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Abstract. In this paper, we present novel inequalities concerning the numerical radius

and norm of operators in semi-Hilbert spaces. These results not only generalize and refine

previously established inequalities but also extend their applicability to a wider class of

operators within this framework. By utilizing the structure and properties of semi-Hilbert

spaces, we offer new insights into operator behavior, paving the way for further developments

in this area of research.

1. Introduction and preliminaries

In functional analysis and operator theory, semi-Hilbert spaces (SHS) arise
as a generalization of Hilbert spaces, where a positive operator A induces a
semi-inner product on the underlying space. These spaces are particularly rel-
evant in contexts where standard inner product structures prove inadequate,
such as in certain mathematical models and physical applications. The study
of operator norms, numerical radius inequalities, and related properties within
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semi-Hilbert spaces has garnered significant attention, as it allows researchers
to extend classical results and uncover deeper insights into operator behavior
under generalized settings. Recent work has emphasized the intricate relation-
ships between operators and the geometry of spaces governed by A, leading
to broader generalizations of inequalities and norms that are pivotal in op-
erator theory. This paper contributes to this expanding area of research by
deriving new norm and numerical radius inequalities for sums and product
operators in semi-Hilbert spaces. By utilizing the concepts of A-bounded op-
erators and their A-adjoints, we build upon earlier studies and propose novel
methodologies for analyzing operator interactions. The investigation of in-
equalities for sums and product operators in Hilbert and semi-Hilbert spaces
or other spaces has seen substantial progress in recent years (see, for example,
[2, 6, 7, 10, 12, 24, 25, 29, 30, 33, 35, 36, 39, 37, 40, 41]).

Let B(H) be the C∗-algebra of all bounded linear operators on a complex
Hilbert space H with inner product 〈·, ·〉 and the corresponding norm ‖.‖. Let
I be the identity operator. For T ∈ B(H), we denote by R(T ), N(T ) and T ∗

the range, the kernel and the adjoint of T , respectively. For a given linear
subspace M of H, its closure in the norm topology of H will be denoted by
M . Further, let PS stand for the orthogonal projection onto a closed subspace
S of H. An operator T ∈ B(H) is called positive if

〈Tx, x〉 ≥ 0

for all x ∈ H. Furthermore, if T = 0, then the square root of T is denoted by
T 1/2. For T ∈ B(H), the absolute value of T , denoted by |T |, is defined as

|T | = (T ∗T )1/2.

Throughout this article, A denotes a non-zero positive operator on H. The
positive operator A induces the following semi-inner product

〈., .〉A : H ×H → C

(x, y)→ 〈x, y〉A = 〈Ax, y〉 = 〈A
1
2x,A

1
2 y〉.

We begin by some definitions and concepts in semi Hilbert space.
Let H be a Hilbert space and B+(H) be the cone of positive (semi definite)
operators,

B+(H) = {A ∈ B(H), 〈Ax, x〉 ≥ 0, x ∈ H}.
For A ∈ B+(H) the mapping,

〈., .〉 : H ×H → C

such that for all x, y ∈ H, 〈x, y〉A = 〈Ax, y〉 defines a positive semi-definite

sesquilinear form. Clearly that ‖x‖A = 〈x, x〉
1
2
A is a seminorm, so H endowed

with this structure said to be a semi helbertian space.
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If A is injective, then ‖.‖A becomes a norm. All definitions given in Hilbert
space can be extend to semi Hilbert space, for example:

An operator T is said to be bounded if there exits c > 0 such that

‖Tx‖A ≤ c‖x‖A

for all x ∈ H and we denote BA(H) = {T ∈ B(H), ‖T‖A <∞}.

‖T‖A = sup
x∈R(A)

‖Tx‖A
‖x‖A

.

If T ∈ BA(H) there exists T ] = A†T ∗A, where A† is Moore- Penrose inverse
of A and T ] called an A-adjoint of T and we have the following properties:
TT ], T ]T are A-self adjoint and A-positive.

‖T‖A = ‖T ]‖A = ‖T ]T‖
1
2 = ‖TT ]‖

1
2 .

The numerical rang is given by WA(T ) = sup{〈Tx, x〉A, ‖x‖A = 1}. If T is an
A-self adjoint, then WA(T ) = ‖T‖A.

