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Abstract. In this paper, we discuss some related properties and fixed point theorems on
the complete cone metric spaces, and we obtain some new fixed point theorems for different
expanding mappings on the generalized complete cone metric spaces. Especially this paper
omittes the normal cone which is required in the similar studies before, and generalizes some

new results about the related references.

1. INTRODUCTION

It is known to us that the fixed point theory is an important branch of non-
linear analisis, and it is applied in many areas such as physics and economics.
Huang and Zhang replace the real numbers by ordering Banach space and
define cone metric spaces, and they also prove some fixed point theorems for
contractive mappings(see reference [1]). [5] generalizes the results of [1] later.
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Scholars study and obtain many fixed point theorems for different contractive
mappings in cone metric spaces, but the normal cone must be used during the
process of proving the results.

In this paper, we give some properties of cone metric space and related fixed
point theorems about the cone metric space. In the complete G—cone metric
space, we obtain several new fixed point theorems for different expanding
mappings. Especially, this paper omits the normal cone which is required
in the similar study before(see references [3] and [8]), and generalizes some
related results(see references [6] and [10]).

2. PRELIMINARIES

Let E always be a real Banach space and P a subset of E. P is called a
cone if

(i) P is closed, nonempty, and P # {0};
(i) a,b € R,a,b> 0,2,y € P = ax + by € P;
(i) r€e Pand —z € P =2 =0.

Given a cone P C FE, we define a partial ordering < with respect to P by
x <y if and only if y — x € P. We shall write x < y to indicate that z < ybut
x # y, while ¢ < y will stand for y — x € intP, intP denotes the interior of
P.

Definition 2.1. ([1]) Let X be a nonempty set. Suppose the mapping d :
X x X — F satisfies
(i) 0 < d(z,y) for all z,y € X and d(x,y) = 0 if and only if z = y;
(ii) d(z,y) = d(y,x) for all z,y € X;
(iii) d(z,y) < d(z,z) +d(z,y) for all x,y € X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 2.2. ([1]) Let (X,d) be a cone metric space. Let {z,} be a se-
quence in X and x € X. If for every ¢ € F with 0 < ¢, there is N such that for
alln > N, d(xy, ) < ¢, then {x,} is said to be convergent and {z,,} converges
to z, and x is the limit of {z,,}. We denote this by

lim z, =2 or =z, —>x (n— 00).
n—oo

Definition 2.3. ([1]) Let (X, d) be a cone metric space, {z,,} be a sequence
in X. If for any ¢ € F with 0 < ¢, there is N such that for all n,m > N,
d(xm, ) < c, then {x,} is called a Cauchy sequence in X.
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Definition 2.4. ([1]) Let (X,d) be a cone metric space, if every Cauchy
sequence is convergent in X, then X is called a complete cone metric space.

Definition 2.5. ([2]) Let X be a nonempty set. Suppose the mapping G :
X x X x X — F satisfies:

i) G(z,y,z) =0ifz =y =z

(ii)) 0 < G(z,x,y), whenever = # y, for all z,y € X;
(ii) G(z,z,y) < G(z,y, z), whenever y # z;
(iv) G(z,y,2) = G(z,2,y) = G(y,x,z) = ... (Symmetric in all three vari-

ables);
(v) G(z,y,2) < G(z,a,a) + G(a,y, z), for all z,y,z,a € X.
Then G is called a generalized cone metric on X, and X is called a generalized
cone metric space or more specially a G—cone metric space.

From definition, we always have

1
5G(ﬂc,y,y) <G(z,r,y) <2G(2,y,y), Vr,yelX.

Definition 2.6. ([2]) A G—cone metric space X is symmetric if

G(z,z,y) = G(y,y,x) forall z,ye X.

Definition 2.7. ([2]) Let X be a G—cone metric space and {z,, }be a sequence
in X. We say that {x,} is

(i) Cauchy sequence if for every ¢ € E with 0 < ¢, there is N such that
for all m,n,l > N, G(z,, Tpn, 7)) < cC.

(ii) Convergent sequence if for every ¢ in E with0 < ¢, there is N such
that for all m,n > N, G(z, T, x) < c for some fixed x in X. Here z
is called the limit of a sequence {x,} and is denoted by nhﬁnolo Tp =T
Or Ty, — T as n — oo.

A G—cone metric space X is said to be complete if every Cauchy sequence
in X is convergent in X.

