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Abstract. In this work, we prove some coupled fixed point theorems for mixed monotone
mappings in the setting of partially ordered modular metric spaces and provide some con-
sequences of the established results. Moreover, we give some examples in support of the
results. At the end of the paper, we give application to the Volterra type integral equations.
The results proved in this paper extend, generalize and enrich several results in the existing

literature (see, for example, Bhaskar and Lakshmikantham [6] and Mutlu et al. [21]).

1. INTRODUCTION

Fixed point theory is a growing area in mathematics with significant prop-
erties. In 1922, Banach [5] established the Banach contraction principle in the
setting of complete metric spaces. Because of its simplicity and structure, it
has become a very popular tool in solving existence problems in many branches
of mathematical analysis. Many mathematicians have worked remarkably on
fixed point results for partially ordered metric spaces. The very first result in
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this direction was taken by Ran and Reurings [30], it was a combination of
the Banach contraction principle and the Knaster-Tarski fixed point theorem.

The concept of coupled fixed point was introduced by Guo and Lakshmikan-
tham [14] in 1987. After this result, Bhaskar and Lakshmikantham [6] studied
applications of coupled fixed point theorems for binary mappings. They intro-
duced the concept of the mixed monotone property and proved certain coupled
fixed point theorems. These theorems are among the most interesting coupled
fixed point theorems for mappings in partially ordered metric spaces having
the mixed monotone property. Also, they proved the existence of a unique
solution for a periodic boundary value problem.

Nakano [23] presented the concept of modular space. Modular spaces were
studied by Musielak and Orlicz and other authors, see [16, 19, 20, 27, 28].
The modular metric space was introduced by Chistyakov [8] who constructed
a theory of this space via F-modular mappings in 2008. He also obtained some
results in [9, 10]. Mongkolkeha et al. [18] explored contraction mappings in
the setting of modular metric spaces to find fixed point theorems. Dehghan
et al. [12] gave an example concerning some results obtained in [18]. Several
fixed point theorems on modular metric spaces were proved and a homotopy
application was given in [13]. The theory has evolved with works done by
authors like Abdou [1], Abobaker and Ryan [2], Mitrovic et al. [17] and
Hussain [15]. Many researchers have been pursuing the study of fixed points
in the field of modular metric spaces (see, [3], [7], [22], [24], [25], [26], [29],
[32]).

Recently, Mutlu et al. [21] extended certain coupled fixed point theorems
which was introduced the mappings having the mixed monotone property in
various metric spaces to partially ordered modular metric spaces and proved
the existence of a unique solution for a given nonlinear integral equation (see,
also Sharma and Jain [31]).

Inspired and motivated by the above research studies, the aim of this work is
to prove certain coupled fixed point theorems for mixed monotone mappings in
partially ordered modular metric spaces and provide some consequences of the
main results. Also, we give some examples in support of the established results.
Finally, an application to the Volterra type integral equation is included. Our
results extend, generalize and enrich several results in the existing literature.

2. PRELIMINARIES

In this section, we give a series of definitions of some fundamental concepts
related to modular metric spaces.
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Definition 2.1. ([19]) Let M be a vector space on R and p: M — [0, 0] be
a function. If p satisfies the following axioms, we call that p is a modular on
M:

) p(0) =
)Iface M and p(fa) = 0 for all numbers 5 > 0, then a = 0;
) (=

a) = p(a), for all a € M;
) p(Ba+~b) < p(a)+ p(b), for all 3,7 >0 with 5+~ =1 and a,b € M.

Let M # () and w: (0,00) x M x M — [0,00] be a function where A\ €
(0,00). Throughout this paper, the value w(A, a, b) is denoted by wy(a, b) for
all a,b € M and A > 0.

Definition 2.2. ([9]) Let M # 0 and w: (0,00) x M x M — [0,00] be a
function. If w satisfies the following axioms for all a, b, c € M, we call that w
is a metric modular on M:

(m1) wa(a,b) =0 forall A\ >0 < a =10

(m2) wa(a,b) = wy(b,a) for all A > 0;

(m3) wiyula,b) <wz(a,c) +wu(c,b) for all A, u > 0.