Saadi [42] extended the definition of the concept of normality as follows, an
operator T ∈ LA(H) is called an A-normal operator if TT ] = T ]T . If A = I or
T commute with A we get T ∗ = T ]. It has mentioned in [3] that the classical
Schawrz inequality

|〈Tx, y〉|2 ≤ 〈Tx, x〉〈Ty, y〉,

can be easily extended to Semi Hilbert space, for a positive operator and
T ∈ BA(H) we have

|〈Tx, y〉A|2 ≤ 〈Tx, x〉〈Ty, y〉.

In the same paper [3] the author define the A-absolute value operator of T

as |T |A = (AT ]T )
1
2 , which is A-self adjoint if T is A self adjoint.

Popescu [34] introduced the Euclidian operator radius as follows

we(T1, T2, ..., Tn) = sup
‖x‖=1

(
n∑
i=1

〈Tix, x〉|2
) 1

2

.

The same author has proved that for T = (T1, ..., Tn) we have

1√
n
‖[T1, T2, ..., Tn]‖ ≤ ‖(T1, T2, ..., Tn)‖e ≤ ‖(T1, T2, ..., Tn)‖, (1.1)

where ‖[T1, T2, ..., Tn]‖ = ‖
∑n

i=1 TiT
]
i ‖

1
2 .
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In [23], the authors define the Euclidian A-radius as follows

ωA,eT1, T2, ..., Tn) = sup
‖x‖A=1

(
n∑
i=1

〈Tix, x〉A|2
) 1

2

and the A-semi norm as follows

‖(T1, T2, ..., Tn)‖e,A = sup
λ∈Bn

‖λ1T1 + ...+ λnTn‖,

where Bn is the unit closed ball in BA(H).

It has been shown that wA is a semi norm equivalent to A-operator semi
norm and for all T ∈ BA(H) we have

1

2
‖T‖A ≤ ωA(T ) ≤ ‖T‖A.

If T is a A-self adjoint, then ‖T‖A = wA(T ).

Dragomir [19] defined a positive form hermitian on Bn(H), for S, T ∈
Bn(H) as follows:

〈T, S〉ε,x =
n∑
i=1

εi〈Ti, Si〉 =

〈
n∑
i=1

εiS
∗
i Ti, x

〉
,

if S = T, we get

‖T‖ε,x = 〈T, T 〉ε,x =

〈
n∑
i=1

εiT
∗
i Ti, x

〉
for ε = (1, 1, ..., 1), we denote by

〈T, S〉x = 〈
n∑
i=1

S∗i Ti, x〉.

Motivated by the previous definition we can easily show for T ∈ Bn
A(H) the

mapping

〈T, S〉ε,x,A =
n∑
i=1

εi 〈Tix, Six〉 =

〈
(

n∑
i=1

εiS
]
iTix)x, x

〉
.

For ε = (1, 1, ..., 1), we denote by

|〈T, S〉x,A| =

〈
n∑
i=1

(S]iTi)x, x

〉
.
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2. Main results

Theorem 2.1. For T = (T1, T2, ..., Tn), S = (S1, S2, ..., Sn) ∈ Bn
A(H), we

have

w2
A

(
n∑
i=1

S]iTi

)
≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
∥∥∥∥∥

n∑
i=1

S]iSi

∥∥∥∥∥ (2.1)

and ∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
1
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

+

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
1
2

A

. (2.2)

Proof. For x ∈ H by utilizing Shwartz inequality, we get∣∣∣∣∣
〈

(
n∑
i=1

(S]iTi)x, x

〉
A

∣∣∣∣∣
2

=

∣∣∣∣∣
〈

(
n∑
i=1

Ti)x, (
n∑
i=1

Si)x

〉
A

∣∣∣∣∣
2

≤

∣∣∣∣∣
〈

(

n∑
i=1

Ti)x, (

n∑
i=1

Ti)x

〉
A

∣∣∣∣∣
∣∣∣∣∣〈(

n∑
i=1

Si)x, (

n∑
i=1

Si)x

〉
A

∣∣∣
=

∣∣∣∣∣
〈

n∑
i=1

T ]i Ti)x, x

〉
A

∣∣∣∣∣
∣∣∣∣∣
〈

(
n∑
i=1

S]iSi)x, x

〉
A

∣∣∣∣∣ .
Taking the supremum over x ∈ H with ‖x‖A = 1, we get

w2
A(

n∑
i=1

S]Ti) ≤ sup
‖x‖=1

∣∣∣∣∣
〈

(
n∑
i=1

T ]i Ti)x, x

〉∣∣∣∣∣
2

A

. sup
‖x‖=1

∣∣∣∣∣
〈

(
n∑
i=1

S]iSi)x, x

〉∣∣∣∣∣
2

A

=

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
A

=

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
∥∥∥∥∥

n∑
i=1

S]iSi

∥∥∥∥∥
A

.