Lemma 2.8. Let (X,d) be a cone metric space, {xm,} and {y,} be sequences
in X such that x,, — x, Yo — y as m,n — 0o, then d(Tpy,y,) — d(z,y) as
m,m — 00.

Proof. Let {zn}, {yn} be sequences in X such that z,, — =z, y, — y as
m,n — oo. For any ¢ € F with 0 < ¢, and any k > 1, there is Ng, for all

m,n > Ni, d(zm,x) < 57, d(Yn,y) < 5. We have

AT, Yn) < d(@p, ) + d(2,yn) < AT, ) + d(2,y) + d(Y, yn).
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Hence, for all m,n > Ng,

C
_ < < ° _ ¢
d(a;m,yn) d(x,y) < d($m7x) + d(yyyn) < o 4 o -

C C

Similarly
c
d(m,y) - d(xmayn) < s

It implies that 7 — (d(zm, yn) —d(z,y)) and { — (d(z,y) — d(zm, yn)) are in P.
For any m and n, z,, and y, is always in X, by (¢) in Definition 2.1, we have
0 < d(zpm,yn), this means d(xn,,yn) € P, therefore lLm d(xy,,y,) always

m,n— 00
exists as m,n — oo. Since ¢ — 0, as k — oo and P is closed, therefore we
have

m

and
as k, m,n — oo. Therefore
d(z,y) — lim d(xm,yn) =0,

m,n— 00

this means

lim  d(zm,yn) = d(z,y). O

m,n—0o

Lemma 2.9. ([9]) Let (X,d) be a cone metric space, P is a cone in E, for
all z,y,z € E, we have
() Ifr<y,y <z, then v < z;
(i) If x <y,y < z, then x < z;
(ii) If z < y,y < z, then z < z.

Lemma 2.10. ([2]) Let X be a G—cone metric space, {zm}, {yn} and {z}
be sequences in X such that x,, — x, yp — vy, 21 — z, then G(Tpm,yn, 21) —
G(z,y,2), as m,n,l — co.

3. MAIN RESULTS

Theorem 3.1. Let X be a cone metric space, P is a cone in E, for all
z,y,9,h e E, ifx <g, y<h, thenz+y<g+h.

Proof. Given that x < g, y < h, we have g—x € P and h—y € intP. Therefore
gt+ty—y—xz€Pand h+g—g—y € intP. This means (9+vy) — (y+z) € P
and (h+g¢g)— (9g+y) € intP. Thusx+y < g+yand g+y < g+ h. By
Lemma 2.9, we have x +y < g + h. O
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Theorem 3.2. Let X be a cone metric space, Pis a cone in E, {x,} and
{ym} be sequences in X, xpym — x, Yym — Yy as m — o0, if for any m, the
sequence of {Ym — Tm} is convergent in P and {ym, — zm} € P, then z < y.

Proof. Since P is a cone in FE, therefore P is nonempty, closed and a convex
set in F. Thus, for any convergent sequence in P, the limit of the sequence is
still in P. We have

lim (ym — xm) € P,

m—0o0
Hm (Y, — @) = lim (y —y+y—x+ 2 —24)
m—r0o0 m—r0o0
= lim (Y —y)+ lim (y —2)+ lim (z — zy,)
m—0oQ m—r0o0 m—00
=y—x€P.
Therefore z < y. O

Remark 3.3. The results of Theorem 3.1 and Theorem 3.2 can be generalized
to G—cone metric space. The process of proof is similar and omitted here.

Theorem 3.4. Let (X,d) be a complete cone metric space and T : X — X be
a surjective mapping satisfying the following conditions

d(Tz,Ty) > ad(z,y) + bd(x, Tx) + cd(y, Ty)

forall xz,y € X, x # vy, where a,b,c >0 and a+b+c> 1. Then T must has
a fixed point in X, especially when a > 1, T has a unique fized point in X.

Proof. Choose any xg € X. Since T is a surjective mapping, therefore there
exits 1 € X satisfying Tx; = x¢. Similarly we can obtain a sequence of {z,}
in X such that x,, = Tx,41 and z, # x,41 (If there exists a positive integer
i satisfying x; = x;41, then x;41 = x; = T'x;41, hence x;41 is a fixed point of
T). We have

d(xp—1,2n) = d(Txp, TTpi1)

> ad(xp, Tni1) + bd(Tn, Tn_1) + cd(Tpi1, Tn),
S0,
(1 =b)d(zp—1,2n) > (a+ c)d(zy, Tni1)- (3.1)
If a+c¢ = 0, since a+b+c¢ > 1, therefore 1 —b < 0, we have (1—b)d(xp—1,zy) <
0. But (a + ¢)d(xpn, xpy1) > 0. Thus a + ¢ # 0,b < 1. Using (3.1), we have
d(Tp, Tpi1) < i_i_id($n17xn)-

Let h = 1= then

a+-c’
1-b (a+b+c)—0
= < =

h = 1.
a-+c a+c
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Therefore
d($n7xn+1) < hd(wnflaxn) = d('rTL):BTIrFI) < hnd(ﬂj‘o,l‘l).

