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Abstract. In this paper, we study the existence and uniqueness of solutions for the neutral
fractional integrodifferential equations with fractional integral boundary conditions by using
fixed point theorems. The fractional derivative considered here is in the Caputo sense.

Examples are provided to illustrate the results.

1. INTRODUCTION

The subject of fractional calculus has been receiving a great deal of attention
from many researchers and scientists during the past few decades. This is
mainly due to the fact that it provides an excellent tool in the modelling of
dynamical systems which arise in science and engineering. For an extensive
collection of such results, one can refer [15, 20, 21, 25, 26].

In fact, fractional differential equations are considered as an alternative
model to nonlinear differential equations [12]. The most important advantage
of using them is their non-local property. It is well known that the integer
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order differential operator is a local operator but the fractional order differ-
ential operator is non-local. This means that the future state of a system
depends not only on its current state but also upon all its past states. This is
probably the most relevant feature for making this fractional tool useful from
an applied standpoint and interesting from a mathematical standpoint. They
appear naturally in control theory of dynamical systems, fluid flow, chemical
physics, rheology, dynamical processes in self-similar and porous structures,
viscoelasticity, optics and signal processing, electrical networks, electrochem-
istry of corrosion and so on. For some recent contributions on fractional initial
value problems, see [2, 3, 9, 10, 11, 18, 32].

In recent years, boundary value problems of fractional differential equations
involving a variety of boundary conditions have been investigated by several
researchers [1, 6, 14, 19, 22, 29, 30]. In particular, integral boundary conditions
have various applications in applied fields such as blood flow problems, thermo-
elasticity, chemical engineering, underground water flow, cellular systems, heat
transmission, plasma physics, population dynamics and so forth. For a detailed
description of these boundary conditions, one can refer the papers [7, 13, 17,
24, 27, 28]. Also integrodifferential equations arise in many engineering and
scientific disciplines. The recent results of fractional boundary value problems
with integrodifferential equations can be found in [4, 5, 8, 31] and the references
therein.

In the first part of this paper, we discuss the existence and uniqueness of
solutions to the nonlinear neutral fractional boundary value problem
Dila(t) — g(t,2()] = f(t.2(t), t€ 0,1, 0< g < 1,
(1.1)
z(0) = alPz(n), 0<n<l1,
where CDg + denotes the Caputo fractional derivative of order ¢. The function
f:]0,1] xR — R is continuous, g : [0, 1] xR — R is continuously differentiable.
Here o € R is such that o # % and IP, 0 < p < 1, is the Riemann-Liouville
fractional integral of order p. The results generalise those of [23].

In the second part, we study the existence and uniqueness of solutions to
the nonlinear neutral fractional integrodifferential boundary value problem

DY, [a(t) — glt, 2(0))] = f (t,2(0), [y k(t,5,2(s))ds)
te0,1],0<q<1, (1.2)
xz(0) = alPx(n), 0<n<l1,

where the functions f: [0,1] x R xR = R, k: Q@ x R — R are continuous, g :
[0,1] x R — R is continuously differentiable with Q = {(¢,s): 0 < s <t <1}.
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The paper is organized as follows: In Section 2, we give some preliminary
results. In Section 3, we discuss the existence and uniqueness results for
(1.1) by using Krasnoselskii’s, Leray-Schauder fixed point theorems and the
Banach contraction principle respectively. The nonlinear neutral fractional
integrodifferential equation (1.2) is considered in Section 4 where the existence
and uniqueness results are studied using the same technique as in Section 3.
Examples are also provided to illustrate the main results. To the best of
the authors’ knowledge, no paper has considered the existence of solutions to
the nonlinear neutral fractional differential equation with fractional integral
boundary conditions.

2. PRELIMINARIES

Let us recall some basic definitions of fractional calculus [20].

Definition 2.1. The Riemann-Liouville fractional integral of a function f €
LY (R*) of order q is defined as
1

0 = 5 [ =9 s a>0, (2.1)

provided the integral exists.

