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Abstract. In this paper, we consider the problem of recovering the heat distribution for a
nonlinear diffusion equation with local and nonlocal operators with Gaussian white noise.
As commonly acknowledged, the problem is severely ill-posed according to Hadamard’s def-
inition. Consequently, we propose the Fourier truncation method to regularize the problem.
With different assumptions on the exact solution, the estimation of the expectation of the

error between the regularized solution and the exact solution is obtained.

1. INTRODUCTION

The coupling operator of local and nonlocal type appears in many real-world
applications. The couping operator was used to describe the diffusion law of
particles that follow the Levy and Brownian processes simultaneously. In
practical aspects, the coupling operator was used in the modeling of biological
population dynamic where a population with density can possibly alternate
both short and long range random walks. This could be motivated, for in-
stance, by a superposition between local exploration of the environment and
hunting strategies. Another concrete application of coupling operators of local
and nonlocal type can be found in plasma physics. In astrophysical plasmas,
the magnetic fields can be used to confine high temperature plasmas. This
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is considered as one of the most promising mechanism to achieve controlled
nuclear fusion. That is to say, understanding heat transport in magnetized
plasmas in a currently open and challenging problem in plasma physics due to
its complex structure. In addition, the heat transport in magnetized plasmas
is strongly anisotroplic. Particularly, the parallel heat flux is many orders
of magnitude larger than the perpendicular heat flux. The situation is even
worse in the low collisionlity plasmas of interest to controlled fusion, the clo-
sure relation of the parallel heat flux typically involves non - local operators
along the field line, turning the parallel heat transport equation into an in-
tegero - differential equation combining of both local and nonlocal operators.
Other applications of coupling local and nonlocal diffusion can be found in
the model of light - sensitive Belousove - Zhabotinsky reaction in chemistry.
(see [5-7,11,17]).

In theoretical aspects, the diffusion operators with coupling of local and
nonlocal type has been studied in several aspects containing elliptic bound-
ary value problem, the semilinear elliptic equation, the logistic equation, the
shape optimization problems for mixed operators, the continuous dependence
estimates for viscosity solutions, the nonlocal Allen - Cahn type equation,
the nonlocal variant of the classical Cahn - Hillard equation, the wave equa-
tions with frational damping and the decay estimate for evolution equations
(see [3,4,9,10,12-14,16,22,27,31]).

Inspired by the various applications of nonlinear diffusion with coupling
operator, let D = (0,7), we investigate the problem of determining the tem-
perature distribution u(x, t) for t € [0, T") which satisfies the following nonlinear
diffusion equation

ug(x,t) — aAu(x,t) + f(—A)Tu(z, t) = f(x,t,u(z,t)), (z,t) € D x[0,T],

(1.1)
and conditions

u(0,8) = u(m,t) =0, t € [0,T], (1.2)

u(z,T) = g(z), z € D, (1.3)

where the numbers o, 8 > 0, v € (0, 1), the final time T > 0, the final data
g(z) and the nonlinear source f(x,t,u) are given. The fractional Laplacian
operator (—A)? which will be defined in section 2.

The problem (1.1)-(1.3) is widely acknowledged as severely ill-posed, indi-
cating that the solution does not exhibit continuous dependence on the input
data. In other words, even minor perturbations in the input data can lead to
significant changes in the solution. Therefore, implementing an appropriate
regularization process is essential to obtain a stable solution.
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The problem (1.1)-(1.3) for the case & > 0,3 = 0 becomes the backward
problem for classical nonlinear parabolic equation, which has been extensively
investigated in many papers (see [32,33]). For instance, in [32], Trong and
co-authors use an association of the quasi-reversibility method and the quasi-
boundary value method to regularize the problem. In [33], Trong and Tuan
regularized the problem in the two - dimensional case by using the Fourier
truncation method. When o = 0,5 > 0, the problem (1.1) - (1.3) will be-
come the backward problem for the space-fractional diffusion equation has
been studied by many mathematicians (see [26,36-38]). Especially, in [37],
Zheng introduced the negative exponential regularization technique to tackle
the problem of backward diffusion in the homogeneous case. In [26], Triet,
Khieu, Khanh, Hung regularized the problem in the nonhomogeneous case.
When « > 0, > 0, the problem (1.1) - (1.3) in the nonhomogeneous case has
been considered by some authors (see [20,25]). For example, in [20], Khieu
and Hung used the filter method to regularize the problem . In [25], Li and
Zhang tackled the problem by applying the Landweber iterative regularization
method.