For any positive integer m > n, we have

d(xna xm) < d(xn7 xn—i—l) + d(xn—i-lp xn+2) + ...+ d(xm—h xm)
< (W 4+ A" 4 L Y d(zg, 1)

A (1 — A
= o
hn
S 1_ hd(ﬂ?o,$1).

For any ¢ € E with 0 < ¢. Choose t > 0 such that {c} + N;(0) C P, where
N¢(0) ={y : ||y|]| < t}. Choose a positive integer Nj such that
hn
1—h

d(x(), xl) c Nt(O),

for all n > Ny. Then, {£>d(zo, 1) < ¢, for all n > Nj. Thus

n

d(l‘nvxm) < 1 hd(l'l)a fEl) <c
for all m > n > Nj. Therefore {z,}is a Cauchy sequence in X. Since (X, d)
is a complete cone metric space, so there exists z € X such that z,, — 2z as

n — oo. Since T' is a surjective mapping, there exists g € X such that z = Tg.
We have

d(xn,Tg) = d(Txnt1,T9) > ad(Tnt1,9) + bd(Tpy1,20) + cd(g, Tg).  (3.2)

It follows from (3.2) and the Lemma 2.8, we have (a + ¢)d(g,Tg) < 0 as
n — 00. Since a+c¢ # 0, so d(g,Tg) = 0, Therefore T'g = g. So g is one of the
fixed points of the mapping T'.

While a > 1, suppose T also has a fixed point with u, then Tu = u. We
have

d(g,u) = d(Tg,Tu) > ad(g,u) + bd(g, Tg) + cd(u, Tw).
Therefore
(a —1)d(g,u) <0.

Since a—1 > 0, so d(g,u) = 0. Therefore g = u. It implies that Thas a unique
fixed point while a > 1. O
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Theorem 3.5. Let (X,d) be a complete cone metric space and let f : [0,1) —
(%, 1] be a nonincreasing and onto function defined by

1,  0<r<¥3l

— —1
=453, Bl<ra L

r NG

1 1

A4ors ﬁ§T<1

Suppose that T : X — X is a mapping on X and there exists r € [0,1) such
that

f(r)d(z, Tx) < d(z,y) = d(Tz, Ty) < rd(z,y)
forallxz,y € X. Then T has a unique fixed point.

Proof. Since f(r) < 1, hence f(r)d(x,Tz) < d(z,Tx). Using the hypothesis
we have

d(Tz, T%z) < rd(z,Tx),
S0
d(Tmz, T" ) < rd(z, Tx), (3.3)
for all n € N,z € X. Choose xy € X, and define a sequence {z,} by x,+1 =
Tz, and x, = T"xg. Let x = xg, by (3.3), we have
d(p, Tpy1) < 1r"d(z0, 21).

Choose a natural number m, while m > n, we have

AT, Tm) < d(Tp, Tnt1) + d(Tpt1, Tug2) + oo + d(Tm—1, Tm)
< (r" + Pl rm_l)d(:no,xl)

n(l — pm—n
S B
,r,'fl
<
“1l-r

For any ¢ € E with 0 <« ¢. Choose t > 0 such that {c} + N;(0) C P, where
N;(0) = {y : [|y|| < t}. Choose a natural number Ny such that ;—d(zo,z1) €

N¢(0), for all n > Nj. Therefore %d(xo, x1) < ¢, for all n > Ny. Thus

d(zg,x1).

n

r
d <
(xna $m) =7

d(zo, 1) < c,

for all m > n > Nj. Therefore {z,} is a Cauchy sequence inX. Since (X,d)
is a complete cone metric space, so there exists z € X such that z,, — z as
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n — oo. Hence for all x € X — {z}, there exists a positive integer Ny, while

n > Ny, we have d(z,, z) < @. Hence

F(r)d(xn, Try) < d(xn, Tnt1) < d(Tn, 2) + d(Tp41, 2)
dz,z) d(z,z) d(z,z)
L
%d(m,z) =d(z,z) — d(z, )
<d(z,z) —d(xp,2)

< d(zp, ).