(1
(2
(3
(4

If instead of condition (m1), we have the condition (m;+),

(mix) wa(a,a) =0 for all A >0, a € M,
then w is said to be pseudo-modular on M. The main property of a (pseudo)
modular function w on a set M is that given a,b € M, the function 0 < A —
wy(a,b) € [0, 00] is non-increasing on (0, co).

In fact, if 0 < g < A, then (ms3), (mq+) and (mg) imply

wi(a,b) < wr_pu(a,a) +wy(a,b) = wy(a,b). (2.1)

A modular (pseudo-modular, strict modular) function w on M is said to
be convex if, instead of (mg), for all A\, > 0 and a,b,c € M it satisfies the
inequality

u
(may) wWatp(a,b) < g w)\(a, c) + mwu(c, b). (2.2)
From [9, 10], we know that as ﬁX ag € M, the two sets
M, = My(ag) = {a € M :wy(a,ap) = 0as A — oo} (2.3)
and

M*y = M*y(ap) = {a € M :3IX= A(a) > 0 suchthat wy(a,ap) < oo} (2.4)

are each known as modular sets around ay.
Moreover, from [9, 10], the modular space M, can be equipped by a metric

dy(a,b) = inf{\ > 0: wy(a,b) < A}, (2.5)

which is generated by w for any a,b € M,,, where w is a modular on M.
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Definition 2.3. ([10, 18]) Let M, be a modular metric space and {an }nen
be a sequence in M, and A C M,,. Then

(1) {an}nen is called modular convergent to an element a € M,,, if wy(an, a)
— 0 as n — oo for all A > 0 and any such an element a will be called
a modular limit of the sequence {ay}nen.

(ii) {an}nen is called a modular Cauchy sequence (w-Cauchy) if and only
if for all € > 0 there exists n(e) € N such that wy(an,an) < € for each
m,n > n(e) and A > 0.

(iii) A is called complete modular if every modular Cauchy sequence {a, }
in A is modular convergent in A.

Mongkolkeha et al. [18] introduced Banach contraction in modular metric
spaces. The definition is as follows:

Definition 2.4. ([18]) Let M, be a modular metric space. A self mapping
T on M, is said to be a contraction if there exists 0 < h < 1 such that

wx(Ta,Th) < hwy(a,b) (2.6)
for all a,b € M, and A > 0.

Definition 2.5. ([6]) Let (M, <) be a partially ordered set. The mapping
F: M x M — M is said to have the mixed monotone property if F'(a,b) is
monotone non-decreasing in a and is monotone non-increasing in b, that is,
for any a,b € M,

ai,as € M, al < ax = F(al,b) < F(ag,b)

and
bi,bo € M, b1 < by = F(a,bl) > F(a,bg).

Definition 2.6. ([6, 11]) An element (a,b) € M x M is said to be a coupled
fixed point of the mapping F': M x M — M if F(a,b) = a and F(b,a) = b.

Example 2.7. ([4]) Let M = [0,+00) and F: M x M — M be defined by
F(a,b) = “TH’ for all a,b € M. Then one can easily see that F' has a unique
coupled fixed point (0, 0).

Example 2.8. ([4]) Let M = [0,400) and F: M x M — M be defined by
F(a,b) = % for all a,b € M. Then we see that F' has two coupled fixed
point (0,0) and (1, 1), that is, the coupled fixed point is not unique.
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3. MAIN RESULTS

In this section, we shall prove some coupled fixed point theorems in the
setting of partially ordered modular metric spaces.

Theorem 3.1. Let (M, <) be a partially ordered complete modular metric
space and the mapping F': M, x M, = M, have the mized monotone prop-
erty in M. Suppose that the following condition is satisfies:

wx(F(a,b), F(s,t)) < A(a,b,s,t) (3.1)
for all a,b,s,t € My, and X > 0, where a > s, b <'t,
A(a,b,s,t) = awx(a,s)+ Bwr(b,t) +ywr(a, F(a,b))
+owx(s, F(s,t)) + 0wx(s, F(a,b)),

and o, 3,7, 0,0 are nonnegative reals such that o« + S +~v+0+6 < 1. If there
exist two elements ag,by € M., with ag < F(ag,by) and by > F(bg, ag), then
F has a unique coupled fixed point in M,,.