In addition, there is the error in the measurement, so we need to assume the
presence of an approximation g.. If the error comes from controllable sources,
it is assumed to be bounded by a fixed € > 0 and has been studied much
in previous papers. While this model simplifies the assessment of solution
errors, it may not fully reflect reality. Recently, researchers have been con-
sidering the inverse problem for the heat equation with random input data to
better understand and model the diffusion of pollutants in the environment.
Environmental factors like temperature, sunlight, wind, rain, and humidity
introduce randomness into the problem’s data. Consequently, numerical data
deviates from exact data due to random noise, with the random noise model
offering a more realistic representation. Some scientists have embraced this
approach, as evidenced by recent studies (see [28,35]). However, evaluating
the error of the solution becomes more complex because the solution itself is a
random variable. One widely-used random process is white noise, owing to its
broad applications across various disciplines such as engineering, science, and
business. It finds utility in electronic systems, signal processing, econometric
models, and acoustics, among other fields.

As far as we are aware, the problem (1.1)-(1.3) in the nonlinear case with
Gaussian white noise has not been explored and this is the motivation of our
paper. Hence, in this present article, we study the problem (1.1)-(1.3) with
the following random model

ge(w) = g(x) + e€(x),
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where € > 0 represents the magnitude of the noise and ¢ is a Gaussian white
noise process. To address the regularization of the problem, we will employ
the Fourier truncation method. Considering various conditions on the exact
solution, we aim to determine the convergence rate of Holder or logarithmic
type of the expectation of the error between the regularized solution and the
exact solution.

The rest of this present paper is organized into four sections. In section 2, we
introduces some definitions and find the solution of the problem. In section
3, we prove the ill-posedness of the problem. In section 4, we propose the
regularization method and estimate the expectation of the error between the
regularized solution and the exact solution. In section 5, we give a numerical
example to illustrate the effectiveness of the theory. In section 6, we give a
conclusion.

2. PRELIMINARIES AND FUNDAMENTAL SOLUTION

Throughout this paper, we denote D = (0, 7).

Definition 2.1. Let us consider

™

L*(D) = {v: D — R |v is Lebesgue measurable and /]v(x)\Q dr < o0 o,
0
with the inner product

(v1,v9) = /vl(az)vg(az) dx, for vy,vy € L2(D)
0

and
/2

- 1
Joll = / o(a))? da
0

Lemma 2.2. ([15]) Let {\,},cy are all the eigenvalues of the operator —A,
and {¢n(x)}, ey are the corresponding eigenfunctions satisfy

_A¢n(x) - )\n¢n(x)7x € D7
on(x) =0,2 € 0D,

2

where A = ) 18 the one-dimensional Laplace operator. Then
x

A\p =n? and ¢p(z) = \/Esin(nx). (2.1)



A backward problem for the nonlinear diffusion equation 83

Note that {¢n(z)},cy is an orthonormal basis of L*(D).

Definition 2.3. ([19]) Let v € L?(D). For every a > 0, the fractional
Laplacian operator is defined as follows

(=A)*0(x) = Y 0 (v, ¢n) $u(2),
n=1
where ¢, (z) is given by (2.1).

Definition 2.4. ([19]) For s > 0, let us consider

H¥(D) = { € 13(D): 3 n® (v, dn) ? < oo}
n=1
and
o0 1/2
[0l s (py = (Z n2s‘<va¢n>|2> ;
n=1
where ¢, (z) is given by (2.1).

Notify that H*(D) is a Hilbert space with the inner product

<f7 g)HS(D) = Z 7’L25<f, ¢n><ga ¢n>
n=1

Definition 2.5. Let us consider
C([0,T]; L*(D))

= {v :[0,T] — L*(D) is measurable and sup |[jv(.,t)|| < oo}
0<t<T
and
v . = su v(., 1) .
| ||C([0,T],L2(D)) ogthH ol
Definition 2.6. Let us consider

C([o,T]; H*(D))
= {U :[0,T] — H*(D) is measurable and sup [[v(., )| ys(p) < oo}
0<t<T

and
T Hs = sup [[v(,t)|lgsp -
1ol om0y O<t£ (., Ol (D)
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Definition 2.7. ([30]) Given a measure probability space €. Let us consider
the Bochner space

L*(Q,L*(D)) = {v : Q — L?(D) is measurable and E ||v||* < oo}

vl 20, z2(py) = VE llo]*.

Definition 2.8. Let us consider the normed space

and

Vr = {v . [0,T] — L*(Q, L*(D)) is measurable and sup \/E [v(.,)|* < oo}
0<t<T

2
[0lly, = sup \JE (., )|
0<t<T

Definition 2.9. ([8]) Let H be a Hilbert space. We say that & is a white noise
process if Cove = I and the random variables are Gaussian: for all functions

and

g1, 92 € H, the random variables (£, g;) have normal distributions N (0, || ngQ)
and Cov (<£7 gl>7 <§7 g2>) = <g1, 92>-

Lemma 2.10. ([8]) Let £ be a white noise process in a Hilbert space H and
{én} be an orthonormal basis in H. Define &, by &, = (£, ¢n). Then {&,} are
independent and identically distributed standard Gaussian random variables.