Then,

w2
A(

n∑
i=1

S]Ti) ≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
A

=

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
A

.
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For the second inequality, by using triangular inequality, we get∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
A

+

∥∥∥∥∥
n∑
i=1

S]iTi

∥∥∥∥∥
A

+

∥∥∥∥∥
n∑
i=1

T ]i Si

∥∥∥∥∥
A

,

from the inequality (2.1), we get∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
A

+ 2

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
1
2

A

=

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

+

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

2

.

Taking the positive root of the two sides, we get∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
1
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

+

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
1
2

A

.

�

If S = T ] in Theorem 2.1, we get

w2
A

(
n∑
i=1

T 2
i

)
≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

∥∥∥∥∥
n∑
i=1

T ]i T
]
i

∥∥∥∥∥
A

(2.3)

and ∥∥∥∥∥
n∑
i=1

(Ti + T ]i )2

∥∥∥∥∥
1
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

+

∥∥∥∥∥
n∑
i=1

TiT
]
i

∥∥∥∥∥
1
2

A

.

If S = T , we get

w2
A

(
n∑
i=1

T ]i Ti

)
≤

∥∥∥∥∥
n∑
i=1

T ]i Ti|
2

∥∥∥∥∥
A

.

If Si = I for all i ∈ {1, 2, ..., n}, we get

w2
A(

n∑
i=1

Ti) ≤ n

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

.
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Corollary 2.2. For T = (T1, T2, ..., Tn) and S = (S1, S2, ..., Sn) with

n∑
i=1

(Si + Ti)
](Si + Ti) 6= 0,

we have∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
1
2

A

≤
wA

(∑n
i=1 T

]
i Ti +

∑n
i=1 S

]
iTi

)
+ wA

(∑n
i=1 T]Si +

∑n
i=1 S

]
iSi

)
‖
∑n

i=1(Si + Ti)](Ti + Si)‖
1
2

Proof. We have,∥∥∥∥∥
n∑
i=1

(Ti + Si)
](Ti + Si)

∥∥∥∥∥
A

= wA(
n∑
i=1

n∑
i=1

(Ti + Si)
](Ti + Si))

= wA(
n∑
i=1

(Ti + Si)
]Ti +

n∑
i=1

(Ti + Si)
]Si

≤ wA(
n∑
i=1

(Ti + Si)
]Ti) + wA(wA(

n∑
i=1

(Ti + Si)
]Si)

≤

∥∥∥∥∥
n∑
i=1

(Ti + Si)
](Ti + Si)

∥∥∥∥∥
1
2

A

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
1
2

A

∥∥∥∥∥
n∑
i=1

S]iSi

∥∥∥∥∥
1
2

A

 ,
since

wA

(
n∑
i=1

(Ti + Si)
]Ti

)
= wA

(
n∑
i=1

T ]i Ti +

n∑
i=1

S]iTi

)

and

wA

(
n∑
i=1

(Ti + Si)
]Si

)
= wA

(
n∑
i=1

S]iSi +

n∑
i=1

T ]i Si

)
.
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Therefore, we get∥∥∥∥∥
n∑
i=1

(Ti + Si)
](Ti + Si)

∥∥∥∥∥
A

≤ wA

(
n∑
i=1

T ]i Ti +
n∑
i=1

S]iTi

)

+ wA

(
n∑
i=1

T ]i Ti +

n∑
i=1

S]iTi

)
,

which implies the desired inequality. �

If T = (T1, T2) and S = (T ]2 ,±T
]
1), we get

wA(T2T1 ± T1T2) ≤
∥∥∥T ]1T1 + T ]2T2

∥∥∥ 1
2

A

∥∥∥T1T ]1 + T2T
]
2

∥∥∥ 1
2

A
.

If T2 = T ]1 , we get

wA(T ]1T1 ± T1T
]
1) ≤

∥∥∥T ]1T1 + T1T
]
1

∥∥∥
A
.