Definition 2.2. The Caputo fractional derivative of order ¢ is defined as

1 t
r(nq)/ (t—s)" 9 W (s)ds, n—1<qg<n, (2.2)
- 0

where the function f(t) has absolutely continuous derivatives upto order (n —
1). In particular, if 0 < ¢ < 1,

A B O 1
DO = 5y o

CDg+f(t) =

where f'(s) = Df(s) = d{i(ss).

Lemma 2.3. ([1]) Let p,q > 0, f € L'[a,b]. Then IPI1f(t) = IPTIf(t) =
1P f(t) and *DII91f(t) = f(t), for all t € |a,b].

3. NONLINEAR NEUTRAL EQUATIONS

Definition 3.1. A function z(t) € C(]0,1],R) is said to be a solution of (1.1)
if it satisfies the equation

CDq[x<t)_g(t7x(t>)] :f(t7x<t))7 te [07 1]
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and the boundary condition
z(0) =alPx(n), 0O0<n<l.
To study the nonlinear problem (1.1), we first consider the linear problem

and obtain its solution.

Lemma 3.2. Let a # %ﬁl). Then, for given f € C([0,1],R), g € C([0,1],R),
the solution of the fractional differential equation

CDw(t) - g(t)] = £(H), 0<q<1, (3.1)

subject to the boundary condition

2(0) = alPz(n) (32)
s given by
I ) LR A (L 2 VI _ollptD)
x(t)_/o O = Fo Ty = a9+ 90+ 5
TP gen [T
) (/0 I'(p) gls)d +/0 T'(p+q) fle)d > (33)

Proof. Suppose that z is a solution of (1.1), then from [20], we have, for some
constant ¢y € R,

w(t) = co—g(0) +g(t) + I/ (2). (3-4)

Taking Riemann-Liouville fractional integral of order p on both sides of (3.4),
we get

t —s p—1
IPa(t) = A@Im;@o—g®)+g®%+ﬂf®»ds
Co

— p g(O) P P Pra
= F(p—l—l)t _I‘(p—i—l)t + IPg(t) + IPI7f(1).

Using Lemma 2.3, we have

o) = it~ 2+ Pot) + S, (35)

Using (3.5) in (3.2), we have

o = 1) ( 9(0)
" T T+l —apr \ Tp+1)

” + 1Pg(n) +Ip+qf(77)> :
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Substituting the value of ¢y in (3.4), we get

t(p_ g)a-1
o= [ EZ " pgyas — —2PFD )4 g

['(q) L(p+1) —anp
al(p+1) M=)t e [T
T+ H—arr </0 L'(p) gls)d +/0 I'(p+q) fe)d >

0

3.1. Existence and Uniqueness Results. Let C = C([0, 1], R) be the Ba-
nach space of all continuous functions from [0, 1] — R endowed with the norm
defined by ||z| = sup{|z(t)|,t € [0,1]}. In view of Lemma 3.2, we transform
(1.1) as

r = F(x), (3.6)
where F': C(]0,1],R) — C([0,1],R) is given by

o a(0.2(0)
QTo+1) ([ =)
L(p+1) —anp </0 I'(p)

M=) s
[T s alohas ) e ) (37)

Observe that the problem (1.1) has solutions if the operator equation (3.6)
has fixed points.

t — s q—1
(Fa)(t) = /0 “F@))f(s,x@»ds -

+g(t,z(t)) +

g(s,x(s))ds

Assume that the following conditions hold:

(A1) The function f : [0,1] x R — R is continuous, g : [0,1] x R — R is
continuously differentiable and there exist positive constants L, Lo
such that, for ¢ € [0,1], =,y € R,
() 1 () — F(t,)| < Lilz — o,
(i) |g(t, ) — g(t,y)| < Lalz —yl.

(A2) Let 61 = L1A1 + Lada < 1,

_ 1 |a|pP 9T (p+1) _ { L(p+1)—anP|+|aln?
where Al—(rml)* \r<p+1>fanp\r<p+q+1>> and A2—< T T D) —an] )

(A3) For each (t,z) € [0,1] x R and py, u2 € C([0,1],RT), we have
(i) [f(t @) < pa(t),
(if) [g(t, 2)| < pa(?).

