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Abstract. For a class of contractive operators defined on an arbitrary Banach space, it has
been shown recently that the Picard-Mann iteration process converges faster than the Picard
iteration process. In this paper, we introduce a new hybrid iteration process which can be
seen as a “ double Picard ” or a hybrid of Picard iteration process with itself. We first give
the convergence analysis of our new iteration process. Thereafter, we prove that the new
process converges faster than Picard-Mann iteration process for contractive-like operators in
K —normed linear space.

1. INTRODUCTION

Approximation of fixed point of nonlinear operators is one of the most
important problems in numerical analysis. Much attention has been given
to developing several iteration processes to approximate fixed point of some
classess of contractive operators, see [3, 4, 6, 7] and the references therein. We
introduce a new hybrid iteration process which we will call a Picard-Picard
hybrid iteration process and prove that the new process converges faster than
the recently announced Picard-Mann iteration process.

We need the following definition of K —normed space [10].

Definition 1.1. Let X be areal linear space. Then, X is said to be K —normed
if operator ].[: X — X satisfies:

1. Jz[>0, (z € X),

2. Jz[=0 = =0,

3. ]MI[: ],u]]x[, (SC eX,pe R)7
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4z +yl[<lz[+]y], (z,y € X).

Definition 1.2. A sequence {y,}(n > 0) in X is said to be
(a) convergent to a limit y € X if

lim |y, —y[=0, in X,

n—oo
and we write

(X) — lim y, = y;

n—o0

(b) a Cauchy sequence if

lim ]ym - yn[: 0.

m,n— o0

The space X is complete if every Cauchy sequence is convergent.

Now, let X be a K—normed linear space and C' be a non-empty subset of
X. Let T : C — C be a mapping. The iteration process called Picard is
defined as follows:

Picard iteration process(see, [1-4, 9]):
Step 1. For initial guess x1, a tolerance € > 0, for iterations n, set k = 1.
Step 2. Calculate x9, 3, ..., such that

Tpy1 =Txy, n>1, (1.1)
Step 3. For given € > 0, if |z+1 — zx| < €, or k > n, then stop.
Step 4. Set k =k + 1 and go to Step 2.

The following definitions about the rate of convergence are due to Berinde
[1], see also [2].

Definition 1.3. Let {a,}22, {by}22, be two sequences of real numbers that
converge to a and b, respectively, assume that there exists

(i) If I = 0, then we say that {a,}°; converges faster to a than {b,}7,
to b.

(ii) If 0 < I < oo, then we say that {a,}°°; and {b,}>°, have the same
rate of convergence.

Suppose that for two fixed point iteration processes {u,} and {v,} both
converging to the same fixed point p, the following error estimates

Jup — p[< apn, n>1,
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]Un - P[S b, n>1
are available where {a, } and {b,} are two sequences of positive numbers con-

verging to zero. If {a,} converges faster than {b,}, then {u,} converges faster
than {v,} to p.

Olatinwo and Imoru [8] employed the following more general contractive def-
inition: there exist 6 € [0,1) and a motone increasing function ® : [0,00) —
[0, 00) with ®(0) = 0 such that for each z,y € E,

[Tz = Tyll < 6llz -yl + (| T2 — xf]). (1.2)

Several researchers have studied the existence and convergence theorems for
finding the fixed point of the class of operator defined in (1.2), see for instance
[6-8].

Consider a K —normed linear space X, equation (1.2) becomes
|Tx — Ty[< d)lx — y[+@(J]Tx — x[), for each x,y € X. (1.3)

In 2013, Khan [4] introduced the following Picard-Mann hybrid iteration
process for single map 7.

Picard-Mann hybrid iteration process (due to Khan [4]):
Step 1. For initial guess x1, a tolerance € > 0, for iterations n, set k = 1.
Step 2. Calculate z9, 3, ..., such that

Yn = (1 = bp)zy, + by Ty,

Tnt1 = Tyn, n>1, (1.4)
where {b,}5° ; is sequence in (0, 1).
Step 3. For given € > 0, if |11 — x| < €, or k > n, then stop.
Step 4. Set k =k + 1 and go to Step 2.

