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Abstract. This paper delves into a class of sequential Langevin equations characterized by
three ¢-Caputo fractional derivatives and a p-RiemannLiouville integral. By harnessing the
power of Schauders and Banachs fixed-point theorems, we reveal the existence, uniqueness,
and well-posedness of solutions to these equations. To further strengthen our theoretical

framework, we present a numerical example that illustrates our findings.

1. INTRODUCTION

Fractional calculus is an important area of study that has recently seen
applications across various scientific and engineering fields. For more informa-
tion, one can refer to the works cited in [1, 10, 11, 13, 14, 17, 21, 30, 31, 32, 34].
Research has utilized the Riemann-Liouville, Hadamard, and Katugampola
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derivatives. However, further investigation is needed into differential systems
involving derivatives related to another function; in this context, the deriva-
tives mentioned earlier are simply particular cases. The concept of these gener-
alized derivatives is elaborated in [26], and several analytical results concerning
these operators are presented in [2, 3, 6, 23]. Additionally, we refer to the work
in [18], where the authors addressed the following problem:

{ Dy, (“Dg, + ) u(t) = g(t,u(t)),t € (0,1), 0<a,f<1, 1< B2
u(0) 4+ u(1) =0, “DY,u(0) +° DG u(l) = 0, “D3¢u(0) +° D3%u(1) = 0.

Kosari et al.[29] studied the existence and uniqueness of solutions by ana-
lyzing the equation

{ D, (°Dg. + p) u(t) = gt, u(t), (1)), t € (0,1),
u(0) =u(l) =4'(0) =u/(1) =0, 0 <, <1, 2< B <3,

where D is the Caputo fractional derivative.

The research conducted by Seemab et al.[35] focuses on the Caputo Langevin
model of p-type:

; ; 5
{ “DIF, (DF, + 1) [u] = g(t,u(t) S DIF [u), t € (a.7),
95
u(@) = 0, uln) = 0, w(T) = AT )ul, 1, A > 0.
Recently, Beddani and Dahmani[9] undertook a thorough investigation of
the following sequential Langevin equation:

DAL (DO (DO L)) u(t) = glt, ult) S DEEFu(t)), ¢ € T = (a,b),

u(a) = (“DIE?) w(b) = 0, u(b) = p>i; u(l),
pp>0,0<a<(<b<oo, p(b)—pla)=M>0,

under the conditions that °D74'¥,i = 1,4 are the p-Caputo fractional deriva-
tives of orders «; with 0 < o; < 1 and oy < ag.

In recent years, fractional Langevin equations have become an effective
mathematical tool to model memory-dependent stochastic dynamics and vis-
coelastic systems [12, 15, 16, 25, 33]. Their sequential form, involving multiple
fractional orders, captures multi-scale relaxation phenomena more accurately
than single-order models. The motivation for considering a sequential form of
the Langevin equation lies in its ability to represent physical processes, where
each derivative order reflects a different level of memory or diffusion intensity.

Moreover, the choice of the ¢-Caputo derivative rather than the classical
Caputo or Riemann Liouville operators, which have numerous applications
[4, 5, 8, 19, 20, 24, 28, 37, 38, 39, 40], is motivated by its flexibility: it general-
izes the time-scaling function through ¢(t), allowing the problem to adapt to
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nonuniform temporal structures or nonlinear deformation in time. This prop-
erty enables a better description of complex processes, such as anomalous diffu-
sion, relaxation, or damping phenomena in heterogeneous media [7, 22, 27, 36].

The problem we study in this paper is therefore significant. It extends tra-
ditional fractional Langevin models to a more general framework governed by
three sequential p-Caputo derivatives combined with a (-Riemann—Liouville
integral. This formulation provides richer dynamics and more realistic model-
ing capabilities for systems with memory effects.

In addition, the use of fixed point theory, particularly Schauder and Banach
theorems, provides an efficient analytical framework to prove the existence and
uniqueness of solutions for such nonlinear fractional systems. This method is
advantageous because it ensures rigorous results while being simple to imple-
ment in functional analysis settings. The Schauder theorem guarantees the
existence of at least one solution under compactness assumptions, and the Ba-
nach contraction principle allows us to establish uniqueness under appropriate
Lipschitz conditions.

In this study, we analyze the existence and uniqueness of solutions for a
new @-Caputo problem given by

“DELE (DI (DU 4 p)) ult) = dig(t, u(t). DI u(r))
daf (1, u(t), 2 %u(t), (11)

e T = (@ b), ula) = DEFU®) = 0, E7u(b) = 3 (G

o p; >0, 0<a<(<b<oo, pb)—¢la)=M >0, d >0, do >0.