If T = (T1, T
]
1) and S = (T ]1 , T1), we get∥∥∥T1 + T ]1

∥∥∥
A
≤
√

2
∥∥∥T ]1T1 + T1T

]
1

∥∥∥ 1
2

A
.

If T = (T1,−T ]1) and S = (−T ]1 , T
]
1), we get

1

2

∥∥∥T1 − T ]1∥∥∥2
A
≤
∥∥∥T ]1T1 + T1T

]
1

∥∥∥
A
.

Theorem 2.3. For T = (T1, T2, ..., Tn), S = (S1, S2, ..., Sn) ∈ BA(H)n, we
have

wA(
n∑
i=1

S]iTi) ≤
1

2

∥∥∥∥∥
n∑
i=1

T ]i Ti + S]iSi

∥∥∥∥∥
A

(2.4)

and ∥∥∥∥∥
n∑
i=1

|(Si + Ti)
](Si + Ti)

∥∥∥∥∥
A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti + S]iSi

∥∥∥∥∥
A

. (2.5)

Proof. For x ∈ H by mixed Schwartz inequality, we get〈
n∑
i=1

(S]iTi)x, x

〉
A

≤

〈
(
n∑
i=1

Ti)x, x

〉 1
2

A

〈
(
n∑
i=1

Si)x, x

〉 1
2

A

.

Since

a
1
2 b

1
2 ≤ 1

2
(a+ b) for a, b ≥ 0,
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we get∣∣∣∣∣
〈

n∑
i=1

(S]iTi)x, x

〉
A

∣∣∣∣∣ ≤ 1

2

[∣∣∣∣∣
〈

(

n∑
i=1

Tix, x

〉
A

∣∣∣∣∣+

∣∣∣∣∣
〈

(

n∑
i=1

Six, x

〉
A

∣∣∣∣∣
]

=
1

2

∣∣∣∣∣
〈

(
n∑
i=1

(Ti + Si))x, x

〉
A

∣∣∣∣∣ .
Taking the supermum on x with ‖x‖A = 1, we get

wA(
n∑
i=1

S]iTi) ≤
1

2

∥∥∥∥∥
n∑
i=1

T ]i Ti + S]iSi

∥∥∥∥∥
A

.

For the second inequality, using the result of Theorem 2.1 which gives,〈
(
n∑
i=1

(Ti + Si)
](Ti + Si)x, x

〉 1
2

A

≤

〈(
n∑
i=1

T ]i Ti)x, x

〉 1
2

A

+

〈
(
n∑
i=1

S]iSi)x, x

〉 1
2

A

 .

Taking the square of the two sides, we get〈
(
n∑
i=1

(Ti + Si)
](Ti + Si)x, x

〉
A

≤

〈
(
n∑
i=1

T ]i Ti)x, x

〉
A

+

〈
(
n∑
i=1

S]iSi)x, x

〉
A

+ 2

〈
(
n∑
i=1

T ]i Ti)x, x

〉 1
2

A

〈
(

n∑
i=1

T ]i Ti)x, x

〉 1
2

A

.

Since

2

〈(
n∑
i=1

T ]i Ti)x, x

〉 1
2

A

〈(
n∑
i=1

T ]i Ti

)
x, x

〉 1
2

A

 ≤ 〈( n∑
i=1

(T ]i Ti + S]iSi)

)
x, x

〉
,

we get 〈
(
n∑
i=1

(Ti + Si)
](Ti + Si))x, x

〉
≤ 2

〈
(
n∑
i=1

(T ]i Ti + S]iSi))x, x

〉
.

Taking the supermum over x ∈ H with ‖x‖A = 1, we get∥∥∥∥∥
n∑
i=1

(Si + Ti)
](Si + Ti)

∥∥∥∥∥
A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti + S]iSi

∥∥∥∥∥
A

.

�
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Corollary 2.4. For T = (T1, T2, ..., Tn) ∈ Bn
A(H), we have

wA

(
n∑
i=1

T ]i Ti

)
≤ 1

2

∥∥∥∥∥
n∑
i=1

(T ]i Ti + TiT
]
i )

∥∥∥∥∥
A

and ∥∥∥∥∥
n∑
i=1

(T ]i ± Ti)
](Ti ± T ]i )

∥∥∥∥∥
A

≤
n∑
i=1

(T ]i TiTiT
]
i ).

If Si = I for all i ∈ {1, 2, ..., n}, we get

wA(
n∑
i=1

Ti) ≤
1

2

∥∥∥T ]i Ti + I
∥∥∥
A
.

