:

(1) Problem”: the name of the test problem;
(2) k7: the number of iterations;
(3) Time”: the CPU time in seconds.
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The following results show the effectiveness of the proposed new Armijo-
modified line search.

TABLE 1. Numerical results for test problems using the new
Armijo-modified LS method.

No. | Problem k (Iterations) | Time (s)
1 | Booth 1 22 0.015
2 | Branin 171 0.008
3 | Sphere 23 0.030
4 | SUMSQUARES 26 0.015
5 | Himmelblau 6 0.138
6 | Matyas 50 0.016
7 | McCormick 48 0.204
8 | Six-Hump Camel 6 0.095
9 | Three-Hump Camel 25 0.017

6. CONCLUSION

A new Armijo-modified line search for the LiuStorey method was proposed
and analyzed. Theoretical results proved its global convergence, and numerical
tests confirmed that it outperforms the classical LS method in both CPU time
and iterations. The proposed approach is simple, efficient, and suitable for
large-scale optimization problems.
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