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Abstract. This paper establishes new theoretical foundations for fractal analysis in M R-
metric spaces, a ternary generalization of classical metric spaces. We prove two fundamental
theorems: the first provides precise bounds for the Hausdorff dimension of fractal sets in M R-
metric spaces, while the second guarantees the existence and uniqueness of fractal attractors
under generalized contraction mappings. The results extend classical fractal geometry to
this broader setting and are demonstrated through explicit constructions of MR-modified
Cantor sets and Sierpinski fractals, revealing how the ternary metric structure influences

their dimensional properties and self-similar characteristics.

1. INTRODUCTION

Fractal geometry, rooted in classical metric spaces, has long relied on binary
distance functions. The recent introduction of M R-metric spaces in [27] rep-
resents a significant advancement, replacing pairwise distances with a ternary
metric structure that satisfies a generalized set of axioms. This expanded
framework not only preserves essential geometric properties but also enables
new approaches to analyzing fractal structures that were previously inaccessi-
ble in traditional settings.
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In this work, we develop a comprehensive theory of fractals in M R-metric
spaces, addressing two fundamental questions: First, how can we quantify
the fractal dimension of sets in this generalized metric space? Second, under
what conditions do fractal attractors exist for contraction mappings in this
setting? Our first main theorem establishes rigorous bounds for the Haus-
dorff dimension, explicitly incorporating the M R-metric parameter R into the
dimensional estimates. The second theorem generalizes Hutchinson’s classi-
cal attractor existence results [19] to M R-metric spaces, proving that unique
fractal attractors exist for suitable contraction mappings.

Beyond their theoretical significance, these results enable concrete appli-
cations. We construct explicit examples of fractal sets in M R-metric spaces,
including modified Cantor sets and Sierpinski-type fractals, which demonstrate
how the ternary metric structure influences their geometric properties. These
examples not only validate our theoretical framework but also provide insight
into the behavior of fractals beyond classical metric spaces.

Our work builds upon and extends several important strands of research,
including the foundational work on M R-metric spaces [27, 32|, classical fractal
geometry [13, 14, 19], and recent developments in generalized metric space
theory ([2]-[41]). The results presented here open new directions for further
research in fractal analysis and its applications in generalized metric contexts.

Definition 1.1. ([27]) Consider a non-empty set X # () and a real number
R > 1. A function M : X x X x X — [0,00) is termed an M R-metric, if it
satisfies the following conditions for all v, &, ¥, 41 € X:
o (M1) M(v,&,3) > 0.
o (M2) M(v,£,3)=0if and only if v =€ = .
e (M3) M(v,&,) remains invariant under any permutation p(v, &, ),
ie, M(v,&,3) = M(p(v,&,9)).
e (M4) The following inequality holds:

M(’U,f,%) < R[M(U7§7£1) + M(U7£17%) + M(£1a€7 %)] :

A structure (X, M) that adheres to these properties is defined as an M R-metric
space.

The study of fractals in generalized metric spaces requires extending clas-
sical tools to accommodate non-standard distance functions. We begin with
key definitions:

Definition 1.2. ([19, Fractal Attractor]) A compact set A C X is a fractal
attractor for contractions {T;} ., if

N
A=|]JT(4)
=1
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and A is the closure of its repelling periodic points under the T;.

Definition 1.3. ([14, Hausdorff MR-Dimension]) For F' C X, define

dim}{ (F) := inf lim inf )~ (di S =
imy (F) :== in S>0‘61—I>ILL)IZ/I}5U%L:{(1&IHMU) 0,
9

where Us ranges over d-covers of F' and diamp; U = sup{M (z,y,z2) : z,y,z €
U}.

Definition 1.4. ([13, Self-Referential Property]) A fractal set F C X in a
metric space is said to satisfy the self-referential property with respect to a
family of mappings {T;}¥,, if

where each T; is a contraction or a transformation that preserves the structure
of F. This property implies that F' is a fixed point under the union of these
mappings, often leading to self-similarity or self-affinity.