If T = (T1, T2) and S = (T2,±T ]1), we get

wA(T2T1 ± T1T2) ≤
1

2

∥∥∥T ]1T1 + T1T
]
1 + T ]2T2 + T2T

]
2

∥∥∥
A
.

If T = (T2, I) and S = (T ]1 , (T1T2)
]), we get

wA(T1T2) ≤
1

4

∥∥∥T ]2T2 + I + T1T
]
1 + (T1T2)(T1T2)

]
∥∥∥
A
.

Lemma 2.5. For x, y ∈ H, we have

Re 〈x, y〉A ≤
1

2
(‖x‖2A + ‖y‖2A)

and

Re 〈x, y〉A ≤
1

4
‖x+ y‖2A.

Proof. We have

Re 〈x, y〉A = Re
〈
A

1
2x,A

1
2 y
〉

≤ 1

2
(‖A

1
2x‖2 + ‖A

1
2 y‖2)

=
1

2
(‖x‖2A + ‖y‖2A).

For the second inequality, we have

Re 〈x, y〉A = Re
〈
A

1
2x,A

1
2 y
〉

≤ 1

4
‖A

1
2x+A

1
2 y‖

=
1

4
‖x+ y‖A.

�
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Theorem 2.6. For T = (T1, T2, ..., Tn) in BA(H), we have∥∥∥∥∥
n∑
i=1

Ti

∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥+
1

2

∥∥∥∥∥∥
∑

1≤i 6=j≤n
T ]i Tj

∥∥∥∥∥∥
2

+ 1


Proof. We have∥∥∥∥∥

n∑
i=1

Tix

∥∥∥∥∥
2

A

= Re

 n∑
i=1

n∑
j=1

〈Tix, Tjx〉A


=

n∑
i=1

‖Ti‖A +

n∑
i 6=j=1

Re 〈Tix, Tjx〉A

=

〈(
n∑
i=1

T ]i

)
x, x

〉
A

+Re

〈
n∑

i 6=j=1

(
T ]jTi

)
x, x

〉
A

.

Using Lemma 2.5, we get∥∥∥∥∥
n∑
i=1

Tix

∥∥∥∥∥
2

A

≤

〈(
n∑
i=1

T ]i

)
x, x

〉
A

+
1

2

∥∥∥∥∥∥
n∑

i 6=j=1

(
T ]jTi

)
x

∥∥∥∥∥∥
2

A

+ ‖x‖2A

 .
Taking the supermum on x ∈ H with ‖x‖A = 1, we get∥∥∥∥∥

n∑
i=1

Ti

∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥+
1

2

∥∥∥∥∥∥
∑

1≤i 6=j≤n
T ]i Tj

∥∥∥∥∥∥
2

+ 1

 .

�

For T = (T1, T2), we get the following result,

‖T1 + T2‖2A ≤
∥∥∥T ]1T1 + T ]2T2

∥∥∥
A

+
1

2

∥∥∥T ]1T2 + T ]2T1

∥∥∥+
1

2
.

For T = T1 and T2 = T ], we get

‖T + T ]‖2 ≤
∥∥∥T ]T + TT ]

∥∥∥+
1

2

∥∥∥T 2 + (T ])2
)

+
1

2
.

Theorem 2.7. For T = (T1, T2, ..., Tn) in BA(H), we have∥∥∥∥∥
n∑
i=1

Ti

∥∥∥∥∥
2

A

≤

∥∥∥∥∥(n− 1)
n∑
i=1

T ]i Ti

∥∥∥∥∥+
1

2

∥∥∥∥∥T ]i Ti +
n∑
i=1

T ]
n∑
i=1

Ti

∥∥∥∥∥ .
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Proof. By using Lemma 2.5 (2) and (2.4), we get〈(
n∑
i=1

T ]i Ti

)
x, x

〉
A

+Re

〈
n∑

i 6=j=1

(
T ]jTi

)
x, x

〉
A

≤

〈(
n∑
i=1

T ]i Ti

)
x, x

〉
A

+
1

4

〈
n∑

i 6=j=1

(T ]i + T ]j )(T ]j + T ]i )x, x

〉
A

.

Taking the supermum on x ∈ H with ‖x‖A, we get∥∥∥∥∥
n∑
i=1

Ti

∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]jTi

∥∥∥∥∥
A

+
1

4

∥∥∥∥∥∥
n∑

i 6=j=1

(T ]i + T ]j )(T ]j + T ]i )

∥∥∥∥∥∥
A

.

