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Abstract. Extending the foundational results presented in [16], this work investigates the

topological structure and dynamical behavior of the set of codisk-recurrent vectors under

a continuous linear operator on infinite dimensional Hilbert space induced by polynomials,

powers, and scalar multiplications.

1. Introduction

An area that has attracted considerable interest from researchers in recent
decades is the dynamics of continuous linear operators. One of the first im-
portant turning points in the development of this theory is Kitai’s PhD thesis
[13], which is often regarded as a foundational contribution. For more infor-
mation on the dynamics of linear operators, see [3, 5, 8, 9, 12, 15]. There are
many applications for linear operators on infinite-dimensional spaces, which
may exhibit rich dynamical features that highlight deep relationships among
dynamical systems, differential geometry, and functional analysis.
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Through this work, let H be an infinite-dimensional complex Hilbert space,
and denote B(H) := {T : H −→ H : T is continuous linear operator}. A vec-

tor h ∈ H with span(orbt(T , h)) := span {T nh : n ≥ 0} = H is called a
cyclic vector for T . While a vector h ∈ H is referred to a hypercyclic if
orbt(T , h) := {T nh : n ≥ 0} = H. Accordingly, T is hypercyclic whenever
such a vector exists. In [17], Jamil divided the cone orbit COrb(T , h) :=
{λT nh : λ ∈ C, n ≥ 0} into two parts: operators that are diskcyclic if |λ| ≤ 1,
and operators that are codiskcyclic if |λ| ≥ 1. See [1, 2, 11, 14], for background
information on these structures.

Recurrence is an additional property that has emerged in recent years in
linear dynamics; it is especially related to our subject here. A vector h ∈ H
is recurrent for T if it is in the closure of forward orbit itself, this means, if
h ∈ Orb(T , T h) := {T nh : n ≥ 1}. In addition, the recurrent vector set for T ,
denoted as Rec(T ), is dense in H if and only if T is recurrent. The recent
study in [7] emphasized recurrence as a topic of significance within the context
of linear dynamics. Although many subsequent studies [4, 10] and [6] have
examined the topic from various viewpoints, the notion of codisk-recurrence
has been proposed in [16] within a topological dynamical framework, along
with a description of the set of codisk-recurrent vectors. This work presents
a novel contribution by exploring the structure of this set and its dynamical
features induced by various modifications of the operator.

The following is the organization of this paper: Section 2 is dedicated to
exploring the structure of the set of codisk-recurrent vectors, which is topolog-
ically characterized by demonstrating that it is Gδ-set. It is also established
that the codisk-recurrent vectors set is invariant under the polynomial actions
of a continuous linear operator that admits a codisk-recurrent vector. In Sec-
tion 3, we examine how the codisk-recurrent vectors set behaves dynamically
under two main operations: raising the operator to positive integer powers
and scalar multiplication. The set of codisk-recurrent vectors is demonstrated
to be preserved under operator powers. Additionally, when the scalar is on
the unit circle in the context of scalar multiplication, the set is preserved.
However, when the inequality |α2| ≤ |α1| holds, every codisk-recurrent vector
of α1T is codisk-recurrent vector of α2T . Finally, Section 4 presents the main
results of the article.

Notations. We denote the codisk in the complex plane as

Bc := {λ ∈ C : |λ| ≥ 1}
and the unit circle as

S(0, 1) := {λ ∈ C : |λ| = 1} .
The set of non-negative integers is represented by N.
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2. Preliminaries

The structural aspects of the codisk-recurrent vectors set associated with
a linear continuous operator on infinite-dimensional Hilbert space were exam-
ined in this section. The notion of a codisk-recurrent vector set was presented
in [16] as follows:

Definition 2.1. ([16]) A vector h in H is termed codisk-recurrent for T in
B(H), if there exists a strictly increasing {nk} ⊂ N and {λk} ⊂ Bc such that
λkT nkh converges to h as k approaches to infinity.

DCRec(T ), which represents the set of all codisk-recurrent vectors for T .

Remark 2.2. From the Definition 2.1, 0 ∈ DCRec(T ) for any T ∈ B(H),
that is, DCRec(T ) 6= ∅.