Proof. Let ag,by € My, be such that a9 < F(ag,bg) and by > F(bg,ap). Let
ay = F(ap,by) and by = F(by,ap). Then ap < a; and by > b;. Again, let
az = F(ay,b1) and by = F(b1,a1). Since F' has the mixed monotone property
on M,,, we have a1 < as and by > bs.

Repeating the above process, we get two sequences {a,} and {b,} in M,
such that a,+1 = F(an,b,) and by,41 = F(by, ay,) for all n > 0 and

ap<ar < <ap<ap1 <oy b0 > >0y > by > (3.2)

Now, using the condition (3.1) with a = a1, b = bp—1, s = a, and t = by,
we have

wx(an, apt1) = wA(F(an_l, bn—1), F(an, bn))
< A(an—1,bn-1,an,by) (3.3)
for all n > 0 and A > 0, where
A(an—1,bn—1,0n,bn) = awr(an_1,an) + Bwx(bn-1,bn)
+ywal@n-1, Fan-1,bn-1)) + S wa(an, F(an, by))
+ O wy(an, F(an—1,bn—1))
= awy(an-1,an) + Lwr(bp_1,bn) +ywr(an—1,an)
+ dwr(an, ant1) + Owy(an, an)
= (a+v)wr(an-1,an) + Lwr(bp_1,byn) + 0 wx(an, an+1)-
Using this in the equation (3.3), we obtain
wx(an, ant1) < (@ +7)wrlan—1,an) + Lwr(bp-1,bn) + dwr(an, ant1), (3.4)
for all n > 0 and A > 0.
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By a similar fashion, we can obtain
WA (bn, bpg1) < (@ +79) wr(bn—1,bn) + Bwr(an—1,an) + 0 wx(bp, bny1) (3.5)
for all n > 0 and A > 0. Adding equations (3.4) and (3.5), we obtain
wA(@n, an+1) + Wa(bn, bt1) < (o + y)[wa(an—1,an) + wr(bn-1,b,)]
+ Blwalan—1,an) + wr(bn-1,b,)]
+ 6 [wa(an, an+1) + W (bn, bpt1)]
= (a+ B+ 7)[wrlan—1,an) + wr(bn-1,bn)]
+ 0 [wr(an, ant1) + wx(bn, buy1)]- (3.6)
Let W,, = wyx(an, ant1) + wr(bn, bps1) for all n > 0 and A > 0. Then from
equation (3.6), we obtain
U, < (a4 B+7)Vp_q +6T,.
This implies that

a+B+y
v, < (7
"= 1-96
:H\Ijnfla

)\Ijnfl

where
_a+ B4y
_< 1-94 )
Since by the assumption of the theorem o+ 3+ v+ + 60 < 1, we have x < 1.
Continuing the same way, we obtain

0<VU, <k, | <KU, o< - < K" (3.7)

If ¥y = 0, then wy(ap,a1) + wx(bo,b1) = 0. Therefore, we get wy(ag,a1) =0
and wy (b, b1) = 0. Thus, from the condition (m;) of modular metric space,
we get ag < a; = F(agp,bp) and by > by = F(bp, ap). This implies that (ag, bp)
is a coupled fixed point of F.
Now, we show that {a,} and {b,} are modular Cauchy sequences. Now,
taking the limit as n — oo in equation (3.7), we obtain
lim ¥,, = nlL%o(wA(an, an+1) + wx(bp, bpt1)) =0, (3.8)

n—oo
since k < 1. Therefore, for a given € > 0 there exists ng € N such that
wx(@n, an+1) + wir(bp, bpy1) < e forall n > ng, A > 0. (3.9)

Without loss of generality, suppose that for m,n € N and n < m, there exists
n_x € N satisfying

w_a (an,ant1) +w_r (bp,bpi1) < foralln >n

A
m—n m—n — N m—n

(3.10)
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Thus, we obtain
wx(an, am) < WA (an, ant1) + WA (Ant1,nt2)
ot w s (amot,am) (3.11)
and
wWx(bn, b)) < wﬁ(bn, bp+1) + W (bp+1,bn+2)
+ 4w s (bne1,bm) (3.12)

m—n

for each n < m. Thus, from equations (3.9)-(3.11), we have

wWx(@n, am) + wr(bn, b)) < [W% (an,py1) + W_a_ (bn, bpg1)]

