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Abstract. Extending the foundational results presented in [16], this work investigates the
topological structure and dynamical behavior of the set of codisk-recurrent vectors under
a continuous linear operator on infinite dimensional Hilbert space induced by polynomials,

powers, and scalar multiplications.

1. INTRODUCTION

An area that has attracted considerable interest from researchers in recent
decades is the dynamics of continuous linear operators. One of the first im-
portant turning points in the development of this theory is Kitai’s PhD thesis
[13], which is often regarded as a foundational contribution. For more infor-
mation on the dynamics of linear operators, see [3, 5, 8, 9, 12, 15]. There are
many applications for linear operators on infinite-dimensional spaces, which
may exhibit rich dynamical features that highlight deep relationships among
dynamical systems, differential geometry, and functional analysis.
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Through this work, let H be an infinite-dimensional complex Hilbert space,
and denote B(H) := {7 : H — H : Tis continuous linear operator}. A vec-
tor b € H with span(orbt(T,h)) = span{T"h:n >0} = H is called a
cyclic vector for 7. While a vector h € H is referred to a hypercyclic if
orbt(T,b) := {T"h:n >0} = H. Accordingly, T is hypercyclic whenever
such a vector exists. In [17], Jamil divided the cone orbit COrb(T,b) :=
{A\T™h : XA € C,n > 0} into two parts: operators that are diskcyclic if |A] < 1,
and operators that are codiskcyclic if |A| > 1. See [1, 2, 11, 14], for background
information on these structures.

Recurrence is an additional property that has emerged in recent years in
linear dynamics; it is especially related to our subject here. A vector h € H
is recurrent for 7 if it is in the closure of forward orbit itself, this means, if
h e Orb(T,TH) :={T"h:n >1}. In addition, the recurrent vector set for T,
denoted as Rec(T), is dense in H if and only if 7 is recurrent. The recent
study in [7] emphasized recurrence as a topic of significance within the context
of linear dynamics. Although many subsequent studies [4, 10] and [6] have
examined the topic from various viewpoints, the notion of codisk-recurrence
has been proposed in [16] within a topological dynamical framework, along
with a description of the set of codisk-recurrent vectors. This work presents
a novel contribution by exploring the structure of this set and its dynamical
features induced by various modifications of the operator.

The following is the organization of this paper: Section 2 is dedicated to
exploring the structure of the set of codisk-recurrent vectors, which is topolog-
ically characterized by demonstrating that it is Gs-set. It is also established
that the codisk-recurrent vectors set is invariant under the polynomial actions
of a continuous linear operator that admits a codisk-recurrent vector. In Sec-
tion 3, we examine how the codisk-recurrent vectors set behaves dynamically
under two main operations: raising the operator to positive integer powers
and scalar multiplication. The set of codisk-recurrent vectors is demonstrated
to be preserved under operator powers. Additionally, when the scalar is on
the unit circle in the context of scalar multiplication, the set is preserved.
However, when the inequality |aa| < |aq| holds, every codisk-recurrent vector
of a1 T is codisk-recurrent vector of ao7T. Finally, Section 4 presents the main
results of the article.

Notations. We denote the codisk in the complex plane as
B :={AeC:|\>1}
and the unit circle as
S(0,1) :={A e C: |\ =1}.

The set of non-negative integers is represented by N.
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2. PRELIMINARIES

The structural aspects of the codisk-recurrent vectors set associated with
a linear continuous operator on infinite-dimensional Hilbert space were exam-
ined in this section. The notion of a codisk-recurrent vector set was presented
in [16] as follows:

Definition 2.1. ([16]) A vector h in H is termed codisk-recurrent for 7 in
B(H), if there exists a strictly increasing {n} C N and {A\;} C B¢ such that
AT ™ b converges to b as k approaches to infinity.

DY Rec(T), which represents the set of all codisk-recurrent vectors for 7.

Remark 2.2. From the Definition 2.1, 0 € DYRec(T) for any T € B(H),
that is, D¢ Rec(T) # 0.

The following proposition demonstrates that D¢ Rec(T) is invariant under
the action of any linear operator that commutes with it.
Theorem 2.3. If T, T € B(H) with the property, TT = TT, then T (D Rec(T)) C
D Rec(T).
Proof. Let b be a vector of D Rec(T). Then there is a strictly increasing
{nt} € N and {\¢} C B¢ with \y7™h — b as k — oo. Since T is
continuous, then T (A\T™h) — T(h) as k — oo. Given that TT =TT,
MeT™Th — Th as k —» co. Thus 7h € DCRec(T). O

This result shows that a codisk-recurrent vector is not merely an element
satisfying a convergence condition, but rather generates a subspace of recurrent
vectors that remains invariant under all polynomials in 7", thanks to Theorem
2.3.

Corollary 2.4. The set A := {p(T)b : p is a polynomial} , where b € D Rec(T),
is a subset of DY Rec(T).