We consider “D1¥, i = 1,4 as the p-Caputo fractional derivatives of orders o
with oy < a3, and Igf”p the left-sided ¢-Riemann—Liouville fractional integral
of order a5, where 0 < oy < 1,i = 1,5, and p, p; € R%.. Other conditions will

be imposed later.
2. CAPUTO DERIVATIVES OF A FUNCTION REGARDING ANOTHER FUNCTION
We consider ¢ : J — R as an increasing function and ¢'(t) # 0 for all t € J.

Definition 2.1. ([6]) For a > 0, the left-sided ¢—Riemann Liouville fractional
integral of order « for an integrable function u : J — R regarding ¢ : J — R
is provided by:

T u(t ! /go — (s))* Tu(s)ds. (2.1)

I'(«)
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Based on the information provided earlier, the fractional derivatives with
regards to ¢ is defined as follow:

Definition 2.2. ([6]) The left-sided ¢—Riemann Liouville fractional derivative
of a function u of order « is:

fe! 1 d\" —a
Dorut) = (i) Trmrul

- Tomw (so'1<t>5t) [0 el uts)is.

Definition 2.3. ([6]) The left-sided p—Caputo fractional derivative of w is
given by

_ 1 d\"
Difu(t) = 137 (s ) )

¢/(t) dt
where
1 d\"
] () — el
0= (Gga) o
Therefore, we arrive at
t
1 / _ n—a—1, [1] if
ety = | TR [P0 e s, itag
ul (1), if « € N.

We would also like to highlight the following supporting results.
Lemma 2.4. ([6]) Suppose o, 3 > 0,u € L'(J). Then
ijIfjfpu(t) = Igfﬁ’“’u(t), a.e. teJ

Lemma 2.5. ([6]) For u € C([a,b]), we have
DIFT I u(t) = u(t), t € [a,b].
IfueC™*(J),n—1<a<n, then

A, (CyQL,P _ n_lué[,f}(a) k
1o (D) ult) = u(t) — 32 o) — p(a))*
k=0

Taking 0 < a < 1, so one has
77 (°DI?) u(t) = u(t) — u(a).
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Lemma 2.6. ([6, 26]) Suppose thatt > a, o« >0, > 0. Then

(1) Ijﬁp [SD(t) - 90((1)]'8_1 = % [SO(L‘) _ So(a)]ﬁ—i-a—l )
a)]ﬁ—l _ F(Fﬁ(le) [p(t) — gD(a)]’B_a_l,
- a)]k =0, for all k € {0,...,n —1},n € N.

Lemma 2.7. ([26, 31]) Let « > 0,n € N such that n —1 < g < n. Then

(1) “DIFTEFu(t) = DI Fult): i ¢ > o
(2) “DEFLFu(t)u(t) = T TP u(t); if a > q.

Lemma 2.8. ([35]) Suppose that u € C™ [a,b] and 0 < ¢ < 1. Then we have

(p(t2) = (t1))? .

2 |ull
q,$ q,$
T8 u(te) — T8 u(ty)] < Tt D)

We need also the following lemma:

Lemma 2.9. For any g € L'(J,,R,R), the solution of

CDCO:}r#’ (cDZéJQFﬁD (CD(C;J?;M + M)) u(t) — h(t)
teJ=(ab), ula) =° Dgﬁ”pu(b) =0, Igf’wu(b) => piu(G), (2.3
i=1
ppi >0, 0<a<(<b<oo, and ¢ (b) —¢(a) =M >0

s given by

u(t) = I (1) — o
(gt s
AF(OZg-}-l)F(O@-}-O&g —Oé4+1)

M~ (p(t) — p(a))*2ros as,
AT (az+as+ )T (az — ag + 1)> L2u()
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Qq,p
at U

() =

M~ (p(t) — p(a)) >
AT (e +as+1)T (g — g+ 1)

x (Zgpreetestons (h(b)) — uZgrt e Pu(h))

M2~ (p(t) — p(a))*®

B AT (s +1)T (g + a3 — g + 1)
x (Zgpreeteston s (h(b)) - uZgr e Pu(h))

Mzt (p(t) — ¢(a)*

+
F(O&3+1)F(Oé2—|-0é3—|—045+1)
x (Zgptestese (h(b) — gt " Pu(b))

Mo (1) = pla))

B AF(a2+a3+1)I‘(a3+a5+1)
x (Zgpteetese (h(b) — uZgt " Pu(b))