+...+[w%(am_1,am)+w A (bm—1,bm)]

< 4 f 44 f (3.13)

m-n m-n m-—n

forallm >n_» and A > 0. The above inequality shows that
wx(an, am) <&, wx(bn,bm) <€ (3.14)

for all n > n_x . This shows that {a,} and {b,} are modular Cauchy se-
quences in M,,. By the completeness of M,,, there exist a,b € M,,, we have

lim a, = a and lim b, =b.
n—oo n—oo

Hence, there exists ng € N with wa (an,a) < 5, wa (bn,b) < §, wa(an, ang1) <
2 2 2

g

S and wa (an, F(a,b)) < § for all n > ng, A > 0 and every € > 0. So, from
2

equation (3.1), we obtain
A (F(a,0),) < wy (F(@,b), au11) + 3 (an11,0)
F(a,b), F(ay,by)) + w%(anﬂ, a)

< AZ(a, b, an, by) +w%(an+1,a), (3.15)
where
Aa,b,an,by) = awy (a,an) + ,BCU)\ (b, by) + ’yw%(a,F(a, b))
+ (5wi(an, (an,bp)) + Qw%(an,F(a, b))
(b, by) —i—vwé(a,F(a, b))
—l—dcu%(an,anﬂ) Hw%(an,F(a,b)).

—ozwx(a an)—i—ﬁun
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Using this in equation (3.15), we obtain
wx(F(a,b),a) < aw%(a, an) + Bw%(b, bn) + 'yw%(a, F(a,b))
+ 5w% (@p,y A1) + Gw%(an, F(a,b)) + w) (ant1,a)

S & & 9 €

<Oé§+/B§+’YW%(CL,F(G,Z)))+5§+0§+§
9 €
=(a+8+5+0); +rwrla, Fla b)) + 5.

This implies that
€ €
(1 —y)war(F(a,b),a) < (a+B+0d+ 9)5 + 3
or
a+B+85+0\¢ 1 \e
)i (=)
I -
< = + s = €
2 2 7
since by hypothesis o+ 5+ v+ J + 6 < 1. Thus, we get F(a,b) = a.
By a similar fashion, we can show that F'(b,a) = b. This shows that (a,b)
is a coupled fixed point of F.
Now, we prove the uniqueness of coupled fixed point. Assume that F' has
another coupled fixed point (am,,by,) such that (a,b) # (am,bn). Then for
A > 0, we obtain

wa(F(a,b),a) < (

wx(am,a) = wr(F(am,bm), F(a,b))
< A(am,bm,a,b), (3.16)

where

A, b, a,b) = awy(am,a) + Bwx(bm,b) + v wi(am, F(am, b))
+dwy(a, F(a,b)) + 0wx(a, F(am,bn))
= awx(am,a) + Bwx(bm,b) + v wi(am, am)
+owy(a,a) + 0wy (a,an)
= (a+ O)wr(am,a) + Bwr(bm,b).

Using this in equation (3.16), we obtain
wr(am, a) < (a+ O)wr(am, a) + Bwr(bm, b). (3.17)
Similarly, we can show that

Wx (b, b) < (a4 )wx (b, b) + Bwxr(am,a). (3.18)
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Adding equations (3.17) and (3.18), we obtain
wx(@m, a) + wx(bm, b) < (a + 0)[wr(am, a) + wx(bm, b)]
+ B lwa(am, a) + wx(bm, b)]
= (a+ B+ 0)|[wr(am,a) + wx(bm,b)]
< wx(am, a) + wx(bm, b),
which is a contradiction, since o« + 4+ 0 < 1. Hence, we get wy(am,a) +
wx(bm,b) = 0 for all A > 0. Thus, we obtain wy(a,,a) = 0, that is, a,, = a

and wy (b, b) = 0, that is, b, = b. Therefore, (a,b) is a unique coupled fixed
point of F'. This completes the proof. Il

Remark 3.2. Theorem 3.1 generalizes Theorem 3.3 of [21] for more general
contractive condition.

Remark 3.3. Theorem 3.1 also extends and generalizes Theorem 2.1 of [6]
from partially ordered complete metric spaces to partially ordered complete
modular metric spaces and more general contractive condition.