Theorem 3.3. Assume that f,g satisfy the hypotheses (Al) and (A2). Then
the boundary value problem (1.1) has a unique solution on [0, 1].
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Proof. Let My = sup |f(t,0)|, My = sup |g(¢,0)| and consider
te[0,1] t€[0,1]

B, ={zx €C:|z| <r}, where r > 1%1 with

L(p+1)
T(p+1) — anp|

89 = My, + MaoXy + 19(0,2(0))]

and d; given by the assumption (A2). Now we show that F'B, C B,, where
F :C — C is defined by (3.7). For « € B,, we have

t(p_ g)a-1
I(Fa)@)] < sup { / " b (s))ds + p”p“) 19(0,2(0))]

t€[0,1] I'(q) T(p+1) — anp|
()] + ([T aspas
[ st
< L 156t = 75,00 + .00 s
F(p+1)

T(p+1) — an?| 19(0,z(0))[ + (lg(t, z(t)) — g(t,0)| + |g(¢, 0)[)

alCp+1) ([ =5
R D ([T (gt - 9(5,0)

— g)pta—1
+|g(s,0)]) ds +/(;n (nl“(p)—i—q)
+[f(s,0)]) ds)}

< (Lyr + My)A1 + (Lor + Ma) Ao +

(1£(s,2(s)) = f(s,0)]

L(p+1)
T(p+1) — anp|
L(p+1)
IT(p+ 1) — anp|

19(0,2(0))]

< [LiA + LoXo] r+ |:M1)\1 + MaXs + |9(0,(0))|

<6ir+62 <
This shows that F'B, C B,. Next, for z,y € C and ¢ € [0, 1], we obtain

t(_ g)a-1
|Fe — Pyl < ti‘[épu{ | st — fls(sDlds

la|T(p + 1)
+g(t, 2(t)) — g(t, y(t)| + IT(p+1) — anp?|

7 (n—s)P!
x ( [ ot a(o) = gD s
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n (77_ 8)p+q71
b [T o)) - S ao)las) |

<z =yl [LiA1 + LaAg]
< difz —yl.
Here 1 depends only on the parameters involved in the problem. By assump-

tion (A2), 41 <1 and therefore F' is a contraction. Hence, by the Banach
contraction principle, the problem (1.1) has a unique solution on [0, 1]. O

Now we prove the existence of solutions of (1.1) by applying Krasnoselskii’s
fixed point theorem.

Theorem 3.4. ([16], Krasnoselskii Theorem) Let S be a closed, convex, non-
empty subset of a Banach space X. Let P, Q be two operators such that

(i) Px+ Qy € S, whenever z,y € S,
(ii) P is compact and continuous,
(iii) Q is a contraction mapping.
Then there exists z € S such that z = Pz + Qz.

Theorem 3.5. Suppose that the assumptions (Al) and (A3) hold with
1 L1|Oé|77p+qf(p+1)}
L = — o (Pp+1)—an?|+ +
\np+n—mw{2“(p )= +lafy)+ 2
< 1L (3.8)
Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Let sup |u;(t)] = |lpill, i =1,2, and B, = {x € C : ||z]| < r}. Now we

te(0,1]
decompose F' as F| + F> on B,, where
= ti(t_s)qil s, z(s))ds
(Ra)(e) = [ i fs.a(o)is. t e 0.1),
(Fat)(t) = o2 0,0(0) + a2 (0) + s

X<AWhRg)E@w@D%fA”?;fZ;f@w®D®>,

for ¢ € [0, 1]. Choose
r >l [ 1 a[pPIT(p + 1)
[(g+1)  [Dp+1)—anprl(p+qg+1)
T(p+1) — an?| + |alp” T(p+1) }
T(p+1) — an?| T(p+1)—an?|]

+
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For z,y € B,, we find that

IFia+ Fay
< s { [ sl + 0. y(0)
Halt, )]+ er B ([ s
o Oy i) |
[l I'(p+1)

S Tq+D)  TotrD= m],,,\g( s y(0)] + [ 2l

lall(p+1) ( U
T(p+1) —an?| \I'(p+ 1)

gl + T HIO
RN/ .
H2 F(p+q—|—1) M1

Let p = max{u1,9(0,y(0)), po}. Then, by simplification, we have

1 || nPTIT(p + 1)
Fix+ Byl < ||p [ +
| < el 5 * T+ D —ap T+ 0+ D)

+IF(p+1) — anP| + |afn? L'(p+1) ]
T(p+1) — anp| IT'(p+1) — an|

<
Thus Fix + Fyy € B,.. Next we prove that F5 is a contraction.