In what follows, we introduce some assumptions.
(H1): g € L*(D).
(H2): f:[0,7] x [0,T] x R — R satisfying f(z,y,0) = 0 and
’f(ﬂ?,t,’li) - f($7t7v)‘ < K"U, - U‘a
for K > 0 independent of z,t, u, v.
Theorem 2.11. Suppose that assumptions (H1) - (H2) are fulfilled. If the
problem (1.1)-(1.3) has a solution in C([0,T); L*(D)) then the solution is given
by
s 2 2~ T—t r 2 6 27 —t
ula,t) = Y [l T, / @mHININE f () (s)ds| g (@),

n=1 t

(2.2)
where
In = (g, Pn),
f”(u)(s) = (f('737u('>8))>¢n>-
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Proof. If u(x,t) represents a solution of the problem (1.1)-(1.3), and it takes
the form u(x,t) = > wuy,(t) sin(nz), where u,(t) = (u(.,t), ¢), then by multi-

n=
plying both sides of equation (1.1) by sin(nz) and integrating over the domain
D, we obtain:

Loin(t) + (an + B Yun (1) = Fulu) 1) (2.3)

Multiplying both sides of (2.2) by elan®+Bn*Nt 41 taking the integral from
t to T', we obtain

T 5 2y / T 2 27y
/ (e(an +Bn )SUn(S)) ds = / plan®+pn )sfn(u)(s) ds.
t

t
Then, we have

T
@ HBINT (T _ plam®+5nP Nty (1) — / IS £ (u) (5) ds.
t
It implies that

T
(1) = elen®+Bn )T —t) / @ B (s=) £ (13 () dis.
t

So we get
o0 T
e t) = 3 [l PN, [t ) 5)ds ),
n=1 ¢
This completes the proof. O

In the next section, we will give an example to prove the ill-posedness of
the problem (1.1)-(1.3).

3. EXAMPLE OF THE ILL-POSEDNESS OF THE PROBLEM (1.1)-(1.3) wITH
GAUSSIAN WHITE NOISE

We give an example which shows that the problem (1.1)-(1.3) has a solution
and its solution is not stable. Let us consider the problem

ut(x,t) — 0.1Au(x, t) + 0.2(—A) u(x,t) = f(x,t,u), (x,t) € (0,7) % [0,1],

uw(0,t) = u(m, t) =0, t € [0,1],

u(@,1) = g(2), @ € (0,7),

(3.1)

where v = 0.7 and

fx,t,u(z,t)) = =8yt sin(t¥7) sin(z) + 0.2 cos(t¥7) sin(z) + 0.1u(z, t),
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g(z) = cos(1) sin(z).
The exact solution of the problem (3.1) is
Uer (, 1) = cos(t®7) sin(x).
Let us choose the measured data

gn(z) = g(z) +

Nw‘ =

5 3 (6 opl)

2
where ¢p(z) = \/7$in(px). We get
™
2 1 n 2
Ellgn —gll” = ?E Zlfp )
p:

n

where &, = (£, ¢p).

It follows from Lemma (2.2) that E(£2) = 1. It leads to

1

E lgn — gll* = (3.2)

m\»—\

n
The exact solution of the problem (3.1) corresponding to the measured data
Jn 1S

00 T

Z |: (0.1p%40.2p*7)(T— t)gn,p_/ 6(0.1p2+0.2p2”)(57t)fp(un)(S)ds ¢p($),
p=1 ¢

(3.3)

where

In.p = (Gn, p),
So(un)(s) = (f (. s,un(., ), dp).
We get

E lun(-,t) = tea (-, )|

E( il [ (0150275 (=0 (gnp — 9p)

/Te (0.1p24+0.2p27) (s—t) (fp(un)( s) — fp(uex)(s))dsP)

(Ee 0.1n240.2n27)(T— t)(

ﬁ

nn — gn)

-/ 02D 1 1)) — fuluer) ()] ).

t
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Using the inequality (a + b)2 > %a2 — b, a,b € R, we have the estimate

E Hun(, ) - Uex % [ (0-1n°+0.2n7)(T 1) (gn,n - gn)}2
2
{ (OI0H020) 6 (£, (1) (5) — f (e (5))s
=1 — (3.4)
Firstly, we have
1 2
Il _ iE |:e(0.1n2+0.2n27)(T—t) (gn,n B gn)
> L 2(0 1n240.2n%7)(T— t (5 )
B 2n§ "
1 2(0-1n%40.20°7)(T—t)
> B 3 . (3.5)
n2
Secondly, using Holder’s inequality, we get
T
ElL, <E / 1%ds
t
T
<[ [ OIEOBE s 15)) = Pl sl 5)),00) s
¢
T T
<E /lzds /62(0'1n2+0'2”27)(5_t)0.12(un(.,s) - uem(.,s),¢p>2ds
t t
T
<0 T/ 18) = el 5), 8p)” | ds
) p—1
T
<0 T/ sup E ||uy(.,s) — uez(.,s)Hst
J t<s<T
< 01272 sup E|Jun(.,t) — tee (-, 8)]|* . (3.6)
0<t<T
Combining (3.4), (3.5) and (3.6) yields
) 1 ¢2(0.1n40.2n°7)T
sup E ||up(.,t) — ez (-, 8)]|7 > (3.7)

0<t<T ~ 2(1+0.1272) ns
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From (3.2), we notice that

E ||lgn — g|I> = 0, (3.8)

when n — oo.
It implies from (3.7) that

sup E |un (., t) — tex (-, 1)]|* = o0, (3.9)
0<t<T

when n — oo. From (3.8) and (3.9), we deduce that the problem (1.1)-(1.3)
fails the stability condition. Hence, the problem (1.1)-(1.3) is ill-posed.