Ia1 +aztaz—aq,p (
at

(1) — HTSE " Pu(r)
(et ety
Ar(ag—a4+ )F Ck2+043—044+1)
M—a5 t aztaz—aq o
B AT (a3 — 04(4 —l(- )1) FS?((XQ):- as — g + 1)) Iaj(pu(b)
M (p(1) — pla)) s
ATl (a3 —ag+ )T (g + a3 —ag + 1)
% <I§i+a2+a3+a5,s@ (h(b)) MIa3+a57<P (b))

MO (1) — pla)) o1
Ar(ag—a4+1)f‘( 9+ ag—as+1)
% <I§i+a2+a3+a5, (h( )) 013+a57<,0 (b))

Mot gty
MNas—ag+1)T (g +az+as+1)
x (Toprestesene (a(h) —uTiy*Pulb))

_l’_

_l’_
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Mo (1) — pla)) o
AF(O[3+O[5+1)F(O[2+O&3—CM4+1)
x (ZorrestesTe (n(b)) —uZyi ()

where,
M2tas
F(Oz3+045+1)r(042+a3*014+1)
Ma2+a3
B F(ag—a4+1)1“(a2+a3+a5+1)'

A =

Proof. We take 0 < a; < 1, i = 1,3. Then, we have
(D2 (“Dgd” + p)) u(t) = Z317 (h(t)) + 1
and
(“DEY¥ 4+ p) u(t) = Ig‘j+a2’¢ (h(t)) + T %e1 + co.
Consequently,
u(t) = TP (b)) — pZyPult) + o2 T Per + I3 es + cs.
Some easy calculations allow us to write

u(t) = IO (h(t)) — pZodPu(t) + T2 e + I03 % cy.

Therefore,
u(t) = TOFOTHSE (h(1)) — WIS Pu(t)
o, (P00 = pla))eres ¢, (P — (@)
F(a2+a3+1) F(ag—i—l) '

According to Lemma 2.7, we have
CDEIEY(l) = TUTOTTITOR (h(1)) — WIS Pu(t)

Qg +a3—0g,p a3 —Qu4,p
—I—IaJr c1+ Ia+ C2
and

TopPu(t) = TELFOTH OO0 (1)) — pTo O Pu(1)

+Z§i+a3+a5,(pcl +I§f+a5’¢02.
So, we have
DofPult) = TolTOTOTOR () — uZd  Pult)

(p(t) — p(a))r2ras—a (p(t) — p(a))s ™
ta Mg +ag—as+1) tez MNas—aq4+1)
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and
Tooult) = Toterertens () — uzorteneu(r)

a
Lo (o) — (@)oo () — pla)) e
€1 + o
(a2 + a3 +a5+1) (s +as+ 1)

On the other hand, we have
MO2taz—oaq M3 —4
+ c2
F(a2+a3—a4+1) F(O&g—oq—l—l)

C1

= WIS u(b) — TN ()

and
Me2tastas Mestas

+c
'T(az+az+as+1)  °T(az+as+1)
= TEPu(b) + I () — I ().

Consequently, we obtain

C

M~
1 = _AF 3—044—}- sz Cz
M= a1 +taztaztas,p ag+as,p
+ AT ae —ar g D) (B (h(¥) = WI3 " Pu(b) )
M a1+toazt+az—aq,p Q3 —0u4,(p
~ ATt (7 (h(b)) — T2 (b))
and
Mo2—as n
@ = AT (a2 + a3 —ay + 1) ;piu (CZ)
M2taa _ _
+AF (az + a3 + a5 + 1) <I‘?+1+a2+a3 0‘4#’ (h(b>) B MI;XE 044799“([)))
M2 a1 tagtasztas,p az+tas,p
AT (o +as—as+1) (Ia+ (h(b)) - Lo (b))
such that
A M2tas
N Fag+as+1)T (g +ag —as+1)
M2tas

_F(Odg—Oé4+1)r(a2+043+045—|—1).
This completes the proof.
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3. EXISTENCE AND UNIQUENESS OF THE SOLUTIONS

Let us, in this section, consider the space
X={u:ueCCa,b, Dit*u e Cla,bl}

with

Jull = max { ullo D570 } (3.1)

where

Il = sup u)] and H°D§f¢UHuj:}:E%JODjr¢u@)y

To ensure clarity and precision, it is necessary to establish the following
conditions to demonstrate the existence and uniqueness.