The subsequent outcome demonstrates that the set is a Gs-set, highlighting
a fundamental characteristic of its topological structure.

Theorem 2.5. Let T € B(H). Then
oo o0 1
porec(r) = (VU U {pen: a7 -ni < 1}

r=1n=1 \eBec
1s a Gg-set.

Proof. We will first prove that for

DRec(T) = U U {he%: IAT™h — b < i}

r=1n=1 \&Bc
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—0 € DYRec(T), if and only if there exists a strictly increasing {n;} ¢ N and
{\k} C B¢ with \y7"™ ¢ — ¢ as k — oo if and only if for all £ > 0, there is
N € N with ||A\yT™ ¢ — (|| < e for all £ > N if and only if, for all r € N, there
are n, € N and \j, € B¢ such that ||\, 7"¢ — ¢|| < L for all k > N if and only

if
e U U {he?—[:”)ﬂ'"h—h”<i}.

r=1n=1 \&eBc

We now prove the second claim:
For each r > 1,we will define the following set:

vo=J U {be?—[:HAT”b—hH<i}.

n=1 AeBe
Let n > 1 and A € B¢. Define a map:

ﬂn)\ H—H
by
Ina(h) = (AT"™ = I)(b).
Since 7" is continuous, it follows that 1, ) is also continuous. According to
Var = {f) EH:|IAT"h —p| < %} = 19;7{\(183(0,%), Vox is an open set. This
indicates that U, is open. Therefore, by (Baire’s Theorem), DY Rec(T) =
N2, U, is a Gs-set. O

3. ALGEBRAIC PROPERTIES

In this section, the dynamic behavior of the codisk-recurrent vectors set is
examined concerning two fundamental operations: the raising of the operator
to a positive integer and scalar multiplication powers.

The following theorem demonstrates that D¢ Rec(T) is preserved under all
positive powers of the operator.

Theorem 3.1. An operator T € B(H) is codisk-recurrent if and only if TP;
p > 1 is codisk-recurrent. Additionally, T and TP possess identical T -codisk-
recurrent vectors.

Proof. Tt is sufficient to prove that D Rec(T) C DCRec(TP) to show that
DCRec(T) = DYRec(TP). Let h € DYRec(T). Then, there is a strictly
increasing {n;} C N and a sequence {\;} C B¢ such that

MT™h — b as k— oc. (3.1)
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We can assume that without loss of generality, n, > p for all k. Thus by the
division algorithm theorem, for every k, there are f € Nand 0 < v, <p—1
such that ng = pfi + vi. Hence, we obtain

M Tl = A (TP) e F ok, (3.2)

Since {v}},e is bounded in R, by the Bolzano-Weierstrass theorem, it has
a convergent subsequence that converges to a specific value, say v, where
0 <wv < p—1. Then, as a consequence of (3.1), (3.2), there exist {{,} C {{x}
and { A, };en € {Ax} such that

AR, TPt — b as i — oo.

Now, we want to prove that the vector § is TP-codisk-recurrent. Let U be
an open neighborhood of . Given that )\kﬂ’pﬁ’“ﬁ”h — b as i — 00, we can
determine s1 := fj, satisfying A\, TP517h € U.

By continuity of 7% *? we have

Ay Ay TPUERiTS0F20 — 3\ TPsIoPletvy o )\ TP1H0 i U,

Consequently, we can determine sy = s1 + £, > s1 satisfying Ag, A, TP52 2%
in U. Proceeding inductively, we can determine s, = 5,1 + £, satisfying

Ny - .)\kapserpvh in U.

After putting X = A, ... A,, we get A(77)*Th in U, which means that b is
a codisk-recurrent for 77. Therefore, DY Rec(T) C DY Rec(TP). O

As we investigate the dynamical behavior of the codisk-recurrent vectors
set, a natural inquiry arises: Is the set necessarily preserved by the scalar
multiplication of the operator?

In each instance, the preservation of this property is conditional on the
specific relationship between the scalars. One such instance is described in
the following result, which indicates that the preservation of DY Rec(T) is
guaranteed when the scalar is located on the unit circle.

Theorem 3.2. Let T € B(H). Then for any unit modulus scalar -y,
D Rec(T) = D Rec(yT).

Proof. Suppose that h € DCRec(T). To prove that h € DCRec(yT), we
establish

A:={ae€S(0,1): \p(AT)"™h—ahask — ocofor{ny} C Nand {\;} C B},

this set contains all possible rotation factor a, asymptotically A\ (77T )™ gets
closer to ab. Since h € DYRec(T), there is a strictly increasing {nz} C N,
and sequence {\;} C B¢, with Ay 7™ h — h as k — oo. Since |y| = 1, we
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have {y"} C S(0,1). Because, S(0,1) has the compactness property, thus,
there is a subsequence {y"#s} .y such that 4™ — 3 for some 8 € S(0,1).
Therefore, we obtain

Iy AT = BBl < [y [[IART™b = bl| + [y — 8] 9] -

As k,s — o0, we get y"ks N\, T h — Bh. Consequently, 8 € A, meaning
that A # 0.