Next we will give a regularization method for the problem (1.1)-(1.3).

4. REGULARIZATION AND ERROR ESTIMATE

Lemma 4.1. Let g. € L*(D). Suppose that lin(l) N(e) = 400 and lin% e2N(e) =
e— e—
0. Put gn(e) such that

N(e)

gN(s)(x) = Z (9es Pn) P ().

n=1
Suppose that g € H*(D). Then we have the following estimate
1

2
Ellgne — 9| < eNie) + N> ||9||§JS(D) (4.1)
for any s >0 .
Proof. We have
) N(e)
Elgve =gl  =E D (ge—g.0)° | +E| D (g.6n)
n=1 n>N(e)
N(e)
=E| D&+ Y nn®(g6n)"

n=1 n>N (e)

Then, we get
1

E —_ql? < 2N _— 2 s .
lonee) —9||” <e°N(e) + O 1915+ (p)

This completes the proof. O
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We know that the terms e(@n’T8n*)(T—t) and elen®+5n*)(s=1) (p Jarge) are
the instability causes. Hence, to obtain the stability of the solution, we ap-
ply the Fourier truncation method to cut-off the high frequency term in the
solution and establish a regularized solution as follows

By (o)
2 2 _
U?v(e)(xvt) = Z [e(cm +AnT)(T t)(gN(e))n

n=1

T
_/ e(an2+,8n27)(sft)fn(uiv(€))(s)ds on(x), (4.2)

t
where By () satisfies liH(l) By () = +oc and will be chosen later.
e—

Theorem 4.2. Suppose that assumptions (H1)-(H2) are fulfilled. Then the
integral equation (4.2) has a unique solution u;:v(s) € Vr.

Proof. For u € Vp, we put
B

G(u)(z,t) = Z [e(a”uﬁnm)(T_t)(gN(e))n

n=1

T

- / e(a”2+5”27)(3*t)fn(u)(s)ds] sin(nx).

t

We claim that, for every u,v € Vp,t € [0,T],m > 1, we have
E(|G™ (u)(.t) = G™(v)(., 1)

_ m
< g2 T = 0" o 2 8) (B )T sup E [|u(.,t) —o(., )|*.
m! 0<t<T

In the case of m = 1, we get
E(|G(u)(.t) = G(v) (-, 1)

B (e

B> [ O £ () ) £ (0) ()]

n=1

2

9 T .¢]
< (T — t)e2@+A) (B o) T/ E §
t n=1

T
- t)e2(a+ﬁ)(BN(s))2T/t E[£(,sul.s)) = (800, 8)|%ds

Falu)(s) — fn@)(s)f) ds

T
< KT — t)e2<a+ﬂ><BN<s>>2T/ sup E||u(.,s) —v(., s)||>ds
t t<s<T
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< K2T(T — t)e2@tDBre)’T gup B |ju(.,t) — v(.,1)|%.
0<t<T

Thus, (4.3) holds for m = 1. Suppose that (4.3) holds for m = k, we shall
prove (4.3) holds for m = k 4 1. In fact, we have

|64 w)(.1) - G’““(v)(.,t)”2

Bn(e)
=E ( 2 / (P B (£ (G () (5) - fn<Gk<v>><s>>ds}2)

T [o.¢]
< (T — $)2@tB)(By ()T / E
<(T-1) t >

n=1

FalGH()(s) - fn<Gk<v>><s>f) ds

= (7 PO [T G 15, )

T 2
< K(T — )e2@+A)(Bx)*T / E HGk(u)(.,s) - Gk(v)(.,s)H ds
t
Therefore, we obtain

EHGkH( V(o) — GF Lo H
< KXT —t)e 2(a+B8)(Bn(e))*T

/ K% Tk 2K(AB) BN )T sup E ||ul., s) — (., s)|| ds
t<s<T

< K2 (1 - >Tk 204+ By )T sup E Ju.,#) — o(., )|

0<t<T

T (m_ Nk

X 7(T ) ds
. k!

k+1
< K2(k+1) %Tk—i-l62(k+1)(a+,3)(BN<E>)2T sup E HU(,t) . ’U(.,t)HQ )

(k+1)! 0<t<T
Thus, by the induction principle, we get
VEIG™(w)(..t) — Gm(o) (1)
_ /
< Km&w/? DT sup \JE Ju(.,1) — o, D)

(m!)1/2 0<t<T
Then we obtain

m m m mio 2
IG™ (w) — G™ ()|, < K e FRBEN )T ||y — vy, .