The following proposition demonstrates that DCRec(T ) is invariant under
the action of any linear operator that commutes with it.

Theorem 2.3. If T , T̂ ∈ B(H) with the property, T T̂ = T̂ T , then T̂ (DCRec(T )) ⊆
DCRec(T ).

Proof. Let h be a vector of DCRec(T ). Then there is a strictly increasing

{nk} ⊂ N and {λk} ⊂ Bc with λkT nkh −→ h as k −→ ∞. Since T̂ is

continuous, then T̂ (λkT nkh) −→ T̂ (h) as k −→ ∞. Given that T T̂ = T̂ T ,

λkT nk T̂ h −→ T̂ h as k −→∞. Thus T̂ h ∈ DCRec(T ). �

This result shows that a codisk-recurrent vector is not merely an element
satisfying a convergence condition, but rather generates a subspace of recurrent
vectors that remains invariant under all polynomials in T , thanks to Theorem
2.3.

Corollary 2.4. The set Λ := {p(T )h : p is a polynomial} , where h ∈ DCRec(T ),
is a subset of DCRec(T ).

The subsequent outcome demonstrates that the set is a Gδ-set, highlighting
a fundamental characteristic of its topological structure.

Theorem 2.5. Let T ∈ B(H). Then

DCRec(T ) =
∞⋂
r=1

∞⋃
n=1

⋃
λ∈Bc

{
h ∈ H : ‖λT nh− h‖ < 1

r

}
is a Gδ-set.

Proof. We will first prove that for

DCRec(T ) =
∞⋂
r=1

∞⋃
n=1

⋃
λ∈Bc

{
h ∈ H : ‖λT nh− h‖ < 1

r

}
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−` ∈ DCRec(T ), if and only if there exists a strictly increasing {nk} ⊂ N and
{λk} ⊂ Bc with λkT nk` −→ ` as k −→ ∞ if and only if for all ε > 0, there is
N ∈ N with ‖λkT nk`− `‖ < ε for all k ≥ N if and only if, for all r ∈ N, there
are nk ∈ N and λk ∈ Bc such that ‖λkT nk`− `‖ < 1

r for all k ≥ N if and only
if

` ∈
∞⋂
r=1

∞⋃
n=1

⋃
λ∈Bc

{
h ∈ H : ‖λT nh− h‖ < 1

r

}
.

We now prove the second claim:
For each r ≥ 1,we will define the following set:

Ur :=

∞⋃
n=1

⋃
λ∈Bc

{
h ∈ H : ‖λT nh− h‖ < 1

r

}
.

Let n ≥ 1 and λ ∈ Bc. Define a map:

ϑn,λ : H −→ H
by

ϑn,λ(h) = (λT n − I)(h).

Since T n is continuous, it follows that ϑn,λ is also continuous. According to

Vn,λ =
{
h ∈ H : ‖λT nh− h‖ < 1

r

}
= ϑ−1n,λ(B(0, 1r ), Vn,λ is an open set. This

indicates that Ur is open. Therefore, by (Baire’s Theorem), DCRec(T ) =
∩∞r=1Ur is a Gδ-set. �

3. Algebraic Properties

In this section, the dynamic behavior of the codisk-recurrent vectors set is
examined concerning two fundamental operations: the raising of the operator
to a positive integer and scalar multiplication powers.

The following theorem demonstrates that DCRec(T ) is preserved under all
positive powers of the operator.

Theorem 3.1. An operator T ∈ B(H) is codisk-recurrent if and only if T p;
p ≥ 1 is codisk-recurrent. Additionally, T and T p possess identical T -codisk-
recurrent vectors.

