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Abstract. In this paper, we present novel inequalities concerning the numerical radius
and norm of operators in semi-Hilbert spaces. These results not only generalize and refine
previously established inequalities but also extend their applicability to a wider class of
operators within this framework. By utilizing the structure and properties of semi-Hilbert
spaces, we offer new insights into operator behavior, paving the way for further developments
in this area of research.

1. INTRODUCTION AND PRELIMINARIES

In functional analysis and operator theory, semi-Hilbert spaces (SHS) arise
as a generalization of Hilbert spaces, where a positive operator A induces a
semi-inner product on the underlying space. These spaces are particularly rel-
evant in contexts where standard inner product structures prove inadequate,
such as in certain mathematical models and physical applications. The study
of operator norms, numerical radius inequalities, and related properties within
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semi-Hilbert spaces has garnered significant attention, as it allows researchers
to extend classical results and uncover deeper insights into operator behavior
under generalized settings. Recent work has emphasized the intricate relation-
ships between operators and the geometry of spaces governed by A, leading
to broader generalizations of inequalities and norms that are pivotal in op-
erator theory. This paper contributes to this expanding area of research by
deriving new norm and numerical radius inequalities for sums and product
operators in semi-Hilbert spaces. By utilizing the concepts of A-bounded op-
erators and their A-adjoints, we build upon earlier studies and propose novel
methodologies for analyzing operator interactions. The investigation of in-
equalities for sums and product operators in Hilbert and semi-Hilbert spaces
or other spaces has seen substantial progress in recent years (see, for example,
2, 6,7, 10, 12, 24, 25, 29, 30, 33, 35, 36, 39, 37, 40, 41]).

Let B(H) be the C*-algebra of all bounded linear operators on a complex
Hilbert space H with inner product (-, -) and the corresponding norm ||.||. Let
I be the identity operator. For T' € B(H), we denote by R(T"), N(T') and T*
the range, the kernel and the adjoint of T', respectively. For a given linear
subspace M of H, its closure in the norm topology of H will be denoted by
M. Further, let PS stand for the orthogonal projection onto a closed subspace
S of H. An operator T' € B(H) is called positive if

(Tz,2) >0

for all x € H. Furthermore, if T' = 0, then the square root of T" is denoted by
T'/2. For T € B(H), the absolute value of T', denoted by |T/, is defined as
7| = (T*T)">.

Throughout this article, A denotes a non-zero positive operator on H. The
positive operator A induces the following semi-inner product

<.,.>A:H><H—)(C

1 1
(z,y) = (z,y)a = (Az,y) = (A>z, A2y).
We begin by some definitions and concepts in semi Hilbert space.
Let H be a Hilbert space and BT (H) be the cone of positive (semi definite)
operators,
BT (H)={A¢c B(H), (Ar,x) >0, v € H}.
For A € B*Y(H) the mapping,
(,g:HxH—C
such that for all z,y € H, (x,y)a = (Ax,y) defines a positive semi-definite
1

sesquilinear form. Clearly that ||z|/4 = (z,z)3 is a seminorm, so H endowed
with this structure said to be a semi helbertian space.



On some norm and numerical radius inequalities 1173

If A is injective, then ||.|| 4 becomes a norm. All definitions given in Hilbert
space can be extend to semi Hilbert space, for example:

An operator T is said to be bounded if there exits ¢ > 0 such that
[Tz[[a < cllz]|a

for all z € H and we denote B4(H) ={T € B(H),||T||a < oo}.

[T a

IT||a = sup .
cER(A) ]| 2

If T € Ba(H) there exists T% = ATT*A, where AT is Moore- Penrose inverse
of A and T* called an A-adjoint of T' and we have the following properties:
TTH TT are A-self adjoint and A-positive.

1 1
T4 = I1T¥|.a = |IT°T|2 = |TT*|>.
The numerical rang is given by W (T') = sup{(Tz,x) 4, ||z|[a = 1}. If T is an
A-self adjoint, then W (T) = ||T|| 4.

Saadi [42] extended the definition of the concept of normality as follows, an
operator T € L 4(H) is called an A-normal operator if TT* = T*T. If A = I or
T commute with A we get T* = T*%. It has mentioned in [3] that the classical
Schawrz inequality

[Tz, y)[* < (T, 2)(Ty,y),

can be easily extended to Semi Hilbert space, for a positive operator and
T € Ba(H) we have

[Tz, y)al* < (Tz,2)(Ty,y).
In the same paper [3] the author define the A-absolute value operator of T
as |T|a = (ATﬁT)%, which is A-self adjoint if 7" is A self adjoint.