If we take a = k, f =1 and v = § = 0 = 0 where k,[ € [0,1) in Theorem
3.1, then we have the following result.

Corollary 3.4. (Theorem 3.3, [21]) Let (M, <) be a partially ordered com-
plete modular metric space and the mapping F: M, x M, — M., have the

mixed monotone property in M,,. Suppose that the following condition is sat-
isfied:

wx(F'(a,b), F(s,t)) < kwx(a,s) + lwx(b,t), (3.19)
for all a,b,s,t € M, and A > 0, where a > s, b <t and k,l are nonnegative

reals such that k +1 < 1. If there exist two elements ag, by € M, with ag <
F(ag,by) and by > F(by,ag), then F has a unique coupled fized point in M,,.

If we take y =k, § =1l and o = 8 = § = 0 where k,l € [0,1) in Theorem
3.1, then we have the following result.

Corollary 3.5. Let (M,,, <) be a partially ordered complete modular met-
ric space and the mapping F: M, x My, — M, have the mized monotone
property in M. Suppose that the following condition is satisfied:

wx(F(a,b), F(s,t)) < kwx(a, F(a,b)) + lwx(s, F(s,t)), (3.20)

for all a,b,s,t € My, and X\ > 0, where a > s, b <t and k,l are nonnegative
reals such that k +1 < 1. If there exist two elements ag,by € M, with ag <
F(ag,bp) and by > F(by,ap), then F' has a unique coupled fized point in M,,.



34 G. S. Saluja and J. K. Kim

If we take £k = [ in Corollary 3.4 and Corollary 3.5, then we have the
following results.

Corollary 3.6. (Corollary 3.4, [21]) Let (M, <) be a partially ordered com-
plete modular metric space and the mapping F: M, x M, — M, have the
mixed monotone property in M,,. Suppose that the following condition is sat-

isfied:
wr(Fla,b), Fs.1)) < g wr(a,5) + wx (b, 1)), (3.21)

for all a,b,s,t € My, and X\ > 0, where a > s, b < t and k € [0,1) is a
constant. If there ezist two elements ag,by € M, with ag < F(ap,by) and
by > F(by,ag), then F' has a unique coupled fixed point in M.,.

Remark 3.7. Corollary 3.6 extends and generalizes Theorem 2.1 of [6] from
partially ordered complete metric spaces to partially ordered complete modu-
lar metric spaces.

Corollary 3.8. Let (M,,,<) be a partially ordered complete modular met-
ric space and the mapping F: M, x M, — M, have the mized monotone
property in M,,. Suppose that the following condition is satisfied:

wx(F(a,b), F(s,t)) < g [wa(a, F(a,b)) + wx(s, F(s,t))], (3.22)

for all a,b,s,t € M, and X > 0, where a > s, b < t and k € [0,1) is a
constant. If there exist two elements ag,by € M, with ag < F(ag,by) and
bo > F(bo,ap), then F has a unique coupled fized point in M,,.

If we take « = h, f = =0 = 6 = 0 and define F(a,a) = Ta in Theorem
3.1, then we have the following result.

Corollary 3.9. (Theorem 3.2, [18]) Let w be a metric modular on M and M,
be a modular metric space induced by w. If M, is complete, then the mapping
T: M, — M, satisfies the contractive condition:

wx(Ta, Th) < hwy(a,b) (3.23)

for all a,b € M,, and all X > 0, where h € [0,1) is a constant. Then T has a
unique fized point in M,,.

Theorem 3.10. Let (M,,, <) be a partially ordered complete modular metric
space and the mapping F: My, x M, — M, has the mized monotone property
mn M,,. Suppose that the following condition is satisfies:

wx(F(a,b), F(s,t)) < o¥(a,b,s,t) (3.24)
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for all a,b,s,t € My, and A > 0, where a > s, b < t,

U(a,b,s,t) = max {w,\(a, s),wx(b,t),wxr(a, F(a,b)),

(5, F(s,1)),wn(s, F(a,b)) |

and o € (0,1) is a constant. If there exist two elements ag,by € M, with
ap < F(ag,by) and by > F(bo,ap), then F has a unique coupled fized point in
M,,.