Now, we will prove that A forms a multiplicative semigroup. In other words,
if 81,52 € A, then 3182 € A. By the definition of A, there are {ng, }, {n,}
in N and {Ag, },{ Mg, } in B¢ such that

My (YT)™ b — B1b and A, (yT)"*2h — Bab as ki, ky — oc.

Thus,
)\k‘l Akz (’YT)nkl Hk h = )\kl (’YT)nkl ()\kQ (’)/7-)7”62 h) .

And by the continuity of (y7)"*2 as ng, — 00, we get
Ay (YT)™ 1 (Ay (YT) ™ 2h) —> Ay (YT)™1 (B2h).

And since A, (yT)™1h — Bib as ng, — oo, we conclude

Moy (YT)"™ 1 (B2h) — B1B2b.

Hence 152 € A (A is closed under multiplication).

Applying this condition repeatedly, the semigroup property ensures that for
each B € A and any n,m in N, 37%"™ ¢ A, that is, all positive integer powers
of any element are contained in A.

Now our goal to determine the properties of A for rational and irrational
rotations and that 1 € A in both cases:

Casel: If 8 = 2™ where § = 2 e Qym,n € Zand n # 0, then 8" =1,
this implies that 1 € A.

Case2: If 8 = 2™ where § € Q°, then the set {#“ : w € N} is dense in
S(0,1). Hence, there is a strictly increasing subsequence {wy,}, ey C N
with g“» — 1. Note that A is also topologically closed, we deduce
that 1 € A. Therefore, there exists a strictly increasing {n;} C N and
{\x} C B¢ with \y(yT)™bh — b as k — oo, then b € D€ Rec(yT).

U

The following result discusses the instance where |as| < || for any ag, ay €
C and demonstrates that D Rec(a1T) is contained within D Rec(aaT).

Theorem 3.3. Let T € B(H). Then DCRec(a;T) € DCRec(asT) for all
ar, a0 € C; |ag| < |ay].
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Proof. Let h € DY Rec(a1T). Then, there exists a strictly increasing {nz} C N
and {\;} C B with

Mg *T™h — b as k — .

Since |ag| < ||, we can pick ag; |ag| > 1, ensuring that af* = agag* for all
k. Let vx = Agayg. Then it follows that v, € B. Consequently, we get

V(e T)"™h — b as k — co.

Therefore, h € D Rec(asT). That is, DY Rec(arT) € D Rec(asT). O

Recall that 7 € B(H) is a codisk-recurrent if and only if D¢ Rec(T) = H
as stated in [16], one can get the following.

Corollary 3.4. Let T € B(H). If auT is a codisk-recurrent operator, then
aoT is a codisk-recurrent operator for all ay, s € C; || > |aa].

In Theorem 3.3, if |3| < 1 we get that DY Rec(T) C DY Rec(BT). But, in
general, the converse is not true for all |§| < 1.

Example 3.5. Consider the Hilbert space H = C. Define the operator T :
C— CasTh=2h,and let § = % For any non-zero h in C, (87T)h = b.

Now for any k € N and € > 1, choose the sequences {\,} = {1+ }k} and
{nx} = {k}. Note that \y —> 1 as k — oo. Then we have \¢ (87 )" h — b.
Hence b € D¢ Rec(BT).

While, if h € DCRec(T), then there exists sequences {\}, and {n;} such
that as k — oo, \yT™h — b . Hence 2" \h — B, thus |A\g| — 277,
Therefore, |\;| — 0 as k — oo, which is a contradiction.

4. CONCLUSION

This paper is a complement of the work initiated in [16], where the founda-
tional idea of a codisk-recurrent vector set of linear continuous operators was
introduced. The present work aims to investigate the topological structure
and dynamical aspects of such sets under transformations induced by polyno-
mials of that operator, powers, and scalar multiplications. It is shown that
DCRec(T) forms a Gs-set. It is also proved that the image of any codisk-
recurrent vector is invariant under a polynomial action of the operator. In
addition, we study the behavior of these sets under two fundamental opera-
tions: raising the operator to positive integer powers and scalar multiplication.

It is proved that applying positive powers of the operator preserves the set
of codisk-recurrent vectors, that is,

DC Ree(T) = D Rec(TP)
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for all p € N. As for scalar multiplication, it is established that preservation
is guaranteed when the scalar lies on the unit circle; that is, D¢ Rec(T) =
DY Rec(yT) for all 4 in C such that |y| = 1. However, scalar multiplication
does not always preserve codisk-recurrence.

In particular, we prove that DY Rec(arT) € DY Rec(asT) for all a1, as € C
whenever |as| < |ag].
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