Therefor f(r)d(xy, Tnt1) < d(xn, z). By the hypothesis, we have d(Tx, Txy,) <
rd(xn,x). Hence

IN

d(Tz,z) <rd(z,x) (3.4)
as n — oo, for all x # z.
Suppose Tz # z, for all positive integer k. By (3.4), we have

A(TF 2, 2) < rd(z,TF2) < r?d(z, T '2) < ... < rFd(z,Tz).

(HIfo<r< @, then 2r2 +2r — 1 < 0 and 3r? < 1. Suppose d(T?z, z) <
d(T?z,T3%), we have

d(Tz,2) <d(Tz,T?2) +d(T?z, 2) < rd(z, Tz) + d(T?z,T32)
<rd(z,Tz) +r2d(2,Tz) = (r +r?)d(z,Tz)
< (2r 4 2r?)d(z,Tz) < d(2,T=z),

which is a contradiction, since d(T'z, z) = d(z,Tz). Hence the hypothesis that
d(T?z,2) < d(T?z,T3z) is wrong, so we have

f(rd(T?z,T32) < d(T?2,T32) < d(T?z, 2).
We have
d(Tz,2) < d(Tz,T32) +d(T3z,2) < 2d(Tz,T32) + d(T3z, 2)
< 2rd(T?2,T2) + 12d(Tz, 2) < 2r%d(Tz, z) + r2d(T'z, )
=3r2d(Tz,2) < d(Tz,z2),
which is a contradiction, since d(T'z,z) = d(z,Tz).

(2) If ‘/‘5’2_1 <r< %, then 3r% < 1. Suppose d(T?z, 2) < f(r)d(T?z,T3z), we
have

d(Tz, 2) < d(Tz,T?2) + d(T?z,2) < d(Tz,T?2) + f(r)d(T?z,T32)
<rd(z,Tz) +r2f(r)d(z,Tz) < (2r 4+ 2r2f(r))d(z,Tz) = d(z,Tz),
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which is a contradiction, since d(T'z, z) = d(z,T'z). Hence the hypothesis that
d(T?z,2) < f(r)d(T?z,T32) is wrong, so we have
d(T?z,2) > f(r)d(T?z,T32).
We have
d(Tz,2) <d(Tz,T32) +d(T?z,2) < 2d(Tz,T32) + d(T?z, 2)
< 2rd(T?2,T2) + 1r2d(Tz, 2) < 2r?d(Tz,2) + r*d(Tz, 2)
=3r2d(Tz,2) < d(Tz,z2),
which is a contradiction, since d(T'z,z) = d(z,Tz2).

(3) If % <r <1, then f(r)d(x,Tx) < d(z,y) or f(r)d(Tx,T?z) < d(Tx,y)
for all z,y € X. Since if f(r)d(z,Tx) > d(x,y) and f(r)d(Tz,T?z) >

d(Tz,y), then we have

d(Tz,z) < d(Tz,y) +d(y,x) < d(Tx,y) + 2d(y, x)
< f(r)d(Tz, T?z) + 2f (r)d(z, Tz) < rf(r)d(z, Tx) 4+ 2f(r)d(z, Tx)
< f(r)@2r+4)d(x,Tz) = d(Tx,x),

which is a contradiction, since d(Tz,z) = d(x,Tz). Hence for all positive
integer n, we have

f(r)d(JUZn’ $2n+1) < d(l‘2n) Z)
or

f(r)d(xan+1, Tant2) < d(T2n41, 2).
Hence we have
d(xon+t1, Tz) < rd(zan, 2)

or

d(xon+2,T2) < rd(xonti, 2).
Since x, — z as n — 0o, therefore there exists a subsequence of {x,,} such
that x,,, — Tz as n; — oo, where i is a positive integer. Hence Tz = z, which
is a contradiction with the hypothesis that 7%z # z for any positive integer k.
By (3.1), (3.2) and (3.3), we obtain that the previous hypothesis that T*z # z
for any positive integer k is wrong. Hence 177z = z, for some positive integer
4. Hence z is the fixed point of 77.

Next we show that the fixed point of T J is unique. Suppose that w # z is
also a fixed point of 77, then 77w = w. By (3.4), we have

A(T7w, T72) < rd(T? " w,T72) < - < id(w, T72) = 1 d(Tw, T? 2).