2. MAIN RESULTS

This section presents the main theoretical contributions of the paper, ad-
vancing the study of M R-metric spaces and extending classical fractal the-
ory. We provide rigorous estimates for the Hausdorff dimension of fractal sets
defined within M R-metric spaces and establish sufficient conditions for the
existence and uniqueness of fractal attractors.

In particular, we generalize classical theorems by reformulating them within
the ternary metric structure intrinsic to M R-spaces. Our results reveal how
the M R-parameter R and the associated contraction factors govern both the
dimensional bounds and the convergence behavior of iterated function systems.

Each theorem is precisely stated and proved, supported by examples that
illustrate the application of the theoretical framework to specific cases, such as
generalized Cantor sets and Sierpinski-type fractals within M R-metric spaces.

Theorem 2.1. (Precise Fractal Dimension Bound) Let (X, M) be a complete
M R-metric space with parameter R > 1, and F' C X a compact fractal set
satisfying:
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where each T; : X — X is an M R-contraction with factor C; € (0,1), i.e.,
M(Ti(z), Ti(y), Ti(2)) < CiM(z,y,2), Va,y,z€X.
Then for any s > 0 with Zfil CP < %, the Hausdorff dimension satisfies
M, where Cpax = max Cj.
—log Clax 1<i<N
Proof. We establish the bound through six technical steps:

Step 1: Modified Diameter Definition. Define the M R-diameter of a set
U C X as:

M (U) == sup {M(az,y,z) 1L,y 2 € U}.
This extends the classical diameter to account for the 3-point metric structure.
Step 2: Covering Lemma with R-Dependence. For any § > 0, let
{U;}52, be a d-cover of F. The M R-metric property (M4) implies:
m(Uj) < R(u(U; NTh(F)) + m(U; NTo(F)) + m(U; N TN (F))) -
This critical inequality introduces the R-dependence in all subsequent esti-

martes.

Step 3: Iterated Partitioning. For each k£ € N, consider the k-th level
iterated function system:

I = {1: (il,...,ik)Zij S {1,,N}}
The self-similarity yields:
F=|JTF), Ti=T,0--oT

1k *
i€z,

Step 4: Diameter Decay Estimate. For each i € Z;, the contraction
property gives:
m(Ti(F)) < Ciy - Cy i (F) < Cho D,
where D = p;(F'). The factor R appears when comparing nested sets due to
(M4):
u(Ti(F)) < RPCRuD

max :

Step 5: Hausdorff Content Calculation. For s > 0, the s-dimensional
Hausdorff content satisfies:

H3(F) <> (u(T3(F)))* < N*(R*CE,.D)".
i€z,

Choose k large enough so that R*C* D < 6. Then
H3(F) < NM(RCan)*D* = (NCia)" R¥ D",
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Step 6: Critical Exponent Determination. The content vanishes as

k — oo when:
log N

—log Cryax
Accounting for the R-dependence, we Strengthengthe iondition to:
- log N +3log R
—log Crax
Thus dimg (F') < s for all such s. O

Example 2.2. (Modified Cantor Set in M R-Metric Space) Consider (R, M)
with the M R-metric:

NC? <1 = s>

max

NR¥Cs, <1

M(z,y,2) = v —y| + |y — 2| + [z — x| + R-min{|z|, [y|, |2}

and construct a Cantor-like set using;:

FIGURE 1. First iteration of the MR-Cantor construction (R-
dependent scaling)

Verification:
(1) MR-Contraction: For any z,y,z € R:

_ [z —yltly —zltle —af | pminlal, Jyl, |=[}

4 4
1+R
< —I;TM(xv Y, Z)

M(Ti(x), Ti(y), Ti(2))

(2) Dimension Calculation: With N = 2 and Cax = %, the modi-
fied bound gives:

log2 + 3log R
—log (57)

(i) When R = 1: Classical bound %ggi =0.5.

(i) When R = 2: ©P82E3182 ~ 1,262,
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(3) Strict Condition Check: For R = 2, the sum condition requires:
3\* 1 log(1/16)
2(-) <<z = s> ———-=~7.23
(4) 8 77 Tog3/4)

This demonstrates how R tightens the dimension bound.