On the other hand, we have
n∑

i 6=j=1

(T ]i + T ]j )(T ]j + T ]i ) =

n∑
i,j=1

(
T ]i Ti + T ]jTi + T ]i Tj + T ]jTj

)
− 4

n∑
i=1

T ]i Ti

= 2n
n∑
i=1

T ]i Ti + 2
n∑
i=1

Ti]
n∑
i=1

Ti − 4
n∑
i=1

Ti]Ti

= 2

(
(n− 2)

n∑
i=1

Ti]Ti +

n∑
i=1

Ti]

n∑
i=1

Ti

)
.

Substituting in we obtain our desired inequality. �

For n = 2, we get

‖T1 + T2‖ ≤
∥∥∥T ]1T1 + T2]T2

∥∥∥ .
Theorem 2.8. For T = (T1, T2, ..., Tn) ∈ BA(H), we have∥∥∥∥∥∥

n∑
i,j=1

Ti

∥∥∥∥∥∥
2

A

+
n∑

i,j=1

‖Ti‖2A ≤

∥∥∥∥∥∥
n∑

i,j=1

T ]i Ti

∥∥∥∥∥∥
A

+
1

2

n∑
i,j=1

∥∥∥Ti + T ]i

∥∥∥
A
.

Proof. We have
n∑

i,j=1

Re 〈Tix, Tjx〉 ≤
1

4

∑
1≤i 6=j≤n

‖(Ti + Tj)x‖A ,

then we have∥∥∥∥∥∥
n∑

i,j=1

Ti

∥∥∥∥∥∥
2

A

≤

〈(
n∑
i=1

T ]i Ti

)
x, x

〉
+

1

4

∑
1≤i 6=j≤n

‖(Ti + Tj)x‖A .
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Taking the supermum over x ∈ H with ‖x‖A = 1, we obtain∥∥∥∥∥∥
n∑

i,j=1

Ti

∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+
1

4

∑
1≤i 6=j≤n

‖Ti + Tj‖2A .

�

Theorem 2.9. For T = (T1, T2, ..., Tn), we have∥∥∥∥∥∥
n∑

i,j=1

Ti

∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+
1

4

∥∥∥∥∥∥
∑

1≤i 6=j≤n
TjT

]
i + I

∥∥∥∥∥∥
A

.

Proof. We have

Re 〈Tjx, Tix〉 ≤
1

4

∥∥∥∥∥∥
∑

1≤i 6=j≤n
TjT

]
i + I

∥∥∥∥∥∥
A

.

Then we get∥∥∥∥∥∥
n∑

i,j=1

Ti

∥∥∥∥∥∥
2

A

≤

∥∥∥∥∥
n∑
i=1

T ]i Ti

∥∥∥∥∥
A

+
1

4

∥∥∥∥∥∥
∑

1≤i 6=j≤n
TjT

]
i + I

∥∥∥∥∥∥
A

.

�

3. Conclusion

In this work, we have derived and analyzed several new inequalities involving
the norm and numerical radius in the context of semi-Hilbertian spaces. The
results presented in this paper contribute to the existing body of knowledge
by extending classical inequalities in Hilbert space theory to the generalized
framework of semi-Hilbertian spaces. Through the study of A-bounded op-
erators and their A-adjoints, we established various norm inequalities, such
as the bound on the numerical radius of sums of operators (Theorem 2.1),
and the interplay between the operator norm and the semi-inner product in-
duced by a positive operator A. The results provide tighter bounds and offer
a deeper understanding of how operator summation and multiplication be-
have in this extended setting. Specifically, we demonstrated that for sums of
operators T = (T1, T2, . . . , Tn), the inequalities relating the A-adjoint opera-
tors and their norms offer new insights into the structure of operator sums
in semi-Hilbertian spaces. These inequalities provide sharper estimates than
those found in earlier studies. Further, we derived results concerning the sum
of norms for A-adjoints and their applications in proving new inequalities for



1184 A. Belhadi and H. Qawaqneh

operator products and sums. The work presented herein not only generalizes
some classical results but also establishes new methods to approach operator
inequalities in semi-Hilbertian spaces. These findings provide a stepping stone
for further investigations into operator theory in spaces equipped with a semi-
inner product, offering avenues for future research into applications in areas
such as functional analysis, mathematical physics, and optimization.