(mh)1/2
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Since K™ (5;/2 em@tA BN )T _y () when m — 00, there exists a positive

number mg such that

Ko ﬂemo(aJrﬁ)(BN(s))QT <1

(mg!)1/2
and G™° is a contraction. It follows that the equation G™°(u) = u has a
unique solution uf ) € Vr. In fact, we have G(G™ (u?v(a)) = G(ufjv(g)). Thus
G™o (G(u?v(a)) = G(ufv(e)).
By the uniqueness of the fixed point of G™°, we have G (ufv(e)) = ufv(e), SO
the equation G(u) = u has a unique solution ufv(e) € Vr. This completes the
proof. O

Next we will give the expectation of the error estimate between the regu-
larized solution and the exact solution under different conditions.

Theorem 4.3. Suppose that assumptions (H1)-(H2) are fulfilled. Suppose
there exists My > 0 such that HgHHS(D) < M. Let u be the exact solution of

the problem (1.1)-(1.3) and Uiy be the regularized solution corresponding to
the random data gy (). Suppose there exist ¢ > 0 and Q1 > 0 such that

> 02 uy ()2 < Q1, Yt e [0,7). (4.4)
n=1

Then the following estimate holds

2 s(T+1) -1 s
E Huif(&)(" t) _ u(’t)H §M262K2T(T_t) (5 (229$;3t7’ + <ln (1)> 6(2.9+1?((tx+ﬁ)T> ,
3

(4.5)
—q
where t € [0,T] and Ms = 4max {1 + M2, Q4 (m) }
Proof. We put
BN(E) 2 2~ T T 2 2~
va(s)(x,t): Z [e(om +8n27)( —t)gn_/t plan®+pn )(s_t)fn(va(s))(s)ds} o ().
n=1

2
Firstly, we estimate E ‘ “?\7(5)('7 t) — v]‘gv(g)(., t)H . Using the inequality

(a+b)* <2(a® + %),
we get

€

2
E ’ u‘?\f(s)(wt) - UN(E)('7t)H
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By (e 2
<2B( Y [T ()~ gn)| )

n=1

N(e)

(an n2 (s— 2
+2E Z ’/ B (5=0) (£, (u ?V(E))(s)—fn(ujv(e))(s))ds‘ )
Using Holder’s 1nequa11ty, we get
UN(a H

< 2% (OH-IB)(BN(E)) (T— t (Z‘ IN(e

+ 2(T _ t)672(a+:8)(BN(s)) t

T o
2(a+8) (B (e))?s
“(f "2

< 262NN T g g

)

2
Fultiy)(5) — Falwi)(9)] )

+ 9T e~ 2(a+B)(Bn (o))t

. 2
y /t 62(a+6)(BN(5))2SE Hf(, S’“‘}:V(e)('a S)) - f(7 S; U?V(&)(-a S))H dS.

Then we obtain
2
e2(a+B)(Bn())*tR ‘ ufv(g)(.,t) - UJEV(s)("t)H

< 22 FAENOITE ||gn ) — g
T
+2K°T / X
t
Applying Gronwall’s inequality, we get

2
tivey (+1) = ey (1)
< 22 A BN T NI =D || 1

2
Ul (5)("5) — U?V(E)("S)H ds.

2 +B) (Bn )t ‘

2
=l
Therefore, we have

o ot H
< % (Ot+,3)(BN(e ) (- 2K2T T—t) E HgN(a gH2 :

From Lemma 4.1, we obtain

2
W (1) = Vi (1)
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2(a+B8)(Bn(ey)?(T—t) 2K2T(T—t) ( 2 1 2
< 228 (B ) (T-1)¢ ( )(5 N(e) + wOF HgHHS(D)>
2(a+B8)(Bn (o)) (T—t) 2K2T(T—t) [ _2 M12
< 2e ©) e <€ N(E) + W) (46)

Now we estimate Hu(, t) — vjav(a)(.,t)H
Using the inequality (a + b)? < 2(a? + b?), we obtain

ity =i 0|

T 2

" |:e(an2+ﬁn2w)(T,t)gn _/ e(an?‘JFB”QW)(S*t)fn(u)(S)dS]
t

BN(s)

+2 z::l [/tT plan®+Bn?7)(s—1) (fn(UfV(a))(S) —fn(u)(s))dsr,

Using Holder’s inequality, we get

2
Ju.0) =0
< Q(BN(E))—Qqe—Zt(BN(€>)2 i 27 20

n=1

(an2+4Bn27)(T—t) T a2 pn20)(s—1) 2
X [e In — e fn(u)(s)ds}
t

w7 1) [ §S N D (£, (05 )(5) — fulu)(s)) s
n=1
< 2(By(o)) " 2e™ BN’ @y
w71 [ 0D | £, ) s) — S| s
< 2(By(e)) Me HPr0)Q

T
+2K2T6_2(a+6)(31\7(5))2t/ e2(a+B)(Bn (s))?s
t

Then we get

o20+B) (B (o))%t Hu(_7 £) ’2

- U?V(a) ('7 t)

< 2(By(o)) e BN @) Q2B B

2
V) (+s) —ul9)| d

S.