Proof. It is sufficient to prove that DCRec(T ) ⊆ DCRec(T p) to show that
DCRec(T ) = DCRec(T p). Let h ∈ DCRec(T ). Then, there is a strictly
increasing {nk} ⊂ N and a sequence {λk} ⊂ Bc such that

λkT nkh −→ h as k −→∞. (3.1)
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We can assume that without loss of generality, nk > p for all k. Thus by the
division algorithm theorem, for every k, there are `k ∈ N and 0 ≤ vk ≤ p− 1
such that nk = p`k + vk. Hence, we obtain

λkT nkh = λk(T p)`k+vkh. (3.2)

Since {vk}k∈N is bounded in R, by the Bolzano-Weierstrass theorem, it has
a convergent subsequence that converges to a specific value, say v, where
0 ≤ v ≤ p− 1. Then, as a consequence of (3.1), (3.2), there exist {`ki} ⊂ {`k}
and {λki}i∈N ⊂ {λk} such that

λkiT
p`ki+vh −→ h as i −→∞.

Now, we want to prove that the vector h is T p-codisk-recurrent. Let U be
an open neighborhood of h. Given that λkiT

p`ki+vh −→ h as i −→∞, we can
determine s1 := `k1 satisfying λk1T ps1+vh ∈ U .

By continuity of T p`ki+v, we have

λkiλk1T
p(`ki+s1)+2vh = λkiλk1T

ps1+vT p`ki+vh −→ λk1T ps1+vh in U.

Consequently, we can determine s2 = s1 + `k2 > s1 satisfying λk1λk2T ps2+2vh
in U . Proceeding inductively, we can determine sp = sp−1 + `kp satisfying

λk1 . . . λkpT psp+pvh in U.

After putting λ = λk1 . . . λkp , we get λ(T p)sp+vh in U , which means that h is

a codisk-recurrent for T p. Therefore, DCRec(T ) ⊆ DCRec(T p). �

As we investigate the dynamical behavior of the codisk-recurrent vectors
set, a natural inquiry arises: Is the set necessarily preserved by the scalar
multiplication of the operator?

In each instance, the preservation of this property is conditional on the
specific relationship between the scalars. One such instance is described in
the following result, which indicates that the preservation of DCRec(T ) is
guaranteed when the scalar is located on the unit circle.

Theorem 3.2. Let T ∈ B(H). Then for any unit modulus scalar γ,

DCRec(T ) = DCRec(γT ).

Proof. Suppose that h ∈ DCRec(T ). To prove that h ∈ DCRec(γT ), we
establish

A := {α ∈ S(0, 1) : λk(γT )nkh−→αh as k −→∞ for {nk} ⊂ N and {λk} ⊂ Bc} ,
this set contains all possible rotation factor α, asymptotically λk(γT )nk gets
closer to αh. Since h ∈ DCRec(T ), there is a strictly increasing {nk} ⊂ N,
and sequence {λk} ⊂ Bc, with λkT nkh −→ h as k −→ ∞. Since |γ| = 1, we
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have {γnk} ⊂ S(0, 1). Because, S(0, 1) has the compactness property, thus,
there is a subsequence {γnks}s∈N such that γnks −→ β for some β ∈ S(0, 1).
Therefore, we obtain

‖γnksλkT nkh− βh‖ ≤ |γnks | ‖λkT nkh− h‖+ |γnks − β| ‖h‖ .

As k, s −→ ∞, we get γnksλkT nkh −→ βh. Consequently, β ∈ A, meaning
that A 6= ∅.

Now, we will prove that A forms a multiplicative semigroup. In other words,
if β1, β2 ∈ A, then β1β2 ∈ A. By the definition of A, there are {nk1} , {nk2}
in N and {λk1} , {λk2} in Bc such that

λk1(γT )nk1h −→ β1h and λk2(γT )nk2h −→ β2h as k1, k2 −→∞.

Thus,

λk1λk2(γT )nk1
+nk2h = λk1(γT )nk1 (λk2(γT )nk2h) .

And by the continuity of (γT )nk2 as nk2 −→∞, we get

λk1(γT )nk1 (λk2(γT )nk2h) −→ λk1(γT )nk1 (β2h).

And since λk1(γT )nk1h −→ β1h as nk1 −→∞, we conclude

λk1(γT )nk1 (β2h) −→ β1β2h.

Hence β1β2 ∈ A (A is closed under multiplication).
Applying this condition repeatedly, the semigroup property ensures that for

each β ∈ A and any n,m in N, βn+m ∈ A, that is, all positive integer powers
of any element are contained in A.