Proof. Tt follows from Theorem 3.1 by noting that
O[OJ)\(CL, S) + ﬁW)\(b, t) + fywk(a’ F(av b)) + 50‘))\(87 F(S7 t)) + 0&))\(5, F(CL, b))
< (a+ B+ + 0+ 0) max{wi(a,s), wr(b, £),wr(a, F(a, b)),
wx(s, F(s, 1)), wx(s, Fla, )}

= 0 max {w,\(a, s),wx(b,t),wr(a, F(a,b)),wx(s, F(s,t)),wr(s, F(a, b))},

wherec =a++v+d6+60 < 1. O

Example 3.11. Let M, = R. If we take the usual partial order 7 < ” in
R, then (M, <) is a partially ordered set. We define a mapping w: (0, 00) X
My X My, — [0,00) by w(a,b) = 2 for all a,b € M,, and A > 0. Tt can
said that M., is a complete modular metric space. We consider the mapping

F: M, x M, — M, such that F(a,b) = “TH’. It is easy to see that F' has

the mixed monotone property. Then, we have
a+b s+ t)
6 6

wn(F(a,b), F(s,1)) = wr (
_lia+b s+t

_X‘ 6 6 ‘

lia—s+b—t

=g |

<5(5+ 5

= é(w,\(a, s) + wa(b, t))

for any a,b,s,t € M, and A > 0. Thus, the inequality (3.21) of Corollary
3.6 is satisfied for k = % < 1. Therefore, from Corollary 3.6, F' has a unique
coupled fixed point. Also, there are ap = 0 < F(0,0) = F(aop,bo) and by =
0 > F(0,0) = F(bg,ap). It is obvious that (0,0) is the unique coupled fixed
point of F. Similarly, we can verify the conditions of Corollary 3.8.
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On the other hand if F': M, x M, — M, is defined by F(a,b) = ‘ITH”

then F' satisfies the the inequality (3.21) of Corollary 3.6 for £ = 1. Then, we
obtain

b
wr(Pla,0), F(s, 1) =er (52,27

l‘a—I—b_ s—I—t‘
A2 2
1"1_3+b_t’
2 A

(575

= %(w)\(a, s) + wa(D, t))

In this case, the coupled fixed points of F' are (0,0) and (1,1). Thus,
the coupled fixed point of F' is not unique. Hence, the conditions £ < 1 in
Corollary 3.6 and Corollary 3.8 and k41 < 1 in Corollary 3.4 and Corollary 3.5
are the most appropriate conditions for satisfying the uniqueness of coupled
fixed point.

Example 3.12. Let M, = R. If we take the usual partial order 7 <” in R.
Then (M,,, <) is a partially ordered set. We define a mapping w: (0,00) X
M, x M, — [0,00) by wy(a,b) = @ for all a,b € M, and A > 0. It can
said that M., is a complete modular metric space. We consider the mapping
F: My, x M, — M, such that F(a,b) = 3GT_b. It is easy to see that F' has
the mixed monotone property. Let us take a # s and b = ¢ in the inequality
of Corollary 3.6. Hence p = |a — s| > 0.

Now, using inequality of Corollary 3.6, we have

3 3la—s|

AT T A
— wr(F(a,b), F(s,t))

S(WA(C% s) + wx(b, t))

_l;:(|a;s\+\b;t]>

-5
k

a:u’v

IN
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that is,

3 <£ or k;>§
sal = ok =5

which is a contradiction. Hence the Corollary 3.6 is not applicable to the
operator F' in order to prove that (0,0) is a unique coupled fixed point of F'.

4. AN APPLICATION TO THE VOLTERRA TYPE INTEGRAL EQUATIONS

In this section, we show that there exists a unique solution of a Volterra
type integral equations using the Corollary 3.6.
We consider the following Volterra type integral equations:

U
a(u) = h(u) + /0 k(u, p)g(u, a(p), b(p))dp, u € [0,U] = I,
U

b(u) = h(u) + /0 k(s p)g(u, b(p), a(p))dp, u € [0.U) =1, (4.1)

where U €e RT with U >0, g: I XxRxR - R, k: I xR — R and h: I — R,
I =10,U] and k(u,p) is called the kernel function.