94 Huy Nguyen Quang

T 2
+2K2T/t 2(@+8) (B ())*s u(.,S)—U?v(a)(»S)H ds.

Using Gronwall’s inequality, we obtain

e2(0+B) (B (o))?t Hu(, t) — UJEV(E)(-a t) ’2

< 2Q1(By (o)) e 2N @) 2t (Bre)*t 2EFT(T 1),

It implies that
2
= <30 e,
Combining (4.6) and (4.7) gives
2
E ‘ u(}:\/(a)(v t) - u('a t)H

< 9E [uyiy (1) — vy (- t)H2 2 ul,t) v t)H2
< 462K2T(T7t)

M

2(a+8)(By(e))*(T—t) ( -2 et S
XF (VO + Fym

) + QI(BN(a))_2q€_2t(BN(5))1 .
(4.8)

[N

We choose N(g) = e %+ and By = (Wln(%)) . Then we have

2
E Huiv(e)(., £) — u(.,t)H
< 4€2K2T(T7t)
2s(T+t)

s I
14+ M2)e@+0T Inl = @ D) (@FAIT | |
e o (g (2) ]

—q
Putting My = 4max{ 1+ M2, Qs (%) } , we get the estimate

X

25+1) (atB)T

2
E’uﬁv(s)(.,t) —u(.,t)H

2s(T+t) 1 —-4q 2st
< M262K2T(T—t) (6 @s+DT 4 (ln <)> 5(2s+1)(sa+ﬁ)T> .
9

This completes the proof. O
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Remark 4.4. The error estimate derived from (4.5) at the initial time ¢ =0
is given by

2 . 1\
U?v(a)(,O) - u(70)H < M2€2K2T2 <5252+1 + <1n <€>> > )

This error estimate exhibits a logarithmic-type convergence for all ¢ € [0, 7]
due to the insufficiently strong condition on the exact solution. Consequently,
in the subsequent theorem, with a stronger condition on the exact solution,
we aim to establish a superior error estimate between the regularized solution
and the exact solution for all ¢ € [0, T].

E|

Theorem 4.5. Suppose that assumptions (H1)-(H2) are fulfilled and g be as
in Theorem 4.2. Let u be the exact solution of the problem (1.1)-(1.3) and U (o)

be the regularized solution corresponding to the random data gn (.. Suppose
there exist r > 0 and Qo > 0 such that

ST un (1) < Q2 VEE[0,T). (4.9)
n=1
Then the following estimate holds

25(T+t)

2 ST
u?v(g)('yt) _ u(’t)H < M362K2T(T_t) (6 2s+1)T 6(25+1§(a+ﬂ)T> , (4.10)

E|

where M3 = 4max{1 + M2, Qs}.

2
Proof. Now we estimate Hu(, t) — U?\/(E)(w t)” . Using the inequality (a+4b)? <
2(a® + b?), we obtain

[0 = o5 0

T
<2 Yo e | lent a0, / e<a"2+ﬁ”2”>(5‘”fn(u)(s)ds}2

7L>BN(8) t

B

T 2 2 2
) Z [/ plon?+Bn27)(s—t) (fn(’”?v(s))(s) _ fn(u)(s)>ds} )
n=1 t
Using Holder’s inequality, we get
) = e )|

0o
< 26727‘(31\](5))2 Z 62rn2
n=1
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(an?-+Bn27)(T—t) T (a2 42 (s—t) 2
X [e In — e fn(u)(s)ds}

t
-1 [ §S 6 (£ 0 )6) — Fulu)(s)) s
< 26—27’(31\7(5))2@;1
w71 [ e | o )0s) = Fu) (o) s
< 26—27«(31\,(5))2@2

T
4 K22t B) (B (o) / (2a+B)(By (o))
t

Then we get

o2(a+B)(Bn(e))?t H“(

2
£) = V(o (1)

< 22BN ()* Qqe2(atB) (B (o))t

T 2
+2K2T/t e2atB) (B (o)’s u(-,S)—va(e)(vS)H ds.

Using Gronwall’s inequality, we obtain

62(a+5)(BN(5))2tHU(., t) — U?\[(a)(-, t) HZS 2@26727(31\’(5))262(0‘+ﬁ)(BN(€))2t62K2T(T7t).