Now our goal to determine the properties of A for rational and irrational
rotations and that 1 ∈ A in both cases:

Case1: If β = e2πiθ, where θ = m
n ∈ Q;m,n ∈ Z and n 6= 0, then βn = 1,

this implies that 1 ∈ A.

Case2: If β = e2πiθ, where θ ∈ Qc, then the set {βω : ω ∈ N} is dense in
S(0, 1). Hence, there is a strictly increasing subsequence {ωn}n∈N ⊂ N
with βωn −→ 1. Note that A is also topologically closed, we deduce
that 1 ∈ A. Therefore, there exists a strictly increasing {nk} ⊂ N and
{λk} ⊂ Bc with λk(γT )nkh −→ h as k −→∞, then h ∈ DCRec(γT ).

�

The following result discusses the instance where |α2| ≤ |α1| for any α1, α2 ∈
C and demonstrates that DCRec(α1T ) is contained within DCRec(α2T ).

Theorem 3.3. Let T ∈ B(H). Then DCRec(α1T ) ⊆ DCRec(α2T ) for all
α1, α2 ∈ C; |α2| ≤ |α1|.
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Proof. Let h ∈ DCRec(α1T ). Then, there exists a strictly increasing {nk} ⊂ N
and {λk} ⊂ Bc with

λkα
nk
1 T

nkh −→ h as k −→∞.

Since |α2| ≤ |α1|, we can pick αk; |αk| ≥ 1, ensuring that αnk
1 = αkα

nk
2 for all

k. Let γk = λkαk. Then it follows that γk ∈ Bc. Consequently, we get

γk(α2T )nkh −→ h as k −→∞.

Therefore, h ∈ DCRec(α2T ). That is, DCRec(α1T ) ⊆ DCRec(α2T ). �

Recall that T ∈ B(H) is a codisk-recurrent if and only if DCRec(T ) = H
as stated in [16], one can get the following.

Corollary 3.4. Let T ∈ B(H). If α1T is a codisk-recurrent operator, then
α2T is a codisk-recurrent operator for all α1, α2 ∈ C; |α1| ≥ |α2|.

In Theorem 3.3, if |β| ≤ 1 we get that DCRec(T ) ⊆ DCRec(βT ). But, in
general, the converse is not true for all |β| < 1.

Example 3.5. Consider the Hilbert space H = C. Define the operator T :
C −→ C as T h = 2h, and let β = 1

2 . For any non-zero h in C, (βT )h = h.

Now for any k ∈ N and ε > 1, choose the sequences {λk} =
{

1 + 1
εk

}
and

{nk} = {k}. Note that λk −→ 1 as k −→∞. Then we have λk(βT )nkh −→ h.
Hence h ∈ DCRec(βT ).

While, if h ∈ DCRec(T ), then there exists sequences {λk}, and {nk} such
that as k −→ ∞, λkT nkh −→ h . Hence 2nkλkh −→ h, thus |λk| −→ 2−nk .
Therefore, |λk| −→ 0 as k −→∞, which is a contradiction.

4. Conclusion

This paper is a complement of the work initiated in [16], where the founda-
tional idea of a codisk-recurrent vector set of linear continuous operators was
introduced. The present work aims to investigate the topological structure
and dynamical aspects of such sets under transformations induced by polyno-
mials of that operator, powers, and scalar multiplications. It is shown that
DCRec(T ) forms a Gδ-set. It is also proved that the image of any codisk-
recurrent vector is invariant under a polynomial action of the operator. In
addition, we study the behavior of these sets under two fundamental opera-
tions: raising the operator to positive integer powers and scalar multiplication.

It is proved that applying positive powers of the operator preserves the set
of codisk-recurrent vectors, that is,

DCRec(T ) = DCRec(T p)
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for all p ∈ N. As for scalar multiplication, it is established that preservation
is guaranteed when the scalar lies on the unit circle; that is, DCRec(T ) =
DCRec(γT ) for all γ in C such that |γ| = 1. However, scalar multiplication
does not always preserve codisk-recurrence.

In particular, we prove that DCRec(α1T ) ⊆ DCRec(α2T ) for all α1, α2 ∈ C
whenever |α2| ≤ |α1|.
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