[ F2x — Fay| < sup {lg(t, 2(t)) — g(t,y(1))|
t€0,1]

oL+ 1) ([ s
Rt D ([T a6 — st o) s

N /077 wyf(s,x(S)) — f(s, y(s))|ds> }

L'(p+4q)
<yl {Lz (IT(p+1) — an?| + |a|n?)
T(p+1) — anp|
LilapP™T(p + 1) }
T(p+1) —an?|l(p+q+1)
< Llz —yl.

Hence F5 is a contraction. Continuity of f implies that the operator Fj is
continuous. Also F} is uniformly bounded on B, as
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I(F)@)] < sup { / t <t—r>

t€[0,1] (q)

o a(e)lds

2]
I'(g+1)
To prove that the operator F} is compact, it remains to show that Fj is

equicontinuous. For that, let f = sup |f(t,x)|. Now, for any t1,ts €
(t,2)€[0,1]x B,
[0,1] with t; < t2 and x € B,, we have

x - T su " [(tQ _ S)q_l — (- S)q_l]
(Fo)e) = (Fo@)l < s { /0 T
2 (ta— )1t
ntelas+ [T o (0)ias
v CAR]

which is independent of z and tends to zero as ¢ty — t; — 0. Thus Fj is
equicontinuous. By Arzela-Ascoli Theorem, Fj is compact. Hence, by the
Krasnoselskii fixed point theorem, there exists a fixed point x € C such that
Fz = z which is a solution to the boundary value problem (1.1). O

The next result is based on Leray-Schauder nonlinear alternative.

Theorem 3.6. ([16], Leray-Schauder nonlinear alternative) Let E be a Ba-
nach space, C' a closed, convex subset of E, U an open subset of C and 0 € U.
Suppose that F : U — C' is a continuous, compact (that is, F(U) is a relatively
compact subset of C') map. Then either
(i) F has a fized point in U or
(ii) there is a u € OU (the boundary of U in C) and X € (0,1) with
u = AF(u).

Theorem 3.7. Assume that the following hypotheses hold:
(A4) There exist continuous nondecreasing functions 1,1, : [0,00) — (0, 00)
and ¢1, 2 € LY([0,1],R") such that, for each (t,x) € [0,1] x R,
(i) [f(t2)| < pr(®)pa(|]),
(i) |g(t, )| < da(t)ba(llz]]).

(A5) There ezists a constant M > 0 such that & > 1, where

[T (p+ 1) 1P (11 (1) + d2(n)) T(p+1)
+¢a(1)+ .
[P(p+1) — anp| [D(p+1) —an?|
Then the boundary value problem (1.1) has at least one solution on [0, 1].

A= (M)|I¢1(1)+
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Proof. Observe that the operator F' : C — C defined by (3.7) is continuous.
Next we show that F' maps bounded sets into bounded sets in C.

For a positive number k, let By = {x € C : ||z|| < k} be a bounded ball in
C([0,1],R). Then we have

(Fa))]
ft—s) L(p+1)
< o { [ ool + g B 0,200
@Lp+1) ([ (=5
Hattao)] + ot b ([T (s

f[“ﬁglev@w@mm)}

(1—s)1" F(p+1)
<unllel) [ S0 + 20,000
ol (p + 1) "y st
+oaVallol) + T (mm<wxmw[/ o
s)Pta 1
oas)ds (el [ )
B e
<vi(0) o) + W@+n—am|] 1) - ol
oM+,

Choosing ¥ (k) = max {¢1(k), ¢¥2(k), g(0,2(0))}, we have

|ED®I < M@P%ﬂ”+w55%t2m

L(p+1) ]
T(p+1) —anp|]”

IP(I¢1(n) + ¢2(n))

+¢2(1) +

Now we show that F' maps bounded sets into equicontinuous sets in Bj. For
that, let t1,t9 € [0, 1] with ¢; < to. Then, for x € By,

t2 —g)a1
II(F:v)(tz)—(Fw)(tl)IIS/ s = 2) [f(s,2(s))|ds + [g(ta, x(t2))]

0 I'(q)

=T s — Lot
/0 I'(q) |f(s,2(s))|d lg(t1, z(t1))|
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11 — s q—1 _ — s q—1
< 1y (k) /O [“2 ) F(q)(“ "7 o(s)ds

+1g(t2, x(t2)) — g(t1,z(t1))]
t2 (tz — S)q_l

+p1(k) /t1 W@(s)ds.