It implies that
H UN(E t)H <2Q2€ BN(E))2 2K*T(T— t) (411)

Combining (4.6) and (4.11) gives

2
E [[ufyio (1) — (., 1)

2
Uy () (1) = Vo (- H +2H U;:V(s)('vt)H
M} 2
< 2 2K°TT—1) [ 200t B)(Br )T (2 5y 4 ME (B’ |
<de e (s (e) + (N(e))25> + Qe
(4.12)

1

We choose N(g) = e T and By = (Wln(%)) * . Then we have

2 s(T+1)
Uy (1) — u(,t)H < 42KT(T—1) [(1 + MZ)E?QQI;SZ’ + Q25(29+1)(a+ﬂ)’f]
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Putting M3 = 4max{1 + M? Q2}, we obtain

B|

2 2 2s(T+t) 2sT
Uy (1) — u(-,t)H < M3 K1) (e @+0T 4 €<28+1>(a+ﬁ)T> .

This completes the proof. O

Remark 4.6. (1) We notice that the error estimate provided in (4.10) demon-
strates Holder-type convergence for all ¢ € [0,7] . This convergence rate is
better than the logarithmic-type rate described in Theorem 4.2. However, it’s
important to note that the error estimate (4.11) requires a strong condition
on the exact solution u(x,t), which can be considered a disadvantage.

(2) In the next theorem, we will give an error estimate of the expectation
between the regularized solution and the exact solution in C([0,T]; H1(D)).

Theorem 4.7. Suppose that assumptions (H1)-(H2) are fulfilled and g is as
in Theorem 4.2. Let u be the exact solution of the problem (1.1)-(1.3) and
u?v(a) be the reqularized solution corresponding to the random data gn(.. If

the condition (4.9) holds then we get the error estimate

2
E p—
E‘ UN(E)('7t) u('7t)HH‘1(D)
q S ST ST
< M, (ln (1>) [62K2T(T—t) (6 (225(3;;3?" + 5(25+1§(a+@)T) + 6(25+1§(a+B)T:|
13
(4.13)

q
fort €[0,T], where My =4 <m> max{l + M, Q2}.

Proof. We put

B (e

T
Wiy (@ 1)= 3 [ I, - / eI £ (1) (5)ds | ).
n=1
We deduce that
BN (e) )
]E| ‘U;:V(e)(’ t) - w?\f(e)(? t)”?’—[‘I(D) =E Z an <U§V(a)(a t) - u('7 t)v ¢n>
n=1
) BN () )
< }BN(a)} E Z <U§V(s)(’ t) - u(-7 t)7 ¢n>
n=1

2 €
< By | "Ellugy o (- 1) —ul, DI, (4.14)
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It follows from (4.12) and (4.14) that

E| i

U (5 t) — w?v(s)(‘,t)‘ (D)

2
<2 |BN(5)|2q €2K T(T-t)

2
2(a Bn())2(T—t 2 Mj —27(Bp(e))?
% | 2(@t+B)(Bn(e)*(T—1) <5 N(e) + (N(e?))QS) + Qoe (BN ] (4.15)
We consider the function
G(w) = w2e 9[>0, a>0. (4.16)

From the derivative of G is G'(w) = 2w?? e H¥* (¢ — Hw?), we know that G
is decreasing when Hw? > ¢. Since liII(l] Bpn(s) = +00, we see that if € small
E—

enough then QT(BN(E))z > q. Replacing H = 2r, w = By, into (4.16), we
obtain for n > By

G(n) = ane_zm2 < G(BN(E)) = ‘BN(E)IQqe_QT‘BN(E)P.

It implies that

15 2 2
[0 =g (O gy = 3 7t

n>BN<E)

= > G (ul1),6n)°
n>BN<5>

™™ 2
< G(BN(E)) Z 62 ’ <U(,t), ¢n>
TL>BN(5)
< Q| By (o[ e 2PN, (4.17)
Combining (4.15) and (4.17) gives
. 2
E } uN(a)('7t) - u('at)’ Ha(D)

2 2
<2E HU?V(E)(7t) - w]a\/'(s)(?t)‘ H(D) +2 Hu(7t) - w?V(E)(7t)‘ Ha(D)
<4 ’BN(€)|2qe2K2T(T—t)

M? >
2(a+B)(Bn ()2 (T—t) [ 2 e —2r(Bp(e))
“ (5 Ne (N(e»%) e ]

+ 4Q)9 ’BN(E) |2q 6_2r|BN(6) * .
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1
We choose N(g) = e+ and By = (Wln(%)) * . Then we have
2

E [ufvioy(+8) - u(.,t)HHq(D)

camor (s ()Y
= 2s+1)(a+ /)T \e

2s(T+t) 2sr
x (1 + M12)5(25+1)T + Qo TFD(@FAT

4Q ( 5 1 <1>>q @D AT
_|_ n — 625+1 a+ T‘
2 2s+1)(a+ BT \e¢

Puttlng M4 == 4 (m)q maX{l + M].27 QQ}, we Obtain
R 2
E ‘ uN(e)(7t) - u('jt)HHq(D)

q 2s(T+t) 2sr 2sr
< M, (m <i>> [@QKZT(T—U <5(28+1)T + 5(25+1)(a+ﬁ)T> + 5(25+1)(a+ﬁ)T] ’
which completes the proof. O

Remark 4.8. In physics and engineering, the estimation on a Hilbert scale
space, for instance H%(D) is significant. Moreover, getting the error estimate
in H9(D) is more difficult than in L?(D). So, the result in above theorem is
new and remarkable.