(H;) We impose for f,g: [a,b] x R x R — R™ to be continuous.
(Hy) There are positive constants 1,1, 01,2, 02,102,2 such that for all ¢ € [a, b],
u,v,T,Y € ]Ra
l9(t,u,v) — g(t, 2, y)| < 011 |u—a|+bi2fv—y|,
and

|f(t,u,v) — f(t, 2, y)] < d21|u— x|+ 022 v — 1yl

with (51 = max(dl,l, 51’2), 52 = max(ég,l, (5272).
(H3) There are a nonnegative functions ¢, g2 € L[0, 1] that satisfy

l9(t, u,v)| < ¢1(t) + p1 [u(®)] + p2 [v(t)]
and

|f(t,u,0)[ < @a2(t) + p3 [u(®)] + pa|v(t)],
where p1, p2, p3, pa € R

Now, we put

Mes

ﬂ:F(1+a5)’
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M3 2/ M 2t2a3
N =

+
Fas+1) AT (ae+a3+ 1) T (as—ag+1)T (a3 + a5+ 1)

n <maxpi) Moatas—aos

i=1n

+

‘A|F(O&2+O&3—|—1)F(O&3 —Oé4—|—1)
MMa2+2oc3
+
AT (as+ )T (e + a3 —ag+ )T (a3 + a5+ 1)
n <ma4xpz) Me2taz—as

i=1n

+

\A|F(a3+1)F(a2+a3—a4—|—1)
MMa2+2a3
+ )
AT (as+ )T (e +az+as+ 1) T (a3 —ag+ 1)

2M +2a2+2a3

- IAIT (ag +a3+ 1) T (a3 —as+ 1) T (1 + oo+ g+ a5+ 1)
2 N1 tatas

I'(on +az+az+1)
9 M 1t+2az+2a3

4
’A|F(a3+1)r(ag+a3 —Oé4+1)F(Oz1 +a2+a3+a5+1)
2M 1 +2a2+2a3

+
]A|F(a2+a3+1)l“(a3+a5+1)P(a1 +ast+az3—as+1)
2Ma1+2a2+2a3

+ )
IAIT (as+ DT (e +az+as+1)T (a1 +ag+ag—ag+ 1)

No

2n (maXpZ) Mozrtas—os—as

P34 4 i=1,n
F(Oé3—0£4+1) ‘A|F(Oé3—044+1)1_‘(042+043—Oé4—i—1)
uMO‘2+2a3_O‘4

+
IAIT (a3 —as+ )T (s +a3 —as+1)T (a3 + a5 + 1)
MMa2+2a3—oz4
+
AT (g —as+1)T (g +azs+ a5+ 1) (g —ag + 1)
QMMa2+2a3—oa4
+
IAIT (e + a3 —as+ 1) T (ag —as+ 1) (s + a5 + 1)

N3 =




Sequential Langevin equations involving a generalized type of Caputo derivatives 11

2N taztaz—as

Mo +as+as—ag+1)
9 M 1t2az2+2a3—ay

+
]A|F(a2—|—a3 —a4+1)P(a3—a4+1)F(a1+a2+a3+a5+1)
QMa1+2a2+2a3—a4

4
’A|P(O¢2+O¢3 —a4+1)F(a3+a5+1)F(a1+a2+a3—a4+1)
9N +2an+203—a4

+ .
]A|F(a3—a4+1)F(a2+a3+a5+1)F(a1+a2+a3—a4+1)

Let us demonstrate the validity of proposition.

Proposition 3.1. Let ¢ > 0 and ¢,u,v € C™([a,b]), we have

(p(t) — p(a))? < M7, (3.2)
0.2, %
|Z%u r( 1)’ (3.3)
|g(s, u(s),* Dot Puls ))} < #1lloe + (o1 + p2) [Jullx (3.4)
| f(s,u(s), T2 u(s))| < [l d2llo + (03 + paf) lullx (3.5)
|g(s,u(s),° DitPu(s)) — g(s,v(s)," Dot Po(s))| < 261 lu—vllx, (3.6)
| f(s,u(s), T2 Pu(s)) = f(s,0(s),  TopPu(s))| < (1+B) b2 lu—vllx, (3.7)
|Z98u(t) — T4 u(t)| < w (3.8)
a +1)
and
[hu(s))] < (di (|1l + d2 (| 92]lo0) + (dip1 + d1p2 + d2ps + d2paB) HU’HX(' |
3.9

Proof. We have ¢/(t) > 0 for all t = [a,b]. Then, we have
(p(t) = ¢(a))? < (p(b) — ¢(a))? = M1

and
Z£0(0)] < i [#0t0) = (6 fuls) s
sup [u(s)] ¢
< S [ e0) — ol ds
MO full

“T(g+1)
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By (Hs), we obtain

(50050 D) < 000+ s sup [0 + 2 s, D)
s€la,b s€la,b

< 161llg + o1 llull g + p2 [|“Dytul|
< [91lle + (o1 + p2) lullx -
Using (Hs), we get

| f(s,u(s), Iy Pu(s)] < ¢2(t) + ps . |u(s)| + pa sup. |Zo % u(s)]
s€la, se€|a

< ¢2(t) + p3 ( sup |U(S)!> +Bpa ( sup |U(S)|>
s€la,b] s€la,b]
< l¢2lloe + (03 + Bpa) [lullx -
And by (Hz), we get
|9(s,u(s)," DgtFu(s)) — g(s,v(s), Dyt Pu(s))]