Popescu [34] introduced the Euclidian operator radius as follows

1
n 2
we(T17T27"'7TTZ): sSup <Z<Ex7$>‘2> .

llzll=1 \ ;=1
The same author has proved that for T' = (T3, ...,T},) we have

1
%H[TDTQV"?TH]H < T Ty o Ta)lle < I(Th, T, -, T) (1.1)

1
where [|[T1, T, ..., To]|| = | S0, TTF|.
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In [23], the authors define the Euclidian A-radius as follows

1
n 3
wa T, s, ..., T,) = sup (Z<Ti$7$>A‘2>

lzlla=1 \ ;=1

and the A-semi norm as follows

(T, Ty s Ty le,a = sup [|MT1 + ... + A Toall
AeBy,

where B, is the unit closed ball in B4(H).

It has been shown that w4 is a semi norm equivalent to A-operator semi
norm and for all 7' € B4(H) we have

1
SITla < wa(T) < |74

If T is a A-self adjoint, then ||T||4 = wa(T).

Dragomir [19] defined a positive form hermitian on B™(H), for S,T €
B"(H) as follows:

(T,S)en = iaz T;, Si) <Z ;S Tz,m>

i=1
if S=1T, we get

||T”€:v = T T <Z €ZT T1,$>

for e = (1,1,...,1), we denote by
= () ST, ).
i=1

Motivated by the previous definition we can easily show for T' € B (H) the
mapping

(T,S)epn= ZalTxSx <ZEZST.7J >

For e = (1,1, ...,1), we denote by

HT,S)zal = <Z(Ssz)x,x>

=1
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2. MAIN RESULTS

Theorem 2.1. For T' = (T1,T5,...,T,), S = (S1,52,...,5,) € B4 (H), we
have

w} (ZS?E) <|DoTET 1> sis: (2.1)
i=1 i=1 i=1
and
1 1 1
n 2 n 2 n 2
S S+ TS +T)|| <|DTT| + Y SEss (2:2)
i=1 A =1 A =1 A

Proof. For x € H by utilizing Shwartz inequality, we get

2 2

=1

'<<Z<Sfmx,x>
A

= <<Z e, (Y sz->x>
=1 =1
<(Z Tz, () T»w>
=1 =1
_ <im>x,x>
=1

A

IN

(s, (Y Sz->w> |
A

A i=1 i=1

<(zn: SfSi)x,x>
i=1

Taking the supremum over z € H with ||z|4 = 1, we get

A A

2 2

n
wi(} | S'T) < sup
i=1 llz]|=1

>
i=1

. sup
4 lel=t

<(zn: TiﬁTi):c,m>

> sks

<(i SfSi)x,x>

i=1

A

A lli=1 A
n n
- || st
i=1 i=1 A
Then,
n n n n n
s < |Sorin| |Sosisi| = |Yrin| Y s

=1 =1 A lli=1 A =1 A lli=1 A
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For the second inequality, by using triangular inequality, we get

from the inequality (2.1), we get

n n n
Y S+ T (Si+T)| <|DoTT| +|[>sisi
i=1 A i=1 A =1
n n
+>osim| + (Yo 1fs
i=1 A i=1

A

)

A

n n n n
SN Si+misi+m)| < (DoTin| +|Dostsi|| +2Y T
i=1 A i=1 A i=1 A i=1 A
1 1
n 2 n 2
eS| [sosts
=1 A lli=1 A
1 1
n 2 n 2
=1 A =1 A
Taking the positive root of the two sides, we get
n 3 n 3 n 3
DS HTHS+T)| < |3 T +| >SS
i=1 A i=1 A =1 A
O
If S = T" in Theorem 2.1, we get
n n n
i (5o7) <[] s 23
i=1 i=1 Alli=1 A
and
1 1 1
n 2 n 2 n
DUALHT| < |3 TT| + |3 T
=1 A i=1 A =1 A
If S =T, we get
n n
wh (Z TfTi) <|D_TTE|
i=1 i=1 A
If S;=1forallie{l,2,..,n}, we get
n n
wi(O T <n || TIT
i=1 i=1 A
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Corollary 2.2. For T = (T, T3,...,T,,) and S = (51, So, ..., Sp) with