As ty — t1, the right hand side of the above inequality tends to zero indepen-
dently of x € By. Thus F' maps bounded sets into equicontinuous sets in By.
By Arzela-Ascoli’s Theorem, F' is completely continuous.

Now let = AFx where A € (0,1). Then, for ¢ € [0, 1], we have

[t —s)t s 2(s)ds — AL(p+1) .
o) = A [ sva(s))ds = o (0,0(0)
Aal'(p+1) 7 (n—spP!
+Ag(t, x(t)) + Tp 1) —arp </0 ) g(s,x(s))ds
n (77 — 3)p+q71
+/0 Wf(s,x(s))ds) .
Then, using the computations of the first step, we have
0] < wllel) |1701(1) 4 15 S (1961 0) -+ 0n()
F(p+1)
+ou(0) + S |
Consequently
q |O[|F(p + 1) D Tq
ol < (el | 101(0) + i BT r10n () + ()
F(p+1)
o)+ Tp+1) - omp\] '

In view of (A5), there exists M such that ||z|| # M. Let us set
U={zeC:|z]|<M}.

Note that the operator F' : U — C is continuous and completely continuous.
From the choice of U, there is no x € U such that x = AF'z for some X € (0,1).
Consequently, by the nonlinear alternative of Leray-Schauder theorem, we
deduce that F has a fixed point € U which is a solution to the problem
(1.1). O
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3.2. Examples.

Example 3.8. Consider the following fractional boundary value problem

—t t in
CDY? a(t) - Hrris | = £+ What)],  te0,1],

(3.9)
(0) = VBIV2x (1)

Here q = % \[ b = %a n = % f(tax) = 4 + 5121’; J}(t)’, g(t,.ﬁ[)) =
I'(3

e 1j§fg) Also o = /5 # "D = 1(3/2)/(1/5)1/2. Now

t sint t sint
) - fep) = |+ kel § - o]
< y\x—y\
= 95
< iIffc—y\
_— 25 b

1+et a(t) 1+et y(t) ‘

ta) — g(ty)| = _
l9(t ) = g(t,y)| ‘38+et1+m(t) 38 + el 1+ y(t)

o 14 et |z —y|
— 38+4el (14 |z))(1+y|)
—t

< 1+e e — |

38 + et
< —lz—y|.
. Jla—y

Condition (A1) holds with L; = 25, Ly = 35. Further, for the above values of

L1, Lo, p, q, o, m, we get the value of §; = 0.6865 < 1. Thus all the conditions
of the Theorem 3.3 are satisfied. Hence, by Theorem 3.3, the boundary value
problem (3.9) has a unique solution on [0, 1].

Example 3.9. Consider the following fractional boundary value problem

ot 2(t x(t
Cpl/4 x(t) — 111660 1+EE()t) (t—i—17)2 1J|r\gc()|)l te o1, (3.10)
z(0) = V211 (1) .
Here ¢ = i a =2 p= ia n = % ftz) = (t+7)2 lflgf()f‘/)l 9(t,w) =
—t
1f166t 1+EE()) Alsooz—\[7é p+1 _ (/)/(1/2)1/4. Now
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1 |20 1 @)l
|f(t,z) — f(ty)| ’(t T2+ z(t)]  (E+T)21+ [y ‘
1 |z -yl

S G DR+ 2D+ )