<4 ( sup [u(s) —v(s)| + sup [“DytFu(s) - Dyt¥u(s )})
s€la,b] s€la,b]

<9 (Hu—vH Dt w0l )
21 Ju — vl
Also,
[F(s.u(s), I“i’“”u(s)) — f(5 () T E0(s))

a a

< 8y (Ju(s) — v(s)| + |°ZopPu(s) = I2%v(s)])

< by ( sup [u(s) —v(s)| + sup [T U(S)—U(S))|>

s€[a,b] s€[a,b]

< (L4 5) 62 sup [(u(s) — v(s))]

s€la,b]
<(148)02flu—vx.
By (Hs), (3.3) and (3.4), we see that
|dig(s, u(s)," Dyt Pu(s)) + daf(s,u(s),° Ijj””u(s))\
‘dlg (s,u(s)," Daf_"pu {—i—dg ‘f (s,u(s),’ I:f’wu(s))‘
< di [|$1lloe + dipr llullo + drpa ||*DEEPul|  + da2 |62l
+da (p3 + Bpa) [|ull o
< (di |91l + d2 |02]l o) + (dip1 + dip2 + d2ps + d2pafB) [|ullx -
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The following key findings compellingly establish the existence of solutions.

Theorem 3.2. If (H;) and (Hs) are satisfied, then, (1.2) has at least one
solution.

Proof. We define mapping T : X — X as follows:
(Tu)(t) = T2 R, () — uZ%Put)
n < M2 (p(t) — p(a))*s
AT (a3 + 1) T (e + a3 — ag + 1)
az2+as
M2 (p(1) ~ (@) )zut
Al (g +az+ 1) (ag—ag+1)) 7@
M™% (p(t) — p(a))*2tes
AT (g +as+1)T (g —ag + 1)
« (I;xi+a2+a3+a5,<ph (b) _ MIszi—i-as,sou(b))
3 M5 (p(t) — p(a))™s
AT (a3 + 1) T (g + a3 —ag + 1)
> (I;xi+a2+a3+a5,<ph (b) _#Igzi—i-as,so (b))
Mezrea(op(t) — p(a))*
Af(a3+1)F(a2+a3+a5+1)
X (Igﬁams AP () — ,,szj—wu(b))
3 M (p(t) — p(a))2s
Af(a2+a3+1)l“(a3+oz5+1)
% <I§i+a2+a3 42 p (b) — MI;J? Qq,p (b))

and
DL (Tu) (1) = T35, (1) — T35~ u(t)
(et — ey
AT (a3 —ag+ )T (g + a3 —ag+ 1)
T P
AT (a3 — g+ )T (g + a3 —ay +1) ) 7aF
M= (p(t) — p(a))r2tas
AF(O&g—OK4+1)F(Oz2+OZ3—a4+1)
 (Zteestosien, (- uTo )

_|_
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M0 (1) — (@)~
ATl (a3 —ag+ )T (g + a3 —ag+ 1)
x (Tt th, () —pTort O Pu(n))
M (1) — pla)) s
AF(ag—a4+1)F(a2+a3+a5+1)
> (Iszi+a2+a3*a4,sahu(b)_ Mzgj*am@u(b))
M (1) — pla)) s
AT (as+as+ )T (g +az3 —ag + 1)
> (Iszi+a2+a3*a4,whu(b)_ ;LIs{f*a‘*’(P’u(b)) .

Ifee{as, a3 —as,az+ a5, a1 + ag + a3, 0q + az + a3z — oy,
a1+ ag +as+ast and x € {t,b}, then

T

€, _ 1 / e—
Tfule) = 5 / & ()(p(a) — o(5))* Mu(s)ds,
and
¢ hy(z) = F(l) / () () — p(s))°!