Theorem 2.3. (Fractal Dimension Bound in M R-Metric Space) Let (X, M)
be a complete M R-metric space with parameter R > 1, and let FF C X be a
closed fractal set. Suppose F' satisfies the self-referential property with respect
to a family of mappings {T;}Y., such that

where each T; satisfies the following contraction condition for some C; > 0:
M(Ti(n), Ti(>), Ti(S)) < Ci - M(n, %, 3), Vn,,3 € F.

If Zf\;l C? < 1 for some s > 0, then the Hausdorff dimension dimpg(F')
satisfies:

log N
di <———.
iy (F) < log(1/ max C;)

Proof. We proceed carefully step by step:

Since each T; is a strict contraction with respect to the M R-metric M, it
follows inductively that for any finite sequence i = (i, i2, ..., i), the compo-
sition

T; :=1T;, 0T, 0---0T5,
is also a contraction. Specifically, for all z,y, z € F', we have
M(Tl(x>v Ti(?J)? Tl(z)) < C’i M(J;, Y, Z)a

where
Ci=0C;,Ciy---Ci,.
Because F is invariant under {T;}¥,, it follows that for any k > 1,
F=]Jnw),
i€Zy,

where 7 denotes the set of all multi-indices of length k, that is, sequences
(’L'l,...,ik) with 1 Sij < N.

Next, observe that the diameter of each T;(F') with respect to the MR-
metric satisfies
This follows from the inequality applied to all triples (x,y,2) € F3.
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Now, for any ¢ > 0, select k large enough so that for all i € Z,
C; diamM(F) < 4.

Thus, {T;(F) }iez, forms a d-cover of F.
Therefore, the §-Hausdorff s-measure satisfies

Hi(F) < g (diamps (T3(F)))® < (diamps(F))* g Ci.
iEIk iEIk
Now, note that

N k
S i - (z c;> ~ (@
i€eZy, =1

where we define

N
Q:=> C;.
=1

By assumption, @ < 1, and hence (Q)¥ — 0 exponentially fast as k — oo.
Thus, letting 6 — 0 (equivalently k& — o0), we conclude
HP(F) =0,
which implies that
dimg(F) < s.

Now, to relate this to the specific formula involving N and Cy,ax: Since for
each 7, C; < Chax, we have

N
Q=Y C; < N(Cinax)"-
i=1
Therefore, to ensure ) < 1, it suffices that
N(Cmax)® < 1,
which is equivalent to

1
(Cmax)® < N
Taking logarithms, we find
log N
§> ———.
log(1/Chax)
Hence, for any such s, we have dimg(F') < s, and thus
log N
dimg(F) < ——————.
1) S el G
This completes the proof. O
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Example 2.4. (Cantor-like Set in M R-Metric Space) Consider (R?, M) with
the M R-metric:

|z +y + 2|

M(z,y,z) = max{||z —yl|, ly — z|l, ]z — [} + T

where || - || is the Euclidean norm. Define two contractions:
T 0

Tl(x):3+<0>u C'1:
. /2

Th(z) = 3t (8) , Gy =

Verification:

(1) MR-Contraction. For any z,y, z € R?,
1
M(Ti(2), Ti(y), Ti(2)) = g M(=,y, 2),

since both terms in M scale linearly.

(2) Fractal Structure. The attractor F satisfies F' = T} (F) UT5(F') and
resembles a Cantor set (see Fig. 2).

T

FIGURE 2. First 4 iterations of the MR-Cantor set

(3) Dimension Calculation. With N =2 and Cyax = %,

dimpy (F) <

This matches the classical Cantor set dimension, as the M R-metric
preserves scaling ratios.

Theorem 2.5. (Fractal Attractor in M R-Metric Space) Let (X, M) be a com-
plete M R-metric space, and let {T;}Y, be a family of contractions on X (that
is, for each i, there exists \; € (0,1) such that)

M(Ti(n), Ti(>), Ti()) < Ai- M(n, 5,3), Vi, €X.
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Then, there exists a unique fractal attractor A C X satisfying

N
A={]JT(A).
=1

Moreover, A is the unique fized point of the Hutchinson operator defined on
the space of compact subsets of (X, M).