n

D (Si+T)HSi+Ti) #0,
i=1
we have
1
n 2
> (i + T (Si + T)
=1 A

wA(Z@ 1TﬁT+Zz 1 z )+wA<Z’L 1TﬁS +Zz 1538)
<
IS0y (S + TOHT: + S2)]|2

Proof. We have,

im + S)HT; + 55)
=1 A
= wa(D Y (Ti+ S)HT + 5y)
i=1 =1
= wA(an(Ti + S)'T; + im +5:)FS;
=1 =1
<wa(Y_(Ti+ S)'T) + wA<wA<Z<n + 5:)85;)
i=1 =1
znj(Tﬁsi) Ti + 5) ZTN ZSﬁS ]
=1 A A lli=1

since
n n n
wa (Z(ﬂ + &-)%) = ws (Z TIT+y sfn)
i=1 i=1 i=1
and

wa (Z<T + sl-)ﬁsZ) = ws (Z SESi+ ZTﬂS> :

i=1 i=1 i=1
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Therefore, we get
Z(Tz + S)HHTi + S;)

i=1

n n
<ur (3o 3 st)
A i=1 i=1
n n
+wa (Z TIT,+ ) Sfﬂ) ,
=1 =1

which implies the desired inequality. O
IfT = (11,T) and S = (TQﬁ,ﬂ:Tf), we get

1 1
wa(TeTy = T Ty) < HTle +T§T2HZ HTle +rl?

If Ty = Tlﬁ, we get
wa(TiTy + T TH) < HTle + TleHA
IfT = (1T,T )and S = (Tl,Tl) we get

[+ il < v2

If T = (Ty, ~T%) and S = (—T%,T%), we get

3 [ -], < rim + ]
) lA—l lA

Theorem 2.3. For T = (T1,T5,...,T,), S = (51,52,...,5,) € Ba(H)", we

have
iy < LIS i o gt
Zs <3 ZTiﬂ—l—SiSZ (2.4)
=1 A
and
SIS+ TS+ To)|| < ||> T+ 8%, (2.5)
=1 A =1 A

Proof. For x € H by mixed Schwartz inequality, we get
n % n
<Z(sﬁ > < ZT > <(Z Si)x,x> :
i=1 A A\ =l A

1.1
a2b2 <

N|=

Since

(a+b) for a,b>0,
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J(S5me) (350 |

1 n
5 <(;(Ti+5’i))x,x>A .

Taking the supermum on = with [|z][4 = 1, we get

- _1
i=1

For the second inequality, using the result of Theorem 2.1 which gives,

<(i(TZ + Sz)ﬁ(TZ + Si)xax>2 < <(Zn:TzﬁTl)x’x>2 + <(Zn: SBSZ):E7$>2

=1 A =1 A =1 A

DO =

Z T'T; + S'S;

=1

A

Taking the square of the two sides, we get

<(§:(Ti+5)(T+S > <ZTﬁ >+<(§:S§Si)x,x>
A A A

=1 =1
1

i <<Z Tfma:,x>2 <<iT£T@->w,x>2 |
i=1 A =1 A

Since
i=1 A i=1 A =1
we get

<<im + SOHT + sz->>:c7x> <2 <(Zn:(Tfﬂ + sfsi>>x,x> .

i=1 i=1
Taking the supermum over z € H with [|z||4 = 1, we get

i(‘s’i +T)H(Si + To)

i=1

n
> TiTi+ S

i=1

A A
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Corollary 2.4. For T = (T1,T5,...,T,)) € B%(H), we have

s (Zfﬂ )

Z(TﬁT +T,T)

i=1 A
and
n
> (TFE TN + Tf) Z (TITTT).
=1 =1
If S;=1forallie{1,2,..,n}, we get
- 1
wa()_T) < 5 | T+ 1),
If T = (Ty,T5) and S = (TQ,in) we get
waA(ToTh + TV T) < HTﬂTl +TVTE 4+ T + TzTﬁH
If T = (Ty,I) and S = ( P (T T)F), we get
(T1T2 HT2T2 + I+ T1TTj + (TlTQ)(TlTQ)ﬁHA

Lemma 2.5. For z,y € H, we have
1
Re ()4 < 5 (215 + y)3)

and

—_

Re (a,9)5 < 7o +ll%
Proof. We have
1 1
Re (xz,y) , = Re <A5x,A§y>

IN
l\DM—‘[\DM—‘

1 1
(lAzz|® + (| Azy|?)