5. NUMERICAL EXAMPLE

In this section, we construct an illustrate example for our regularization
method. We consider the following problem

ug(x,t)—0.1Au(z, t)+0.2(—=A) u(z, t) = f(x, t,u(x, t)), (x,t) € (0,7) x [0, 1],
uw(0,t) = u(m,t) =0, t € [0,1],
u(z,1) = g(z), x € (0,m),

(5.1)

where v = 0.7 and
f(z,t,u(z,t)) = =8yt sin(t¥) sin(z) + 0.2 cos(t*7) sin(z) + 0.1u(z, t),
g(x) = cos(1) sin(x).
The exact solution of the problem (5.1) is

Uegact (2, 1) = cos(t¥7) sin(z).
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We get the regularization parameters
—2 1
N =[N(e)] =[¢3] and By = [By()] = [(%Oln (%))} 2,

Consider the random data

N
on(z) = cos(1)sin(z) + & 3 (6,0u)60(z),
where ¢y, (z) = 2 sin(nz) and (&, ¢,,) are Gaussian random variables with
0

mean 0 and variance 1.

In MATLAB, when generating random numbers from a normal distribution,
the function commonly employed is randn.
From (4.2), we get the regularized solution at the point (z,t)
Bn

1
U?V(% t) :Z[e(o.1n2+0.2n2~/)(17t) (gN)n_/ 6(0.1n2+0.2n27)(s—t)fn(u:?v)(s)ds] ¢n($)a

n=1 t

where

(gN)n - <gN7 ¢n>a
f'fl(u}s\f)(s) = <f(7 S, u?\f(? 3))7 ¢n>
Next, we divide the time interval [0,1] into 10 subintervals by 11 points
_J-1

tj - 170,] — 1,2, ceey 11

Put e = 0.1, e = 0.01, € = 0.001, respectively.
For various values of ¢, we aim to compute the expected error between the
regularized solution and the exact solution, denoted by

2
Eflufv (-, t5) — vewact (-, )" -
To achieve this, we generate a statistical sample of size M = 100. Specifically,
in each of the k — th simulations (k = 1,2,...100), let u% ,(.,t;) denote the
regularized solution. For a specific value of €, we use the Picard iteration to
compute uy . (.,t;) as follows

u&o(m‘, tj) = 0,

By .
tegle,ty) = 3 [CIHO2TA) (gy),

n=1

— [ OIROZENC) 1 (2, 85)) (5)ds | 6 (@),

with ¢ =1,2,3,....
The iteration is carried out and terminated at ¢y when

2 _
EH“&QO(-vtj) _U&Q()—l(vtj)H <1071
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Then we choose u. 4, to approximate u‘}:v,k and the expectation of the error at
the time t;, 7 = 1,2,...11 is calculated by
2 1 M 2
Bk 15) ~ o) = 37 (2 [ual0t5) = temaat) )

The results of our computational method is in the following Table.

Table 1. The expectation of the error between the regularized solution
uy(.,t) and the exact solution wezqct(.,t) at different values of time corre-
sponding to ¢ = 0.1,0.01,0.001 and M = 100.

E ||u§v(, t) - Uezact('a t)”

2

t,e e=0.1 e =0.01 e =0.001

t=0 4.0723e — 02 3.1283e — 03 2.5396e — 03
t=0.1 3.8448e — 02 2.4596e — 03 1.9125e — 03
t=0.2 3.6325e — 02 1.9015e¢ — 03 1.3940e — 03
t=0.3 3.4355e — 02 1.4435e — 03 9.6046e — 04
t=0.4 3.2511e — 02 1.0773e — 03 6.3542¢ — 04
t=05 3.0807e — 02 7.9376e — 04 3.8708e — 04
t=0.6 2.9240e — 02 5.8766e — 04 2.1070e — 04
t=0.7 2.7822e¢ — 02 4.5178e — 04 1.0141e — 04
t=0.8 2.6561le — 02 3.7617e¢ — 04 4.7649¢e — 05
t=0.9 2.5426e — 02 3.3496e — 04 2.4374e — 05

t=1 2.4192¢ — 02 2.8794e — 04 2.8163e — 06

6. CONCLUSION

In this study, by Fourier truncation method, we regularized the nonlin-
ear diffusion equation with coupling operator and Gaussian white noise. With
some conditions on the exact solution, we obtained the error estimate between
the regularized solution and the exact solution. In the future, we will consider
the problems with locally Lipschitz condition on the source term.

Acknowledgments: The authors would like to thank the handling editor
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