X (dlg(s, u(s),” Dt ¥u(s)) + daf (s, u(s),cIaﬁ’@u(s))) ds.

a

Considering the set U, = {u € X, ||ul|x < r}, we have

max {(N; + ), (Vs + w)} g% and max (A5, NG} <

where,
di |91]lo + d2 |92]lc = A, dip1 + dip2 + d2p3 + d2paff = w.
For any u € U, and by (Hj), we show that TU, C U,. So, one observes that
ITulog < sup {Z2H25 [hy (8)] + o2 ()|
(il et
IAIT (s + )T (ag + a3 —ag + 1)

M (p(t) — (@) N
IAIT (g + s+ )T (a3 — g + 1)) Ia+ v lu(b)|
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M= (p(t) — p(a))2tas

|A|F(O¢2+O[3+1)F(Oé3 —Oé4+1)

x (e Oy (6)] 4T fu(d)))

L M) - p(a)
|A|F(a3+1)F(a2+a3 —Oé4+1)

x (Zorres e s ()] 4T fu()])
M@ ((t) — p(a))*>+es

IAIT (e + a3+ 1) T (a3 + a5 + 1)

x (Torrentesone (b)) +uZgs = Ju(b)))
MO+ (1) — p(a)™

IAIT (s + 1) T (g + a3 + a5 + 1)

x (oo ()] T u()]) |

+

+

+

Exploiting Lemma 2.7, and Proposition 3.1, we obtain
pM s
T < L
ITull <l { e
MQMa2+2a3
+
IAIT (g +as+ 1) T (a3 —ag+ 1) T (a3 + a5 + 1)

n (maxp,-) Moatos—as

i=1n

+
|A\F(a2+a3—|—1)I‘(a3—a4+1)

MMOcz-i-?oz:s
_|_
IAIT (as+ 1) T (e + a3 —ag+ 1) T (a3 + a5 + 1)

n (maxpi> Me2tas—as

i=1,n

+
|A\F(a3—|—1)F(a2—|—a3—a4+1)

MMa2+2a3
+

|A|F(O¢3—|—1)F(Oé2—|—043+0£5+1)F(O£3 —Oé4-|—1)}
QN[ ¥1taztas

a1 +ag+as+1)
2 M1 42024203

Ot wlul) {

15

+
IAIT (e +a3+ 1) T (a3 —au+ )T (g +ag + g+ a5+ 1)
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9 M1 t2a2+2a3
+
IAIT (as+ )T (e + a3 —ag+ )T (g +ag + s+ a5+ 1)

2 M1 +2a0+2a3

T AT (catas+ )T (a3 +as + )T (a1 +as + a3 —as + 1)
2Ma1+2a2+2a3

+ |A|F(a3+1)F(a2+a3+a5+1)F(a1+a2+a3—a4+1)}

<M lullg +No (A + wullx)
< M+ w) [lully + ANe.

Additionally, we can write

Hcpsri,so (Tu) (t)Hoo < sup {Isi+a2+asfa4,<p ()] + MICOL?*M#P u(t)|

n ( M7 (p(t) — p(a))*e
’A‘F(O&g —a4+1)P(a2+a3—a4+1)

M5 ((t) = @)+

%% (b
+|A|F(043—044-1-1)F(a2—|—a3_a4+1)) at ‘U( )|

M= (p(t) — p(a))r2tas—a
AT (s —ag+ )T (ag + a3 —ag + 1)
(Tt ()] 4T b))

+

M2 (p(t) — p(a))*3—
‘A|F(O¢3—O[4+1)F(O[2+Oz3 —044+1)
s (Terter et en i ()] 4T o u(v)])

+

a
M (p(t) — ol
AT (s + a5+ 1T (g + as —ag + 1)
(T Iy 8)] a0 )]

+

L M) — ()
AT (s —ag+ )T (e + as + a5 + 1)

x (Zgtertee e, )]z Ju)]) |
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Utilizing both Lemma 2.7 and Proposition 3.1 once more, we can confidently
conclude that

DT
a o0

2n <maxpi> Moatos—oa—as

i=1n

MMag—a4

<
< ullx T (a3 —ay+1) + IAIT (g —as +1)T (g + a3 —aq + 1)

,LLMO‘2+2°‘3_O‘4
4
\A|F(a3—a4+1)F(a2+a3 —a4+1)F(a3+a5+1)

MMa2+2a37a4
+
‘A|F(043—044—|-1)F(a2+043+Oé5+1>r(043—044+1)

QMMa2+2a3—oc4
+ \A|F(a2+a3—a4+1)l“(a3—a4+1)F(a3+a5+1)}

2Mal+a2+a3—a4
a1 +ag+az—ag+1)