1 1
Tl =yl < Sl =l

= (t+7)2 49
_ et (t) e’ y(t)
l9(t,x) — g(t,y)| = ‘(1 +16et) 1+ z(t) (1+ 16€et) 1+ y(t) ‘

et |z — |

= [T+ 166) (1 + (2 (1 + o)

e—t

1
< -yl < —|z—y|
S Axtee® YIS FlE vl
Also |f(t,$)’ = 7(15_’_17)2414'56‘55()1!” < ﬁ and |g(t7$)’ = )1+eIGet ligf()t)’ < %7

Hence the conditions (A1) and (A43) holds with Ly = 55, Ly = 7=, wu(t) =

ﬁ, ua(t) = 1—17 For the above values of Ly, Lo, p, q, o, 1, we get the value
of L = 0.37997 < 1. Thus all the conditions of the Theorem 3.5 are satisfied.

Hence, by Theorem 3.5, the problem (3.10) has at least one solution on [0, 1].

4. NONLINEAR NEUTRAL INTEGRODIFFERENTIAL EQUATIONS

Definition 4.1. A function z(t) € C([0,1],R) is said to be a solution of (1.2)
if it satisfies the equation
t

DIz (t) — g(t, 2(t))] = f<t,x(t),/0k(t,s,x(s))ds> , te]0,1],
and the boundary condition

z(0) = alPz(n), O0<n<l.

t
Taking Kz(t) = / k(t,s,x(s))ds, equation (1.2) is equivalent to the fol-
0

lowing integral equation

o) = | e Fsale). Ka(s))ds = 2B 0,2(0)
al'(p+1) " (n—s)P!
+g(t, () + m (/0 Wg(s,x(s))ds

" (y—s)Pra-l
+/0 Wf(s,x(s),Kx(s))ds) .
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Define the mapping F': C — C by

t —s q—1
(Fz)(t) = /0 “F@))f(s,x(s),ffx(s))ds—m

al(p+1) " (n—s)P!
(/0 () g(s,x(s))ds

" (s
_|_/0 lwf(s,x(s),Kx(s))ds), (4.1)

9(0,(0))

+g(t,z(t)) + Tlp+ 1) —anp

for t € [0,1] and we have to show that F' has a fixed point. This fixed point is
then a solution to the boundary value problem (1.2).

4.1. Existence and Uniqueness Results. Assume that the following con-
ditions hold:

(B1) The function f :[0,1] x R x R — R is continuous, ¢:[0,1] x R - R
is continuously differentiable and there exist positive constants Ly, Lo
such that

(1) [f(t@1,m1) — f(t 2, 92)] < La{lwy — @2 + [yr — g2l}, ¢ € [0,1],
T1,%2,Y1,Y2 € R,
(ii) |g(t,$1> — g(t, $2)| < L2|.%'1 — $2‘, te [0, 1], x1,x2 € R.

(B2) The function k : [0,1] x [0,1] x R — R is continuous and there exists
constant L3 > 0, such that
|k(t,s, 1) — k(t,s,x2)| < Ls|z1 — x|, Vt,s€[0,1], 1,22 € R.

(B3) Let p1 = Ll(l + L3))\1 + LoXo < 1.

(B4) For pq,p2 € C([0,1],RT), we have
@) [f(Ez, 9 <),  (tzy) €01 xR xR,

(i) lg(t.2)| < pa(t),  (t.2) €[0,1] x R.

Theorem 4.2. Assume that f,g satisfy the hypotheses (B1) — (B3). Then
the boundary value problem (1.2) has a unique solution on [0,1].

P?"OOf. Let My = sup ’f(t7070)|7 My = sup ‘g(ta 0)|7 Ms = sup ‘k(t,S,O)‘
t€[0,1] t€[0,1] t,5€[0,1]
and consider B, = {z € C : ||z|| < r}, where r > % with

L(p+1)
T(p+1) —anp|

P2 = (L1M3+M1))\1 + Mo + \g(O,x(O))|

and p; given by the assumption (B3). Now we show that F'B, C B,, where
F :C — C is defined by (4.1). For « € B,, we have
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IEDO)
bt —s)it
< swp { [T st Kals)las +

t€(0,1]