Acknowledgments: The author thanks for the support of Al-Zaytoonah
University of Jordan.

References

[1] A. Abu-Omar and F. Kittaneh, Numerical radius inequalities for products of Hilbert
space operators, J. Oper. Theory, 72(2) (2014), 521–527.

[2] W. Al-Mashaleh, H. Qawaqneh and H. Al-Zoubi, Some results on traces of the gener-
alized products and sums of positive semidefinite matrices, Int. J. Math. Comput. Sci.,
17(2) (2022), 619–625.

[3] A.W. Alomari, The generalized schwarz inequality for semi-hilbertian space op-
erators and some A-numerical radius inequalities, Cornell University, Preprint,
arXiv:2007.01701v1, 2020.

[4] M.W. Alomari, On the generalized mixed Schwarz inequality, Proc. Inst. Math. Mech.
Natl. Acad. Sci. Azerb., 46(1) (2020), 3–15.

[5] M.W. Alomari, Numerical radius inequalities for Hilbert space operators, Complex Anal.
Oper. Theory, 15 (2021), 1–19.

[6] H. Alsamir, M.S.M. Noorani, W. Shatanawi, H. Aydi and H. Qawaqneh, Fixed point
results in metric-like spaces via σ−simulation functions, Europ. J. Pure Appl. Math.,
12(1) (2019), 88–100.

[7] H. Alsamir, H. Qawaqneh, G. Al-Musannef and R. Khalil, Common Fixed Point of
Generalized Berinde Type Contraction and an Application, Europ. J. Pure Appl. Math.,
17(4) (2024), 2492–2504.

[8] M.L. Arias, G. Corach and M.C. Gonzalez, Partial isometries in semi-Hilbertian spaces,
Linear Algebra Appl., 428(7) (2008), 1460–1475.

[9] M.L. Arias, G. Corach and M.C. Gonzalez, Metric properties of projections in semi-
Hilbertian spaces, Integral Equ. Oper. Theory, 62 (2008), 11–28.

[10] H. Aydi, A.H. Ansari, B. Moeini, M.S.M. Noorani and H. Qawaqneh, Property Q on
G−metric spaces via C−class functions, Int. J. Math. Comput. Sci., 14(3) (2019), 675–
692.

[11] H. Baklouti, K. Feki and O.A.M. Sid Ahmed, Joint numerical ranges of operators in
semi-Hilbertian spaces, Linear Algebra Appl., 555 (2018), 266–284.

[12] I.M. Batiha, S.A. Njadat, R.M. Batyha, A. Zraiqat, A. Dababneh and SH. Momani,
Design Fractional-order PID Controllers for Single-Joint Robot Arm Model, Int. J. Adv.
Soft Comput. Appl., 14(2) (2022), 96–114.

[13] P. Bhunia, K. Paul and R.K. Nayak, On inequalities for A-numerical radius of operators,
Elec. J. Linear Algebra, 36 (2020), 143–157.

[14] S.S. Dragomir, Some refinements of Schwarz inequality, Simpos. Math. Appl. Polytech.
Inst. Timisoara, 1–2 (1985), 13–16.

[15] S.S. Dragomir, Some inequalities for the Euclidean operator radius of two operators in
Hilbert spaces, Linear Algebra Appl., 419(1) (2006), 256–264.



On some norm and numerical radius inequalities 1185

[16] S.S. Dragomir, Norm and numerical radius inequalities for sums of bounded linear op-
erators in Hilbert spaces, Facta Univ. Ser. Math. Inform., 22(1) (2007), 61–75.

[17] S.S. Dragomir, Some inequalities for the norm and the numerical radius of linear oper-
ators in Hilbert spaces, Tamkang J. Math., 39(1) (2008), 1–7.

[18] S.S. Dragomir, Inequalities for the Numerical Radius of Linear Operators in Hilbert
Spaces, SpringerBriefs Math., Springer, Cham, 2013.

[19] S.S. Dragomir, Norm and numerical radius inequalities for sums of operators in Hilbert
spaces, Adv. Inequal. Appl., 2014(1) (2014), 1–10.

[20] S. S. Dragomir and N. Minculete, On several inequalities in an inner product space,
RGMIA Res. Rep. Coll., 20 (2017), Art. 145.

[21] M. El-Haddad and F. Kittaneh, Numerical radius inequalities for Hilbert space operators.
II, Studia Math., 182(2) (2007), 133–140.