0kl {

9 M 1202203 —ay
4
\A|F(a2+a3—a4+1)F(a3—a4+1)F(a1+a2+a3+a5+1)

9 M e1t+2az+2a3—ay
+
AT (g +as—as+ 1) T (as+as+ 1) T (a1 + a2+ a3 —ag+ 1)

2Ma1+2a2+2a3—044
+ \A]F(ag—a4+l)F(a2+a3+a5+1)F(a1+a2+a3—a4+1)}

< N3 flullx + Na (A + w [Jullx)
< (N3 +w) Jlullx + AN

As a result, it follows that

I Tully = max { [Tl . DL Tu] )
< JJullx max {(M +w), (N3 +w)} + Amax {Na, Ny}

<7 n r
—+ =
-2 2
In the upcoming sections, we will present a thorough demonstration to the
reader regarding the complete continuity of T.
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Taking u € U,, t1,ts € [a,b], t; < ta. Proposition 3.1 and Lemma 2.8 allow
us to write

|(Tu)(t2) — (Tu)(t1)| < sup {Ifﬁazmg’”(lhu(tz) — ha(t1)])
+ HZ P u(ta) — u(ty)]

(i tttn) — ol
|A]P(a3+1)l“(a2+a3—a4+1)

M~ (Sp(t) — gp(a>)a2+a3 o,
" ’A‘ r (042 + a3 + 1) I'(ag —aq + 1)> Ia+ v |u(b)’
+ M=% (p(t) — p(ty))*2tes

IAIT (e + a3+ 1) T (a3 —ag + 1)
x (Zr e teeten? ((hy (6) + hu () gt fu(b)])

L M (e(ts) — o(t)™
IAIT (a3 + 1) T (g + a3 —ayg + 1)

o (Tt ey (b)+ (b)) gt fub)] )

M (p(ta) — p(t1))*2
]A\F(ag—i—ag—kl)l“(ag—k%—i—l)

X (Zorres T ([ (6) +ha (B)]) +Z0E O fu(b))

L M) — ()
IAIT (s + 1) T (g + a3 + a5 + 1)

(T (1, )+ (B) 222 b)) .
Consequently,
(A +w ullx)

I'(og+ag+as+1)

+ A1 (o(ta) — @(t1))*27 + Ax((t2) — (1)),

|(Tu)(t2) — (Tu)(t2)] < (i(t2) = p(tr)) 72T (3.10)



Sequential Langevin equations involving a generalized type of Caputo derivatives

where
PREY . A 101
= Su
L= SPUJAIT (a2 + a3 + )T (a3 — aq + 1)
Mezas (TETHEOSTOSR |, )] 4 25 u))
+
|A\F(a2+a3+1)f‘(a3—a4+1)
. M4 <I§i+a2+a3—a4,@ |hu(b)| + MIgf—am@ ’u(b)D
IAIT (g + a3+ 1) T (a3 + a5 + 1)
and
Ao = sup { M_%Isiw |u(b)] vl o
AT (as+ 1) T (e +a3—as+1) T'(az+1)

Mmas (Z2FOE ()] 4 T2 ()
IAIT (as+ 1) T (g + a3 —ag + 1)

+

Mot (OO0 [ (5)] 4 T8 ()]

+
|A]F(a3+1)F(a2+a3+a5+1)

Additionally, it is evident that
D25 (Tu) (t2) —° DEL¥ (Tuw) (1)

(A +wlullx)
- I‘(a1+a2+a3—a4+1)

+ Biliplta) — p(t)™ 7 & Balip(ta) — (1)),

(o(ta) — p(ty)) M Taztas—aa

where

M (TR ()] 4 T2 (b))
|A\F(a3+a5+1)F(a2+a3—a4+1)

By = sup

a

M5 (gortoztaztas,e hu(b +Mzai+a5790 w(d)| + %% |u(b
at at

+
|A|F(O&3—Q4+1)F(O¢2—|—O&3—O&4—|—1)

19

(3.11)
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and
|l
By = =
2 Sup{r(a3 —ay+1)
Mo2—as (Iji+a2+a3+a5,lp |hu(b)] + MI:EJraE)#P lu(b)] + Ij‘iv@ |u(b)|>
+
AT (a3 —as+1)T (g + a3 — s + 1)
Mo2tas (I§i+a2+a3—044790 |hu(b)| + H_'Zgi_a4,‘»0 ’u(b)|)
+

‘A|F(Oé3—Oé4—|—1)1_‘(0éz—|-063—|—055+1)

We can state now that (3.10) and (3.11) are independent of v and tend to
zero if t9 — t1. Therefore, T (U,) is equicontinuous. By Arzela—Ascoli theo-
rem, we state that T (U,) is compact. Therefore, T : U, — U, is completely
continuous. At the end, according to Schauder theorem, we conclude that
(1.2) has at least one solution. O

Now, let us proceed to prove the following main theorem.