He showed that Picard-Mann hybrid iteration process converges faster than
the Picard iteration process in the sense of Berinde [1] for contraction. A
natural question that arises is: Can it be possible to develop an iteration
process whose rate of convergence is even faster than the Picard-Mann hybrid
iteration process (1.4)?

As an answer, we introduced the following iteration process.
New iteration (Picard-Picard hybrid) process:

Step 1. For initial guess x1, a tolerance € > 0, for iterations n, set k = 1.
Step 2. Calculate x9, 3, ..., such that

Yn = T.’L‘n,
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Tnt1 =Tyn, n>1. (1.5)

Step 3. For given € > 0, if |11 — x| < €, or k > n, then stop.
Step 4. Set k =k + 1 and go to Step 2.

Our new iteration can be seen as a “ double Picard ” or a hybrid of Picard
iteration process with itself.

In this paper, we prove strong convergence theorem for contractive-like op-
erator using (1.3). We also prove that our new process (1.5) converges faster
than (1.4) and (1.1) in the sense of Berinde [1].

2. CONVERGENCE ANALYSIS

We will first give the convergence analysis of our new iteration process.

Theorem 2.1. Let (X,].[) be a K—normed linear space, T : X — X be a
contractive-like operator satisfying (1.3). Suppose T has a fized point p. For
arbitrary x1 € X, define the sequence {xy,}° ;| iteratively by (1.5). Then, the
iteration process (1.5) converges to fixed point p.

Proof. Let p be a fixed point of T. Then, using (1.5), we have
Jenir —pl = [Ty —pl (2.1)

Now using (1.3) with = p, y = y,, we obtain the following two inequality,

1Tyn —pl < Olyn — p[+2(Tp — p|)
= Slyn— sl (22)

In a similar way, by using (1.3), we can have
Hyn - p” < 6}‘rn - p[' (23)
Substituting (2.2) and (2.3) into (2.1) to have

Jtntr —p[ < 8w —p|
: (2.4)
< 8%y —pl.

Using the facts that 0 < § < 1. It is clear that |z,41 — p[= 0. Consequently,
Zn — p. This completes the proof. O
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3. CONVERGENCE ANALYSIS

In this section, we prove that our new iteration process
than the two (Picard and Picard-Mann) iterations.

241

converges faster

Theorem 3.1. Let (X,].[) be a K—normed linear space, T be a contractive-
like operator satisfying (1.3) with a fized point p. Let {un}>2, be defined by

the iteration process

u; =x € X,
Upt1 = TUp, n>1.

{n}52, be defined by the iteration process

r1 =z € X,
yn:Txm
T4l =TYn, n>1.

{vn}22, be defined by the iteration process

v =x € X,
wp, = (1 — apn)vy + anTop,

Upy1 = Twp, n>1,

where {an} is in [N\, 1 — A] for all n > 1 and for some X in (0,1). Then, the
sequence {x,} converges faster than {v,}. That is, our new iteration {x,}

converges faster than Picard-Mann iteration {v,}.

Proof. As proved in Theorem 2.1 of Khan [4], Jv,41—p[< [0(1—(1—0)\)]"]v1 —

p| for all n > 1. Let
an = 601 = (1= )N)]"Jor - p.
Also, from our Theorem 2.1,
JTns1 — p[< 8]ary — p.

Let
bn = 52n]{L‘1 - p[.
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Then,

by, §2"z1 — p|

an (1= (1= 8)N)]"or — ol

— 0, n— oo.

Consequently, {x,} converges faster than {v,}.
In a similar way, from Theorem 2.1 of Khan [4], Ju,4+1 — p[< 0™]u; — p] for all

n > 1. Let
cn = 0" u1 — pl.
Then,
bj _ 52n] xr] — p[
cn 0"uy — pl
— 0, n— oo.
Thus, {z,} converges faster than {u,}. O
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