L'(p+1)|g(0,2(0))|
T(p+1) — an|

o —s)p1
+g(t, z(t))| + |F(|p E(lz;tgnpl (/77 U F(p)) l9(s,z(s))|ds

of nW\f(s,x(s),Kw(s))\ds)}

t (t — 3)‘1*1 #e . .
= e U Sy (6200, K) 16,001 1150, 0))
L(p +1)[g(0,2(0))]
|F(p + 1) o anp| + (\g(t,x(t)) - g(t,O)’ + ’g(t70)‘)
la|T'(p+1) T (n— st
T(p+1) — anr| (/ I'(p)
n (77 _ S)p-i—q—l
+g(s,0)) ds + /0 K
+|f(s,0,0)|) ds)}
L L {4 La)r 4 M)+ D) + Fﬁf&; —11—)‘19)(0—7 ZE%)!
IT(p+1) — an?| + |aln?
T(p+1) — anp|

(]g(s,x(s)) - g(S, 0)’

(1f (s, 2(s), Kx(s)) = f(s,0,0)]

= (g +1)

+(Lar + Ma) + (Lor + M)

P9 (p + 1)
" Ly {(1+ La)r + Mz} + M
‘F(P‘f‘ 1) —anP|F(p_|_q+1) [ 1{( 3)7" 3} 1]
<[Li(1 4 L) A + Lodg v + [(LiM3 + M)A + MaXy
L(p+1)
T+ 1) — arp] 9020l
< pirtpp <

This shows that F'B, C B,. Next, for z,y € C and ¢ € [0, 1], we obtain

[(Fz)(t) = (Fy)(®)]]
< sup{ t_S)q 1 s (s), Ka(s)) — f(s,y(s), Ky(s))lds
t€[0,1] I'(q) ’ ’ 7
jeT(p+1)

" (n—s)P"
([ O latsals) ~ gl (o)
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+/0 Ty g (5 2(s) Ka(s) = f(s.y(s), Kyl >>rd)}
1 la|pP T (p + 1)
<l [m Lo {7t + o)

(IP(p+1) — an?| + Ialn”)]
T(p+1) — anp|

+Lo

< pilr -yl

Here p; depends only on the parameters involved in the problem. By (B3), p1<
1 and therefore F'is a contraction. Hence, by the Banach contraction principle,
the problem (1.2) has a unique solution on [0, 1]. O

Now we prove the existence result based on Krasnoselskii’s fixed point the-
orem.

Theorem 4.3. Suppose that the assumptions (B1),(B2) and (B4) hold with

1
L = = L (T 1) = P+ ol

Li(1 + Ly)|alp?tT(p+ 1
L L@+ Ls)lan”™T(p + )}<1‘
F(p+q+1)

(4.2)

Then the boundary value problem (1.2) has at least one solution on [0, 1].

Proof. Let sup |u;(t)| = |juil|, i =1,2 and B, ={z € C: ||z| < r}. Now we

t€[0,1]
decompose F' as F} + F5 on B, where
= tm S, xS IS S

(Fae) = [ (s.a(e). Ka(s)ds. 1 € 0.1,
(Fat)(0) = oy 0(0.0(0) + gt (1)

al'(p+1) " (n—s)P!

p+1) - o (/0 np) YN
" (n—s)Pra-l
—I—/O Wf(s,:t(s),Kw(s))ds) , teo,1].

As in Theorem 3.5, we can show that Fjx 4+ Fby € B,, F5 is a contraction
with L given by (4.2) and Fj is compact and continuous. Hence, by the
Krasnoselskii fixed point theorem, there exists a fixed point x € C such that
Fz = z which is a solution to the boundary value problem (1.2). O
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Next we apply Leray-Schauder nonlinear alternative to prove the existence
results for (1.2).

Theorem 4.4. Assume that the following hypotheses hold:

(B5) There exist continuous nondecreasing functions v, s : [0,00) — (0, 00)
and ¢1, 2 € L*([0,1],R") such that
(1) |f(t,l',y)’ < ¢1(t)¢1(”$”), (t,w,y) S [0, 1] X R x R,
(i) |g(t, )| < da(B)a(l|z]]), (¢, x) € [0,1] x R.

(B6) There exists a constant N > 0 such that § > 1, where

A=) 1100 + (61 0) + )
Ilp+1)

+@2(1) + .
W T 1 1) — )
Then the boundary value problem (173 has at least one solution on [0, 1].