Hence (1 — r/)d(T7w,T7z) < 0. Since r € [0,1), so 1 — 7/ > 0. Hence
d(T?w,T7z) = 0. Thus we have T9w = T7z. Hence w = z, TV has a unique
fixed point. Since Tz = z, so T7(Tz) = (T'z). Hence Tz is also a fixed point
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of T7. Since the fixed point of 77 is unique, therefore Tz = z, z is a fixed
point of T.
Suppose that Talso has a fixed point v, then Tv = v. By (3.4), we have

d(z,v) = d(z,Tv) < rd(z,v).

Hence (1 — r)d(z,v) < 0. Since 0 < 1 —r < 1, therefore d(z,v) = 0. Hence
z =wv, T has a unique fixed point. O

Theorem 3.6. Let (X, G) be a complete symmetric G—cone metric space and
T: X — X be a surjective mapping satisfying the following conditions

G(TPx, TPz, T%) > hG(z,z,y)

forallz,y € X and h > 1, where p and q are positive integers. Then T has a
unique fixed point.

Proof. Choose any x¢g € X. Since T is a surjective mapping, there exists
z1 € X such that T'ry = xp. Similarly, we obtain a sequence of {z,} such that
Tp = Txpi1 in X. Let yo = xo, 11 = Lqgy Y2 = Tp+qs Yon—1 = L(n—1)(p+q)+q
Yon = Tn(ptq)s then we have

G(Y2n—1,Y2n—1, Y2n) = G(TPy2n, T?yon, T'Yon+1)
> hG (Yon, Yon, Y2n+1)-
Hence

G(Y2n; Y2n, Yont+1) < —G(Y2n—1, Yon—1, Y2n)- (3.5)

> =

Similarly, we have

G(Y2n—2,Y2n—2, Y2n—1)

= G(Tqunfly Tqunfla pr2n) = G(pr2n7 pr2n> Tqy2n71)

> hG(Y2n, Yon, Yon—1) = hG(Yan—1, Yan—1, Y2n)-
Hence

1
G(Y2n—1,Yon—1, Y2n) < EG(yzn—%yzn—%ym—l)- (3.6)

It follows from (3.5) and (3.6) that

| =

G(Yn—1,Yn—1,Yn) < -+ < 7—=G(Y0, Yo, Y1)-

S

G(ym Yn, yn+1) <

>
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Let £ = % Since h > 1, therefore 0 < k < 1. Choose a natural number
m > n, we have

G(Yns Yns Ym)

< G(yna Yn, yn+l) + G(yn+lu Yn+1, ym)

< G(yna Yn, yn+l) + G(yn+lu Yn+1, yn+2) +...+ G(ym—lu Ym—1, ym)

< K"+ K" 4+ EHG (o, yo. vr)

E™(1 —kmn
= (1_k)G(yo,yo,y1)
< T Gluo,vo,)
~1_k Yo, Yo, Y1)-

For any ¢ € E with 0 < ¢. Choose t > 0 such that {c} + N;(0) C P,
where N¢(0) = {y : |ly]| < t}. Choose a positive integer N; such that
ﬁikG(y()ayanl) € Nt(0)7 for all n > Nl‘ Then7 ﬁikG(yanO)yl) < ¢ for
all n > Ny. Thus

n

G(Yns Yn, Ym) < G(yo, Y0, 1) < ¢

—1—k
for all m > n > Nj. Therefore {y,} is a Cauchy sequence in X. Since (X, G)
is a complete cone metric space, so there exists z € X such that y, — 2z as
n — oo. Since T is a surjective mapping, so TP is also a surjective mapping.
Hence there exists u € X such that TPu = z. We have

G(za Z, y2n) = G(Tpuv TpUa TqunJrl) 2 hG(’LL, u, y2n+1)-

Hence hG(u,u,z) < 0asn — oo. Since h > 1, so G(u,u, z) = 0. Hence u = z.
Since TPu = z, so TPu = z = u. Therefore z is a fixed point of T?. Similarly,
z is also a fixed point of T9. Hence z is the common fixed point of T? and T9.

Now we show that the common fixed point of TP and T is unique. We
assume that e € X is also a common fixed point of TP and 79, then

G(z,z,e) = G(TP2z,TPz,T%) > hG(z, z,e).