Theorem 3.3. Let us suppose that (H;-Hs) are verified. Then (1.2) has a
unique solution, in the case where

U = max {N1 + N3 (2d161 + dad2 (1 + B)) , N3 + Ny (2d161 + dad2 (1 + B))} < 1.

Proof. Let us taking u,v € U,t € [a,b]. Hence, using (Hz) and according to
the Proposition 3.1, we write

ITu = Tol|,, < sup {Iffo‘ﬁas’“’ (M (t) = ho(0)]) + pZG27 |u(t) — v(?)]

(e o) sl
|A]F(a3+1)l“(a2+a3—a4+1)

M5 (p(t) — p(a))r2e as,
AT (a2 + a3+ 1) T (a3 — oa + 1)) X I Ju(b) — v(b)]

M5 (p(t) — p(a))r2e

4
|A]F(a2+a3+1)F(a3—a4+1)

x (TS (y (6) — iy (B)]) + HTeE O fu(h) o (b))

M2 (o(t) — p(a))*®

_'_
AT (as+1)T' (a2 + a3 —as + 1)

X (Zor e s s (g (6) = ho(B)]) + W u(b)—o (b))
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M (p(t) — p(a))*2tes
IAIT (e + a3+ 1) T (a3 + a5 + 1)

+

X (Zoree s (g (6) = ho(B)]) + HZEE u(®)— (b))

L M (p() — (@)
IAIT (a3 + 1) T (a2 + a3 +as + 1)

x (ToHoe om0 ([ () o (B)]) 4 23 u(b) ~o(b)])
The Lemma 2.7 implies both

[Tu — Tvl| o < N1+ N2 (2d161 + d2d2 (1 + 5))] [[u — vl|x (3.12)
and
DI Tu = DIL¥To|| < [N3 + Ni (2d161 + dada (1+ B))] [lu— vlly -
(3.13)

According to (3.12) and (3.13), we get
[T — Tollx <9 lu—vllx
for ¥ < 1. Hence T is contraction. According to Banach principle, the problem

(1.2) has a unique solution. O

Example 3.4. Consider the example

D)7 (DT (DY + 7)) u(t) = 39(t,u(t).* D} u(t)
+3f(tult), 5 u(t), t € [3,1],
#lt) = t2 (3.14)

glt,u(0) £ DEFu®) = £+ (sin F — 1) ult) + £DL ),
Ftult), I;f ) =2 + 12?15 (L — cosmt)”u(t) + LZ7 u(t),
or(t) =L, oalt) = L.

Since f and g are continuous and

ot DI )| < G+ gy o]+ 5D u).
). 7)< (éi ) i) u(t),
5

and by calculate, we obtain

¥ ~ 0.8665841 < 1.
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Hence, (H; ), (Hy) are satisfied. Thus, Theorem 3.3 allows us to state that(3.14)
has unique solution.

Discussion of the Example. The example presented in this work serves
to illustrate the applicability of the theoretical results established through
Banach fixed point theorem. Specifically, we consider a particular form of
the proposed sequential Langevin equation with appropriate parameter val-
ues and kernel functions satisfying the assumptions imposed in Theorem 3.3.
By substituting these values, we verify that the data of the example fulfill
the conditions required for this result. This example confirms the theoret-
ical framework and also demonstrates the consistency and reliability of the
obtained analytical results.

4. CONCLUSION AND FUTURE WORK

In this paper, we have investigated a new class of sequential Langevin
equations involving three ¢-Caputo fractional derivatives combined with a (-
Riemann-Liouville integral term. This formulation generalizes several existing
fractional Langevin problems and provides a flexible framework for studying
nonlocal and memory-dependent phenomena. By employing fixed point tech-
niques, we established sufficient conditions ensuring both the existence and
uniqueness of solutions. The application of Schauders fixed point theorem
guaranteed the existence of at least one solution, and the Banach contrac-
tion principle provided uniqueness under suitable Lipschitz assumptions. Fur-
thermore, the presented example demonstrated the validity of the theoretical
results and illustrated the effectiveness of the proposed approach.

The results obtained show the importance of the ¢-Caputo derivative in
capturing nonuniform temporal effects and nonlinear deformations in time-
dependent systems. This generalization enables an understanding of complex
dynamical processes.

For future research, several directions can be explored. One possible ex-
tension is to study the UlamHyers or MittagLefler stability of the proposed
Langevin system under perturbations. Another promising direction is to con-
sider systems with time delays, impulses, or stochastic effects driven by -
Caputo operators. It would also be of interest to develop efficient numerical
algorithms to approximate the analytical results obtained here.
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