Let M, = C(I,R) and M, be a partially ordered set. We define the order
relation as follows:

a<b < a(u) <blu),

for all a,b € M, and all u € I. We can easily see that M, is a complete
modular metric space such that

_ o a(u) = b(u)|
wi(a,b) = Sup

for all a,b € M, and A > 0.
We consider the following assumptions:

(i) the mappings g: I x RxR - R, k: I xR — R and h: I — R are
continuous;
(ii) there exists a non-negative constant 0 < k < 1 such that

ﬁ(|a—s]+|b—t|>
2 A ’
for all a,b,s,t € My, u € I and A > 0 where a > s, b < t;

(iii)

0 <g(u,a,b) —g(u,s,t) < (4.2)

U
SUP/ |k(u, p)ldp < 1;
uel JO
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(iv) there exist xg,yo € M, such that
U
) 2 ha)+ [ K plgCu,20(p), 1)

U
o) < hu) + /0 (. p)g (s 4o (p), 70 (p)dp.

Definition 4.1. (n,0) € C(I,R) x C(I,R) is called a coupled lower and upper
solution of the integral equations (4.1) if n(u) < 6(u) and

U
n(u) < h(u) + /0 (u, p)g (s (). 6(p))dp,

U
0(u) < h(u) + / (. p)g (s, 0(p), 1(p) )dp

forall u e I.

Theorem 4.2. Consider the Corollary 3.6 and assume that the conditions
(1) - (iv) are satisfied. The integral equations (4.1) has a unique solution in
M, = C(1,R) if there exists a coupled lower and upper solution for equations
(4.1).

Proof. Let M, = C(I,R), M,, is a partially ordered set if we define the order
relation such that a,b € C(I,R) and all u € I,

a<b < a(u) <b(u).

It is clear that M., is a complete modular metric space such that

wy(a,b) = sup |a(u);b(u)]’ (4.3)
uel

foralla,b € C(I,R) and all A > 0. Also, we define a partial order on M, x M,,,
where M, = C(I,R) such that

(a,b) < (s,t) = a(u) < s(u) and b(u) > t(u),

for (a,b), (s,t) € M, x M, and all v € I.
Now, we define F': M, x M, = M,, with

U
Fl(a,b)(u) = h(u) + /0 (. p)g(u, alp). b(p))dp, (4.4)

for all a,b € M, and u € I.
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We need to show that F' has the mixed monotone property. If a; < as, that
is, a1(u) < az(u) for all w € I, by assumption (ii), we get

U
Flar,b)(u) — F(as, b)(u) = /0 (u, p)g(u, axr(p), b(p))dp
U
- / k(s p)g (s 0 (p), b(p)dp

U
:/0 k(u, p) (g(u,a1(p), b(p))

— g(u, az(p), b(p)))dp
<0.

Then, F(ai,b)(u) < F(ag,b)(u) for all w € I, that is, F(a1,b) < F(azg,b).
Similarly, if by > by, that is, by (u) > ba(u) for all u € I, by assumption (ii),
we get

U
F(a,by)(u) — F(a, by)(u) = /0 k(u, p)g(u, alp), b1(p))dp
U
_/0 k(u,p)g(u,a(p), ba(p))dp

U
:/0 k(u,p)(g9(u, a(p), bi(p))

— g(u,a(p), ba2(p)))dp
<0.

Then, F(a,b1)(u) < F(a,b2)(u) for all u € I, that is, F(a,b1) < F(a,b2).
Thus, F'(a,b) is monotone non-decreasing in a and monotone non-increasing
in b.

Now, we show that F' has a coupled fixed point. Let a > s and b < t. Then
a(u) > s(u) and b(u) < t(u) for all w € I. From equations (4.2), (4.3) and
(4.4), we obtain

(@, b)(w) = F(s,)(u)]
A
| kgt ). b@)dp [ kgl s(p). )]
B A
‘ Jo k() (g(u, a(p), b(p)) — g(u, 5(p), t(p))dp‘
a A
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_ Jo 1k, p)l g, a(p), bp)) — g(u, 5(p), t(p)|dp