Proof. We proceed in five steps:

Step 1: Define the Hausdorff M R-Metric. Let K(X) be the space of
non-empty compact subsets of X. Define the Hausdorff M R-metric Mg on
K(X) by
My (K, L) == max {sup inf M(a,b,b), sup inf M(a,a, b)} .
acK bEL bel 0EK

This generalizes the standard Hausdorff metric to the 3-point M R-metric case.
Step 2: Verify Completeness of (K(X), My). Since (X, M) is complete,
a standard argument (analogous to the classical Hausdorff metric case) shows
that (K(X), Mp) is also complete. The proof relies on the MR-metric’s prop-

erties (M1)-(M4) and the fact that Cauchy sequences of compact sets converge
to a limit in K(X).

Step 3: Show H is a Contraction. For any K,L € K(X), we bound
Mp(H(K), H(L))

N N
My (U ﬂ(K)H:n(L)) < max Myy(T(K), (L))
For each i, the contraction property of 1T; implies

My (Ti(K), T;(L)) < A - Mg (K, L).
Let Apax = maxj<j<n A;. Then

Mpy(H(K),H(L)) < Amax - My (K, L)
proving that # is a contraction with factor Apax € (0,1).

Step 4: Apply Banach’s Fixed-Point Theorem. Since (K(X), My) is
complete and H is a contraction, Banach’s theorem guarantees a unique fixed
point A € K(X) such that
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Step 5: Construct the Attractor. The attractor A can be explicitly
constructed as the limit of iterated applications of H to any initial compact
set Ko C X:
A= lim H"(K)),
n—oo
where convergence is in the My-metric. The self-similarity of A follows from
its fixed-point property. O

Example 2.6. (Sierpinski Triangle in M R-Metric Space) Consider (R?, M)
with the M R-metric:
_ e =yl +1ly =2l + 1z — 2|

M(z,y,z) = 3 + min{|[z]], [y, [|2[},
where || - || is the Euclidean norm. Define three contractions:

T 0 1
T () = = A\ = =
1(.%’) 9 + (0) ) 1 9’
T 1 1
T2<$) — 5 + <0) ) )\2 57

x 0.5 1

T = — = —.

a(#) =5+ (\/§/Q> B A

Verification:

(1) MR-Contraction. For any z,vy, 2 € R?, each T; satisfies

1
M(Ti(2), Ti(y), Ti2)) < 5 M(2,,2),
since both terms in M scale linearly under 7;.

(2) Hutchinson Operator. The mapping H(K) = |J>_, T;(K) is a con-
traction on the space of compact subsets with

1
M (H(K), H(L) < 3 Mu(K, L),
where My is the Hausdorff M R-metric induced by M.

(3) Attractor Construction. Starting from the unit triangle. Ko =
conv{(0,0), (1,0), (0.5,4/3/2)}, the iterates converge to the Sierpinski
triangle (Fig. 3):

n—oo
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First 5 iterations of the MR-Sierpinski attractor

FI1GURE 3. First 5 iterations of the MR-Sierpinski attractor

(4) Uniqueness. Any other compact set A’ satisfying A" = H(A’) must
coincide with A by the contraction mapping theorem.

Theorem 2.7. (Precise Fractal Attractor Existence) Let (X, M) be a com-
plete M R-metric space with parameter R > 1, and {Tl}i\il a family of MR-
contractions with factors A\; € (0,1). Then there exists a unique compact set
A C X satisfying

N
A=JTi(A).
=1

Moreover, the attractor A can be expressed as:

A= lim H"(K) for any compact K C X,

n—oo

where H(E) = N, Ty(E) is the Hutchinson operator, and the limit is taken
in the Hausdorff M R-metric topology.

Proof. We establish this through seven carefully structured steps:

Step 1: Hausdorff MR-Metric Construction. Define the Hausdorff M R-
metric My on the space K(X) of compact subsets

Mpy (K, L) = max< sup inf M(z,y,y),sup inf M(x,z,y) p .
zeK yel yeL TEK

This satisfies the extended properties
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(1) My(K,K)=0.
(2) My(K,L) < R[My(K,M)+ Mg(M, L)] (R-relaxed triangle inequal-
ity).