Proof. For a positive number k, let By = {z € C : ||z|| < k} be a bounded ball
in C([0,1],R).

By a similar argument as in Theorem 3.7, it is easy to prove that F' is contin-
uous, compact and

lo|D(p+1)
\mnswwm>Pwmn+WF@+1y_mﬁg%ﬂmow+¢xm>
I'(p+1)
+@a%%W@+D—aWI'

In view of (B6), there exists IV such that ||z| # N. Let us set
U={zeC:|z|]| <N}.

Note that the operator F' : U — C is continuous and completely continuous.

From the choice of U, there is no z € U such that x = AF'z for some A € (0, 1).

Consequently, by the nonlinear alternative of Leray-Schauder theorem, we

deduce that F' has a fixed point & € U which is a solution to the boundary
value problem (1.2). O

4.2. Examples.

Example 4.5. Consider the following fractional boundary value problem

e—t ozt 1 z(t 1 rt =la(s
DV |z (t)~ 26+el 1+§c()t)] = {t+6)2 1J|r|g:()t|)\ +35 o€ ®)ds, t € [0,1],

(4.3)
2(0) = Va2 (1),

Hereq: ) O[:\/i, p:%a 77:%, f(t’xva):ﬁ%+3i(jK$(t)v

D=
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where Kxz(t fo e s (%) gs, g(t,x) = 22;; 11(;()0. Also a = /2 # p“ =
(3/2)/(1/2 )1/2. Now

_ _ 1
k(t5,2()) = bt 5,y(s))| = |37 = 77| < 2o~y

1 [z —y|
|f(t,z, Kx) — f(t,y, Ky)| < e IKx() Ky(t)]

1
< o llo =yl +|Kw — Ky,

and
et x(t) et y(t) - 1 |
— — |z
26+etl1+x(t) 26+et1+y(t)| — 27
Hence the conditions (B1), (B2) hold with L; = 36, Ly 27, L3 = . Further,
for the above values of Ly, Lo, L3, p, q, o, n, we get the Value of p1 =

0.58378 < 1. All the conditions of the Theorem 4.2 are satisfied. Hence (4.3)
has a unique solution on [0, 1].

—yl.

lg(t,z) — g(t,y)| =

Example 4.6. Consider the following fractional boundary value problem

c et _x(t) 1 z(®)] 1 rte=s _|z(d)]
D'/? x(t)_1+366t 1+;c(t)} t+4)2 1+\a;()|+E 09 1+|x(t)|ds

z(0) = V1112 (&)
Here q=1, a=V11, p=13, n= ﬁ flt,x,Kz) = (t+14)2 lﬁigl)l + L Ka(t),
where Kx(t) = [y % 1J|f|gf| g(t,z) = 1+:;etset 1+E§()t)' Also a = V11 #
LD —1r(3/2 )/(1/11)1/2. Now
e ® |xz(t e % y(t
k(e 3,0(6)) = bt 06D = |5 1~ g Tt
< ey
= 9 Yl
1
£t Ka)— (£, Ky)| < LI Kl Ky(0)

(t+4)? (1+!wl)(1+\yl)

1

1
ST[I$*y|+IK$*KyH,
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and
et x(t) et y(t)
t —g(t = _
l9(t 2) = 9(t. )] ’(1+366t)1+x(t) (1+36et)1+y(t)‘
o |z — yl
~ (1+36¢") (1+|33|)(1+|y|)
e—t
< - _
S Tx36e) % ‘—37|$ yl-
Also |f(t,z,y)| = Lol = 2Ol gel < 5 and lg(t,x)| =
Y +a)? 1+\x()| i o o T )] =7 9\,

—ta(t) 1 1 _ 5 _
‘LESGet1+<xa)’ < g7. Here Ly = 16’ Ly 37v L3 =g, m(t) = 75, pa(t) = 3.

For

1

the above values of L1, Lo, L3, p, q, «, n, we get the value of L =

0.42769 < 1. All the conditions of the Theorem 4.3 are satisfied. Hence (4.4)

has
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at least one solution on [0, 1].
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