- A
_ FJo B )l[(a(p) = 5(p)) + (b(p) ~ t(p))|dp
-2 A
U alp) — s —
Sl;/o |k(u’p)‘(| (p))\ (p)|+|b(p)At(p)|>dp
kY ap) = sw)| , 1) = Hp)
<3 [, pletep (s S b BESE
al\u) — s\u u)—1t\u v
< S(i‘éﬁ’mA()*i‘E M>i‘é§’/o [k (o, )| dp
E (200 = 3C0] | [b(w) — ()]
<3 )

for all A > 0 which implies that

P00 = ] K (g 00 =s0] 100~ 0y

uel A uel A
Hence, we obtain

wx(F(a,b), F(s,t)) < g (w,\(a, s) + wA(b,t)),

for all a,b,s,t € M, and all A > 0.
On the other hand, let (1,0) be a coupled lower and upper solution of the
integral equations (4.1). Then we obtain

n(u) < F(n,0)(u) and 6(u) = F(6,7)(u),
for all u € I, where 1,0 € M,,. Hence,
n < F(n,0)and 0 > F(6,n).

Thus, we obtain that all the conditions of Corollary 3.6 are satisfied. Hence,
from Corollary 3.6, we get a unique solution (a,b) € M, x M, of integral
equations (4.1), where M,, = C(I,R). O

The aforesaid application is illustrated by the following example.

Example 4.3. Let M, = C([0,1],R) and ¢g: I x R x R — R. Now consider
the following functional integral equation:

_ut T Yop® sinug a(p) 1b(p)]
alu) = — +/0 24(u+3) 9 <1+|a(p)y+1+\b(p)y>dp’

B ud+ 7 1 p? sinu / |b(p)] la(p)|
b(u) = —; +/0 24(u+3) 9 <1+!b(p)| T T el

)dp, (4.5)
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for all a,b € M,, and u € I = [0, 1]. Observe that the above equation (4.5) is
a special case of equations (4.1) with

_ sinw la(p)] 1b(p)|
g(wa.b) = = (1+|a<p>|+1+\b<p>!>’
_sinu/ [b(p)] la(p)]
g(w,b,a) = =5 (1+|b(p)\ 1+Ia(p)!>’
u’+7 P’ and U = 1.

h(w) = k - &
It is also easily seen that the functions g, h and k are continuous.
Moreover, there exists k = % with 0 < k£ < 1 such that

kE /la—s|+1[b—t
5( A )
for all a,b,s,t € My, v € I and A > 0, where a > s, b <t and
2

U Ly
sup / k(u,p)dp = sup / —————<dp
uelo,U] Jo we01]Jo 24(u+3)

1
= sup |(———) < 1.

Thus, the assumptions (i)-(iii) of Theorem 4.2 are satisfied.
Now, for arbitrary a, b, s,t € M,,, A > 0 and for all u € I = [0, 1], we have
l9(u,a,b) —g(u,s,t)] _ 1)sin U< lap)l  _[b(@)] )
A A9 N +la(p)| 1+ [b(p)]
_ sin U( ()] t(p)] )’
9 N +[s(p)| 1+ [t(p)|

1 k
< ﬁ(|a_8|+‘b_t|) :ﬁ(|a—s|+|b—t\).

Therefore, the function g satisfies equation (4.2) with k = 2 < 1.
Now, consider zo(u) = 1 and yo(u) = 1. Then we have

U
h(u) + /0 (s p)g o (p), 20 (p))dp

ud 47 Lp? 11
= — (=4 :=)d
4 +/0 24(u—{—3)<2+2>p

ud+7 1 2
= +/ pidp
4 o 24(u+3)

ud +7 1
= > 1.
1 T Thut3)”

0 S g(u7a7 b) —g(u,s,t) S




42 G. S. Saluja and J. K. Kim

That is, yo < F(yo, o). Similarly, it can be shown that xzy > F(x,yo). Thus
all the conditions of Theorem 4.2 are satisfied. It follows that the integral
equation (4.5) has a unique solution in M,, with M,, = C([0,1],R).

5. CONCLUSION

In this article, we establish some coupled fixed point theorems in the setting
of partially ordered modular metric spaces and provide some consequences as
corollaries of the established results. Furthermore, we give some examples in
support of the established results. Finally, an application to the Volterra type
integral equation is also included. The results reported in this paper extend,
generalize and enrich several results in the existing literature (see, for example
[6] and [21]).
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