Step 2: Completeness Preservation. (K(X), My) is complete. Given a
Cauchy sequence {K,}, define

0o oo
K= Ex
n=1k=n

The M R-metric completeness ensures K, — K in My-topology with
MH(Kna K) < R?lim sup MH(Kna Km)

m— 00

Step 3: Hutchinson Operator Contraction. For K, L € K(X), we have

My (H(K), H(L)) < max My(Ti(K), T(L)).

1<i<N
Each T; contracts as:

where € captures the MR-asymmetry. After iteration
My (H"(K),H"(L)) < AmaxR>)"Mp (K, L).

Step 4: Fixed Point Existence. Define the sequence A, = H"(Kj) for
some initial compact Ky. The contraction estimate shows

MH(An—i-h An) S ()\maXRB)nMH(H(KO)y KO)
Thus {4,} is Cauchy when A\pax < %, converging to some A.

Step 5: Attractor Property Verification. The limit A satisfies

n—oo

N
HA) = UT: (fim, An) = Jim H(A) = lim Avs = 4,
where we used uniform continuity of each Tj.

Step 6: Uniqueness. Suppose A’ is another fixed point. Then

My (A, A = My (H(A), H(A")) < AmaxREMp (A, A').
For A\pax < %, this forces My (A, A") = 0.
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Step 7: General Case for A\, > %. For larger A, consider the m-fold
composition H"™ which satisfies

My (H™(K),H™(L)) < AmaxR*)™" My (K, L).
Choose m such that (ApaxR3)™ < 1, then apply Steps 4-6 to H™. d
Example 2.8. (Sierpinski Relatives in M R-Metric Space) Consider (R?, M)
with the M R-metric
_x=yl+lly — =] +lz — x|

3
where || - || is the Euclidean norm. Define three contractions

Ti(x) = (065 0(.)5) X
To(x) = <065 0(.]5) x+ <Od5>
-5 2o ()

Verification:

(1) MR-Contraction. For any x,y,z € R?,

+ R -min{||x|, |yl lz|l},

M(x,y,z)

7N
VN

0.5+0.5R
M E ,E 7E S — | M » Y .
(100, Ty) 1) < (M) My
Thus A\; = 0'51&21%) = 0.5, when R =1, but for R = 1.5,
0.5+ 0.75
i=— 2 s,
14+1.5

(2) Existence Condition: The critical requirement ApacR> < 1 be-
comes:
(i) For R=1: 0.5 < 1 (satisfied),
(ii) For R =1.26: 0.5 x 2 ~ 1 (threshold case),
(iii) For R = 1.5: 0.5 x 3.375 ~ 1.6875 > 1 (fails).

(3) Attractor Construction: When R = 1, standard Sierpinski triangle
emerges. For R > 1.26, the Hutchinson operator may not contract.
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A A A
A A A

FIGURE 4. First 6 iterations of the Sierpinski triangle showing
convergence under MR-metric

Example 2.9. (Sierpinski Relatives in M R-Metric Space) Consider (R2, M)

with the M R-metric:
[x =yl +lly —z|| + ||z — x| :
M(X7Yaz) = 3 ‘|‘Rmm{HXHaHYHaHZ”}»

where || - || is the Euclidean norm. Define three contractions

Verification:
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(1) M R-Contraction: For any x,y,z € R?,

0.5+ 0.5R

AME@LEQ%YK@>§( 1+ R

) iy

Thus A\; = 0'51&21%) = 0.5, when R =1, but for R = 1.5,

0.5+ 0.75
\i= ——— = =(.5.
! 1+15 0-5

1219

2) Existence Condition: The critical requirement ApaxR® < 1 be-
( q

comes:
R | AaxR® | Attractor Exists?
1.0 0.5 Yes
1.26 1.0 Threshold
1.5 | 1.6875 No

(3) Iterative Construction: The attractor emerges through Hutchinson

iterations:

TN\ K

Level 0 Level 1 Level 2
Level 3 Level 4 Level 5

Convergence to Attractor for R = 1.0
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