(N l1% + [lyll%)-
For the second inequality, we have

Re (x,y) 4, = Re <A%a:, A%y>
1
< Az + A7y

1H+H
= ||z .
1 Yylla
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Theorem 2.6. For T = (11,1, ...,T,) in B4(H), we have

2
1
+5 (| X T +1

1<i#j<n

n

2
> T

=1

Proof. We have

n n

2
= Re ZZ (Tyx, Tjz) ,

=1 j=1

_Z||T||A+ Z Re Tz, Tjz) ,

i£j=1

_ <(Z T;) > <R <; (127 >

Using Lemma 2.5, we get

n
L
=1

Taking the supermum on = € H with ||z|4 = 1, we get

2
> T +1

1<i#j<n

2

2 n [ n
1
Ag <<§ 1)T£) m,as>A+2 > (Tim)a| + il
1=

L i#j=1 A

A

For T' = (T1,T»), we get the following result,

1
Ty + Tl < HTle + TgTQHA + = |ty + T§T1H +3

5
2
For T'=1T; and Ty = Tﬁ, we get
1 1
T + T < HTﬁT + TTﬁH +5 HT2 +(TH?) + 5

Theorem 2.7. For T = (11,1, ...,T,,) in Bo(H), we have
2 n n

: e yoreso
i=1 =1

A

n

YT

=1

n

(n=1) Y T,

=1
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Proof. By using Lemma 2.5 (2) and (2.4), we get

<<zn: TM}) 93,:1:> + Re< zn: (Tj“z;) 2, x>
i=1 A ol )

i#j=1

Taking the supermum on = € H with ||z| 4, we get

n
YT
=1

On the other hand, we have

1 n
+ 11| 22 @ TS+ T
A i#j=1 A

n

> 1T

2
<
A =1

n n n
> @A THT 4T = 3 (TIT 4+ T 4 TET + T/ ) 43T,
i#j=1 ij=1 i=1

n n n n
=y TITi+2) Tty Ti-4) TiT
=1 i=1 1=1 i=1

n n n
=2 ((n— 2) ) TtT; +Zm2n> :
i=1 i=1 i=1

Substituting in we obtain our desired inequality.

For n = 2, we get

Ty + To|| < HTle + TzﬁT2H .

Theorem 2.8. For T = (T1,T5,...,T,) € Ba(H), we have

2
S +Simis| S am) o33 e,
,j=1 A 1,j=1 3,j=1 A 1,j=1
Proof. We have
= 1
D Re(Ta Ty < 7 3, T+ Thally,
3,j=1 1<i#j<n

then we have

2
DT < <(ZT£E~) m> v X N+ Tal,.
=1

i,j=1 A 1<i#j<n
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Taking the supermum over x € H with ||z||4 = 1, we obtain

n 2 n
Son| < DTt
=1

1 2
t31 Z 175 + Tl -

=1 ||, A 1<i£j<n
O
Theorem 2.9. For T = (11,15, ...,T,,), we have
2
n n 1
DT <X TH| 4| X BT +I
=1 |4 i=1 A 1<i#j<n A
Proof. We have
1
Re (Tjz, Tyw) < 4 Z TyT + 1
1<i#j<n A
Then we get
2
n n 1
DL S| XTH) 43| > BT+
=1 |4 i=1 A 1<i#j<n A
O

3. CONCLUSION

In this work, we have derived and analyzed several new inequalities involving
the norm and numerical radius in the context of semi-Hilbertian spaces. The
results presented in this paper contribute to the existing body of knowledge
by extending classical inequalities in Hilbert space theory to the generalized
framework of semi-Hilbertian spaces. Through the study of A-bounded op-
erators and their A-adjoints, we established various norm inequalities, such
as the bound on the numerical radius of sums of operators (Theorem 2.1),
and the interplay between the operator norm and the semi-inner product in-
duced by a positive operator A. The results provide tighter bounds and offer
a deeper understanding of how operator summation and multiplication be-
have in this extended setting. Specifically, we demonstrated that for sums of
operators T' = (T4, T3,...,T),), the inequalities relating the A-adjoint opera-
tors and their norms offer new insights into the structure of operator sums
in semi-Hilbertian spaces. These inequalities provide sharper estimates than
those found in earlier studies. Further, we derived results concerning the sum
of norms for A-adjoints and their applications in proving new inequalities for
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operator products and sums. The work presented herein not only generalizes
some classical results but also establishes new methods to approach operator
inequalities in semi-Hilbertian spaces. These findings provide a stepping stone
for further investigations into operator theory in spaces equipped with a semi-
inner product, offering avenues for future research into applications in areas
such as functional analysis, mathematical physics, and optimization.

Acknowledgments: The author thanks for the support of Al-Zaytoonah
University of Jordan.
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