[22] S. Hah Moh, Some Numerical Radius Inequalities for Products of Hilbert Space Opera-
tors, Filomat, 33(7) (2019), 2089–2093.

[23] S. Jana, P. Bhunia and K. Paul, Refinements of generalized Euclidean operator radius
inequalities of 2-tuple operators, Preprint, arXiv:2308.09261v1, (2023).

[24] D. Judeh and M. Abu Hammad, Applications of Conformable Fractional Pareto Prob-
ability Distribution, International Journal of Advances in Soft Computing and Its Ap-
plications, 14(2) (2022), 116–124.

[25] T. Kanan, M. Elbes, K. Abu Maria and M. Alia, Exploring the Potential of IoT-Based
Learning Environments in Education, Int. J. Adv. Soft Comput. Appl., 15(2) (2023),
1–15.

[26] F. Kittaneh, Notes on some inequalities for Hilbert space operators, Publ. Res. Inst.
Math. Sci., 24(2) (1988), 283–293.

[27] F. Kittaneh, Norm inequalities for sums and differences of positive operators, Linear
Algebra Appl., 383 (2004), 85–91.

[28] F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Math.,
168(1) (2005), 73–80.

[29] M. Meneceur, H. Qawaqneh, H. Alsamir and G. Al-Musannef, Common Fixed Point of
Generalized Berinde Type Contraction and an Application, Europ. J Pure Appl. Math.,
17(4) (2024), 3093–3108.

[30] Z.D. Mitrovic, H. Aydi, M.S.M. Noorani and H. Qawaqneh, The weight inequalities on
Reich type theorem in b-metric spaces, J. Math. Comput. Sci., 19(1) (2019), 51–57.

[31] M.S. Moslehian, M. Sattari and K. Shebrawi, Extension of Euclidean operator radius
inequalities, Math. Scand., 120(1) (2017), 129–144.

[32] M.S. Moslehian, Q. Xu and A. Zamani, Seminorm and numerical radius inequalities of
operators in semi-Hilbertian spaces, Linear Algebra Appl., 591 (2020), 299–321.

[33] M. Nazam, H. Aydi, M.S.M. Noorani and H. Qawaqneh, Existence of Fixed Points
of Four Maps for a New Generalized F-Contraction and an Application, Journal of
Function Spaces, 2019, 5980312, (2019).

[34] G. Popescu, Unitary invariants in multivariable operator theory, Mem. Amer. Math.
Soc., 200(941), 2009.

[35] H. Qawaqneh, Fractional analytic solutions and fixed point results with some applica-
tions, Adv. Fixed Point Theory, 14(1) 2024.

[36] H. Qawaqneh, New Functions For Fixed Point Results In Metric Spaces With Some
Applications, Indian J. Math., 66(1) (2024), 55–84.

[37] H. Qawaqneh, K.H. Hakami, A. Altalbe and M. Bayram, The Discovery of Truncated
M-Fractional Exact Solitons and a Qualitative Analysis of the Generalized Bretherton
Model, Mathematics, 12(17) (2024): 2772.



1186 A. Belhadi and H. Qawaqneh

[38] H. Qawaqneh, H.A. Hammad and H. Aydi, Exploring new geometric contraction map-
pings and their applications in fractional metric spaces, AIMS Mathematics, 9(1) (2024),
521–541.

[39] H. Qawaqneh, M.S.M. Noorani and H. Aydi, Some new characterizations and results for
fuzzy contractions in fuzzy b-metric spaces and applications, AIMS Mathematics, 8(3)
(2023), 6682–6696.

[40] H. Qawaqneh, M.S.M. Noorani, H. Aydi, A. Zraiqat and A.H. Ansari, On fixed point
results in partial b-metric spaces, J. Funct. Spaces,2021 (2021), 1-9, ID 8769190.

[41] H. Qawaqneh and Y. Alrashedi, Mathematical and Physical Analysis of Fractional Es-
tevez Mansfield Clarkson Equation, Fractal Fract, 8(8) (2024), 467.

[42] A. Saddi, A-normal operators in semi-Hilbertian spaces, Aust. J. Math. Anal. Appl.,
9(1) (2012), 1–12.

[43] A. Zamani, A-Numerical radius inequalities for semi-Hilbertian space operators, Linear
Algebra Appl., 578 (2019), 159–183.