Hence (h — 1)G(z,2,e) < 0. Since h —1 > 0, so G(z,z,e) = 0. Hence
z =e. Since TPz = z, s0 TP(Tz) = Tz. Hence Tz is also a fixed point of TP.
Similarly, T'z is also a fixed point of T9. Hence T'z is a common fixed point of
TP and T9. Since the common fixed point of TP and T is unique, so Tz = z.
Hence z is a fixed point of T" and z is also the unique fixed point of 7. O

Theorem 3.7. Let (X, G) be a complete G—cone metric space and T : X — X
be a surjective mapping satisfying the following conditions

G(Tx, Ty, Ty) > aG(x,y,y) + bG(z, 2, Tx) + cG(y,y, Ty),
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forallx,y € X and x # y, where a,b,c >0 anda+b+c>1. Then T has at
least one fixed point. Especially, while a > 1, T has a unique fixed point.

Proof. Choose any xy € X. Since T is a surjective mapping, so there exists
x1 € X such that Tx; = zo. Similarly we can obtain a sequence of {z,} in
X such that z, = Try41 andz, # x,41 (if there exists a positive integer i
satisfying x; = x;y1, then z;11 = z; = Tx;y1, hence x;41 is a fixed point of
T). We have

G(l‘n—la Ly xn)

= G(T-Tru Txny1, Txn—i—l)

> QG(CCTL’ Tn+1, xn—&-l) + bG(SUny Ln, -Tn—l) + CG(J:n—&-la Tn+1, xn) (37)
Hence

(1 - b)G(IL’n_l, T, xn) > (a + C)G(fl?n, Tn+1, xn—l—l)‘
Suppose that a + ¢ = 0, since a +b+c¢ > 1, so 1 —b < 0, we have (1 —
b)G(xn—-1,Tn,Tn) < 0. But (a+¢)G(zyn, Tnt1, Tnt1) > 0. Hence a+c # 0,b <
1. It follows from (3.7) that we have
1-b
G(xna Tn+1, xn-{—l) < o+ CG(xn—la Tn, an)

_ 1-b _ 1-b _ (atbto)—b
Leth—a—_i_c,thenh—a—ﬂ < e — = 1. Hence

G(xn, Tpit1, Tpy1) < hG(Tp—1, Tn, Ty).
Thus we have
G(Xn, Tpy1, Tny1) < W"G(xo, 21, 21).
For any positive integer m > n, we have
G(Tn, T,y Tm)
< G(xp, Tngts Tng1) + G(@nt1, T, T)
< G(Xn, Tnt1, Tnt1) + G(Tng1, T2, Tng2) + -+ G(Tm—1, T,y Tm)
< (B + R B TYG (g, 21, 1)

(1 — hm=m)
= ?G("L’O,xl?ml)
< )
=1-h Zo,21,21)-

For any ¢ € E with 0 < ¢. Choose t > 0 such that {c} + N, (0) C P,
where N;(0) = {y : [ly|| < t}. Choose a positive integer Nj such that
%G(:L‘o,l’l,l'l) € N¢(0), for all n > Nj. Then, %G(xo,:vl,:vl) < ¢, for
all n > Ny. Thus

n

G(xp, Ty Tm) < 1 hG({L‘Q,SL‘l,$1) <Lc



Cone metric spaces and related fixed point theorems 235

for all m > n > Nj. Therefore {z,} is a Cauchy sequence in X. Since (X, G)
is a complete cone metric space, so there exists z € X such that z,, — z as

n — oo. Since T is a surjective mapping, so there exists g € X such that
z =Tg. We have

G(Tg7 Tn, l‘n) = G(Tg, Tanrla T-Tn+1)
> CLG(g, Tn+1, l’n+1) + bG(ga g, Tg) + CG(:L‘TLJrl? Tn+1, fEn),

by Lemma 2.10, we have

0>aG(g,Tg,Tg) +bG(g,9,T9)
b
>aG(9,Tg,Tg)+ §G(Q,Tg,Tg)
b

as n — oo. Since a + % >0, so G(g,Tg,Tg) = 0. Hence Tg = g, g is a fixed
point of T.
While a > 1, suppose that u is another fixed point of T', then Tu = u. We
have
G(g,u,u) = G(Tg,Tu,Tu)

> aG(g,u,u) +bG(g,Tg,Tg) + cG(u, Tu, Tu).

Hence (a — 1)G(g,u,u) < 0. Since a — 1 > 0, hence G(g,u,u) = 0. So g = u.
Hence we have that T has a unique fixed point while a > 1. O
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